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Abstract

By compatibly grading the p-part of the Hecke algebra associated to Sp,(Z) and
the subring of Q[:EO ,..., 1] invariant under the associated Weyl group, we produce a
matrix representation of the Satake isomorphism restricted to the corresponding finite
dimensional components. In particular, using the elementary divisor theory of integral
matrices, we show how to determine the entries of this matrix representation restricted
to double cosets of a fixed similitude. The matrix representation is upper-triangular,
and can be explicitly inverted.

To address the specific question of characterizing families of Hecke operators whose
generating series have “Euler” products, we define (n+ 1) families of polynomial Hecke
operators %(p%) (in Q[:EO ,...,xt1]) for Sp, whose generating series Zt"(pz)vé are
rational functions of the form g;(v)~!, where g is a polynomial in QzZ?,..., z!][v]
of degree 2¥(}) (2" if k = 0). For k = 0 and k = 1 the form of the polynomial is
essentially that of the local factors in the spinor and standard zeta functions. For
k > 1, these appear to be new expressions. Taking advantage of the generating series
and our ability to explicitly invert the Satake isomorphism, we explicitly compute the
classical operators with the analogous properties in the case of genus 2. It is of interest
to note that these operators lie in the full, but not generally the integral, Hecke algebra.

1 Introduction

Hecke theory for modular forms on the symplectic group is still very much in its infancy.
There are no doubt many reasons for this, but a comment [7] made to one of the authors
struck a chord: The Hecke algebra for Siegel modular forms is a solution looking for a prob-
lem. What is meant by this is that the classical Hecke operators were invented to provide
a solution to a specific problem: characterizing those modular forms whose Fourier coeffi-
cients had multiplicative properties analogous to the divisor and tau functions; in particular
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characterizing those modular forms whose associated L-series had an Euler product of a
prescribed type. These Hecke operators did the job admirably leading to a robust theory
connecting Fourier coefficients and Hecke eigenvalues, enabling multiplicity-one results and
in some sense laying a partial foundation for the Shimura-Taniyama correspondence.

The solution to the above problem (the Hecke operators) was generalized in many ways
and to many settings. In the Siegel modular form setting, there are partial generalizations
of the Hecke theory. Associated to a simultaneous Hecke eigenform are Satake parameters,
which in some sense generalize Hecke eigenvalues, and by which one can associate various
L-functions to the eigenform. But the information currently gleaned from the Hecke algebra
seems woefully inadequate to produce anything resembling the robust Hecke theory in the
elliptic case; that is, our generalized solution does not solve the generalized problem. So we
have a solution seeking a problem to solve.

This is not at all to say that some progress has not been made, e.g., using a partial
knowledge of Satake parameters to infer complete knowledge [10], or finding correlations
between Fourier coefficients and Hecke eigenvalues in degree 2 [4]. Still, we are very far
away from a satisfactory general theory, especially one robust enough to produce a theory
of newforms for forms associated to congruence subgroups.

This paper takes the step of posing a (Hecke-like) problem and looking for specific Hecke
operators which provide a solution to that problem. In particular, we focus on the p-part of
the Hecke algebra, and look for families of Hecke operators whose generating series have nice
“FEuler” product expansions. For Sp,,, we define (n 4 1) such families, and we find that the
solutions are operators which live in the full, but not generally the integral, Hecke algebra.
We give recursion relations to define all such operators, and relate them to the standard
generators.

The mechanism we employ is to consider the well-known (see e.g., Cartier [3]) Satake
isomorphism between the p-part of the Hecke algebra associated to the symplectic group
and a polynomial ring invariant under a certain Weyl group. In [1], Andrianov refers to this
isomorphism as the spherical map, and give a description of it in terms of right cosets of the
double cosets which generate the Hecke algebra.

By first working in the (isomorphic) representation space, we define families of (poly-
nomial) Hecke operators t7(p‘), k = 0,...,n whose generating series have the form (see
Theorem 3.3):

Stp(ph )t = [(1—zov) ] 11 (1 —zozyy - -2, 0) | (1.1)

>0 m=1 1<i;<-<im<n

and for 1 < k <n,

>t (p)ef = I a-aragn)| (12)

>0 1<y <<ip<n, 6, =+1
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To see the significance of these operators, recall that associated to a simultaneous
Hecke eigenfunction F' of weight k for Sp,(Z), are the Satake p-parameters (g, ..., q,) =
(ag(p),...,an(p)) € C"1/W, for each prime p (W, the associated Weyl group), which
generalize the Hecke eigenvalues. The Satake parameters satisfy ag(p)?ai(p)---an(p) =
pF=r(+D/2 and are used to define the spinor and standard zeta functions.

The standard zeta function is defined by Dp(s) =TI, Drp(p~*)~" (R(s) > 1), where
Drp(v) = (1=v) J[] (1 = anv)(l —o;,'v),
m=1

while the spinor zeta function is defined by Zp(s) =1, Zr,(p~*)~" (R(s) > nk/2 — n(n +
1)/4+ 1), where

Zrp(v) = (1 — agv) ﬁ H (1 — apay, -+, v).

m=1 1<i1<-<im<n

For k& = 0, the expression (1.1) clearly corresponds to the local factor of the
spinor zeta function. When k = 1, the expression (1.2) is simply Y #(p')v’ =
>0

n -1
11 =z,0)(1 —:)3;1121)] which (up to an initial “zeta” factor) corresponds to the

local factor of the standard zeta function. Except for £ = 0 and k = 1, the Hecke operators,
t?(p%), give rise to new “zeta” functions which may also be of interest in the context of
Siegel modular forms.

After defining operators of interest in the representation space, we put a natural and
compatible grading on both the local Hecke algebra and on the ring of symmetric poly-
nomials, and show that the Satake isomorphism restricts to one between corresponding
finite-dimensional components. Using the elementary divisor theory of integral matrices, we
show how to determine the entries of this matrix representation restricted to double cosets
of a fixed similitude. The matrix representation is upper-triangular, and can be explicitly
inverted.

By using an explicit inverse in the case of genus 2, we pull back the Hecke operators
in the polynomial ring to define classical Hecke operators in terms of double cosets whose
generating series have the same product representation. We indicate the recursion relations
required to define all the operators.

An interesting feature is that unlike the elliptic case, not all these operators actually lie
in the integral Hecke algebra. That is, these results suggest that the operators which may
eventually lead to a robust Hecke theory in the Siegel setting may not be direct analogs of
those in the elliptic case, and we may need to recast the elliptic case in a new light to see a
natural generalization.
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2 The Satake Isomorphism

The Satake isomorphism is a map between a local Hecke algebra and a ring of symmetric
polynomials. In this section we define the appropriate Hecke algebra, describe the symmetry
group corresponding to Sp,, and give a few properties of the Satake map.

2.1 Hecke Algebras and Polynomial Rings

To set the notation, we begin with the global Hecke algebra over Q; most of this is standard
(see e.g., Chapter 3 of [1]). Let I denote the n x n identity matrix and J the 2n x 2n
matrix (_01 ! ) Let S = GSp(Q) C GLy,(Q) be the group of of symplectic similitudes with
scalar factor r(ao) € QX: defined by GSp;(Q) = {a € M,,(Q) | ‘aJa = r(a)J}, where ‘o
denotes the transpose of a. The number r(a) will be called the similitude of «. Denote by
I'=T, = Sp,(Z) C SLy,(Z) those elements of GSp;(Q) having similitude 1.

For computational purposes it is often convenient to realize

GSp, (Q) (
(

) € My, (Q) | A'C' = C'A, B'D = D'B, A'D — C'B = r(a) I}
) € M, (Q) | AB' = B'A,CD' = DC*, AD' — BC" = r(a)Is,}.

{a
{a

A B
C D
A B
C D

Let H = H(I", S) denote the rational Hecke algebra associated to the pair I" and S. As a
vector space H is generated by all double cosets I'ET" (€ € S), and we turn H into an algebra
by defining the multiplication law as follows: Given &1,&; € S, define

TET - TED =) e(€)TET, (2.1)
£

where the sum is over all double cosets I'éT" C I'§; &I, and the ¢(€) are nonnegative integers
(see [9]). There is an alternate characterization of the Hecke algebra which will be convenient
as well. Let L(T",.S) be the rational vector space with basis consisting of right cosets I'¢ for
¢ € S. The Hecke algebra can be thought of as those elements of L(I',.S) which are right
invariant under the action of I'. Thus we can and will think of a double coset as the disjoint
union of right cosets ['éT" = U, and as the sum of the same cosets > T'¢, € L(T', S).

The global Hecke algebra, H, is generated by local Hecke algebras, H,, one for each prime
p, obtained as above by replacing S by S, = S N GLy,(Z[p™']) in the above construction.
H, is generated by double cosets ['¢T with € of the form diag(p™, ..., p*™;p”, ..., p") where
ap < - < a, < b, < - < by are integers with p%tt = r(¢) for all 4. It is often
useful to consider the “integral” Hecke algebra H, generated by all { as above with § =
diag(p™,...,p%;p", ... ,p") € My, (7).

The integral Hecke algebra H, is generated by the (n + 1) Hecke operators

T(p) =T (Ig p‘}) r
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and for k=1,...,n,

L, O 0 0

n( 2\ _ 2\ _ 0 pl 0 0
Tk (p ) - Tk(p ) =TI 0 0 p2In—k 0 F,

0 0 0 pl}

while the Hecke algebra H, is generated by the (n + 1) elements above together with the
element T,,(p?)~! = (pl,) ™. We also identify T7(p?) = I'diag(1,...,1;p?%, ..., p*)T.

Let &, denote the symmetric group on n letters, and W, be the group of Q-
automorphisms of the rational function field Q(zy, ..., x,) generated by all permutations of
the variables x4, ..., z, and by the automorphisms 74, ..., 7, which are given by:

7i(0) = Zoi, i(ws) = @, Ti(xy) = x5 (0<j#1).

W, is a signed permutation group, in particular, W,, = (1) x &,, = (Z/22)" x &,, =
C,, where C,, is Coxeter group associated to the spherical building for Sp,(Q,). Finally
let Q[zg',..., 2 """ (and analogous polynomial rings), be the set of polynomials in the

rrn
variables 2! invariant under the action of the group W,. It is worth noting for our future

use (see [1]) that Q[zg, ..., 2 W» = Qlwo, ..., 2, (2221 - 2,) 7]

The Satake isomorphism (see [1]) establishes the isomorphism H, = Q[z3", ..., zF1|"n in
such a way that the integral (local) Hecke algebra H, is isomorphic to the integral polynomial

ring Q[zo, . .., x,])"".

2.2 Tools for analyzing the Satake Isomorphism

In [1], Andrianov refers to the Satake isomorphism as the spherical map @ : H, —
Q[xzo, ..., x,]"" and give the following characterization. Let T¢I € H,,. Decompose I'{T
into right cosets UY_,I'a; and define the image of the double coset to be the sum of the
images on right cosets:

v

Q(IEr) = Q (U Tay) = 30 (Tay) .

i=1

By Lemma 3.2.7 of [1], any right coset in such a decomposition has as unique represen-
tative in the form

p*l % . *

r(t -1 0 p%2 ... %
FozzF(p(j(\)/[) ]\]\/][> where M = : p: . ,

0 0 - pen

and they define
( Tip Z)ai — p_ziaixgl"lll .. .xzn.

m:

QTa) =z

=1
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Deriving a matrix representation of the Satake map is achieved through a series of steps.
To understand the image of {2, we must relate the symplectic elementary divisors of the
double coset T'¢T" to the GL,, elementary divisors of the lower right blocks (M) which make
up its right coset representatives. Even more precisely than stated above, we characterize the
structure of the right coset representatives appearing in the decomposition of a given double
coset. We then introduce a natural and compatible grading on the infinite dimensional Hecke
and polynomial algebras, and derive a matrix representation on corresponding components
which is upper triangular. We conclude by computing some examples.

2.3 Canonical Forms and Matrix Equivalence

Let G = G, = GL,(Z) and K = K,, = GL,(Q). For A, B € K we write A ~5 B to mean
there are U,V € G so that UAV = B. For rational numbers r, s, write r| s if s = rm for
some m € Z. It is well known from standard elementary divisor theory that we have the
following Smith normal form for matrices in K.

Proposition 2.1 (Lemma 3.2.2 in [1]). Let A € K. Then there exists a unique matric
diag(eq,...,e,) so that e; € Q4 , €41 | e; and

A ~¢ diag(ey, ..., e,).

The matrix described in Proposition 2.1 is called the elementary divisor form of A and
will be denoted ed(A). The proof of this result can be found in [1] among other places; note,
however, that the order we give the e; is opposite to that in [1].

Recall that S = GSp(Q) and ' = Sp,(Z). For o, f € S we write « ~r 3 to mean there
are matrices v, d € I" so that yad = (. Analogous to the elementary divisor form of a matrix
in K, we have the symplectic divisor form sd(a) of a matrix in S (see [1]):

Proposition 2.2 (Lemma 3.3.6 in [1]). Let a € S N My,(Z) have similitude r(a).
Then there exists a unique matriz diag(dy, ..., d,;e1,...,e,) with d;,e; € Z,, satisfying
di | diy1,dn | en, €iy1 | €3, dies = (), and

a ~r sd(a) = diag(dy, ..., dy; e, ... ep).

Let 7}, be the set of all k-tuples i = (iy,...,4) with 1 <4y < iy < --- < i < n. For
t,s € Ty, let A(t,s) be the minor of the matrix whose rows are determined by the entries
of t and whose columns by s. The following computational tool introduced in [6] is central
to what follows.

Definition 2.3. Let A € K and 1 < k < n. The kth determinantal divisor of A, denoted
2

dr(A), is the greatest common divisor of the (Z) numbers A(t,s) fort,s € Ty ,,. If A(t,s) =

0 for all t,s € Ty, then dp(A) = 0.

Proposition 2.4. Let o, 5 € S. Then the following are equivalent:
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i) a~r 3,

i) dp(a) = d(B) for all 1 < k < 2n,
ii1) ed(a) = ed((),
i) sd(a) = sd([).

Proof. The implications (i) = (ii) = (iii) are established in [6].

(iii) implies (iv): We show that sd(«) (respectively sd(f3)) is the same matrix as ed(«)
(respectively ed(3)) up to the same permutation of the entries. Suppose ed(a) = ed(f) =
diag(fi, .- fu, fos1s- -+, fan) Where fiiq1] fi. Also, with the notation of Proposition 2.2, let
sd(a) = diag(dy, ..., dp; e, .., e,) (respectively, sd(f8) = diag(dy,...,d,;€},...,e)) where

€it1|€i,dp | €n and d; | diy1 (vespectively, e, | e}, d, |e), and d;|d;,,). By rearranging and
renaming the entries of sd(a) and sd(3) we get

gtvi(a) = diag(er,...,en,dp, ..., dy) = (c1,...,Con)

and
sd(B) = diag(el, ..., e, d,,...,dy) = (], ..., ch)-
Note that both ¢;41 | ¢; and ¢, | .

Since I' = Sp,(Z) C Ga,, = G L, (Z) we know that Tal' C Ga,aGy,. Since sd(a) € Tall
and sd(a) is merely the product of sd(a) with permutation matrices in Gy, we see that
sd(e) € GanaGa,. On the other hand, because ed(e) = ed(() we know that ed(3)
Go,aGo, and in particular, 8 € Go,aGa,. This last statement implies sd(f) € Go,aGoy,
and by a similar argument as above, éa(ﬁ) € Go,aGoay,.

Since ed(a) is the only matrix of the form prescribed by Proposition 2.1 and both sd(c)
and sd(f) have the same form, we conclude

ed(a) = sd(a) = sd(p).

By the way sd(«) and sd() were constructed, we conclude sd(e) = sd(3).

(iv) implies (i): By Proposition 2.2 we know a ~p sd(«) and § ~r sd(3). Since sd(«) = sd(5)
we have o ~r 3. O

2.4 Grading the Hecke and Polynomial Algebras

We first establish a natural grading of the local integral Hecke algebra. Recall S, =
GSpH(Q) N GLa,(Z[p™Y)), and let S,(¢) = {a € S, | r(a) = p', ¢ > 0}. We call an ele-
ment « € S,(¢) an integral similitude of degree (.

Definition 2.5. Denote by H,(I', S,(¢)) the vector subspace of H, = H,(I',S,) generated by
{Tal':a € S,(¢)}.
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It is obvious that H (I, S,(¢)) is finite dimensional since it is spanned by matrices of
similitude p® in symplectic-divisor form (Proposition 2.2); an explicit basis is given in Propo-
sition 2.20. It is immediate from the definition that the structure of the local Hecke algebra
is given by the following proposition.

Proposition 2.6. H, =@ H,(T, S,({)), where the sum is over all non-negative integers (.
>0

Recall that G,, denotes the symmetric group on n letters and viewing this group as a set of
automorphisms of the polynomial ring Q[z1, . .., x,], we let Q[x1, ..., z,]%" denote the stan-
dard ring of symmetric (i.e. &,-invariant) polynomials. Analogously, we let Q[zo, . . ., z,]""
denote the ring of polynomials in (n + 1) variables invariant under the action of the group of
automorphisms in W, (see Section 2.1). We wish to introduce a grading on the polynomial
ring Q[zo, ..., 7,])"". We call a polynomial f € Qlxg,...,z,|"" a W, -invariant polynomial
of similitude r if it can be written as f = xj g for some g € Q[xy, ..., z,]°"

Definition 2.7. Let r > 0 be an integer, and let Q,|xg, ..., xz,]""" denote the subspace of
Qlzo, - . ., x|V spanned by all W, -invariant polynomials of similitude r.

Analogous to what we have done with the Hecke algebra, our goal is to show that
Q[zo, - . ., )" is the direct sum of the Q,[zo, ..., x,]"”. We introduce some notation here
which will be used below and in subsequent sections.

Denote elements of Z" by b = (by,...,b,); in particular, put 1 = (1,...,1), and let
< denote the lexicographic order on Z". For b € Z" we write pP to mean the matrix
diag(p™, ..., p") and 2P the monomial 2} - - - z%». Define the set

Cn(’f’):{b:(bl,,bn)EZn’f’zblzanz()}

We begin generally by characterizing the action of W, on Q[z3?, ..., z

Proposition 2.8. Let a € C,(r) for r > 0. Under the action of W,, we obtain the following
orbit:

. EO' 60’ n
Orbity, (z(z?) = {xgscg((f)) . ~xo((n)) o€ 6,6 =a; orr— ai} )

In particular, W,, sends a polynomial with factor xj; to another with factor xy.

Proof. We see the equality directly: The elements of &,, leave xy unchanged, and applying
T; to xpr? we get

T, .a T T a —Q; a
Ti(wpa®) = apriayt -yt
_.r_al r—a; a
_:L'Ol'l ...:L'Z, ’...:L'n’”‘
Since W, is generated by the 7; and o € &,, we deduce the desired equality. O

Now we can state:
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Proposition 2.9. The algebra of W, -invariant polynomials is the direct sum over nonneg-
atiwe r of the W, -invariant polynomials of similitude r; i.e.,

Q[x()v ... 7xn]Wn == @TZOQT[x(b s 7ITL]WTL'
Proof. Suppose that f € Q[z,...,x,)"". We parse the set of monomials of f according to

the highest power of z{, that appears in each monomial. If 0 <4y < iy < -+ < 7 are the
various powers of xy that appear in the monomials of f then

k-
f = ngjfj, fj - Q[S(Il, R ,S(Zn].
j=1

Let o be a permutation of the subscripts of x1,...,z, and f? denote the action on f by
o. Then, since, f7 = f we see that (zg f;)° = x§ f; on the one hand and on the other we
see that (zg f;)7 = xg f¢. Thus f¢ = f; and f; € Q[x1,...,2,]°". From this we conclude
f S ZTZO Qr[x(b s 7xn]Wn-

By standard linear algebra, we know that monomials in Q[zy, ..., z,]"" with different
powers of xq are linearly independent. Since we are grading Q[zo, ..., z,]"" according to
these powers, the theorem is proved. O

2.5 Double Cosets of Similitude r
We say a matrix M = (m;;) € GL,(Q) is reduced if it is upper triangular and 0 < m,;; <
mj; for 1 <i < j < n; denote (*M)~' by M*.

The goal of this section is to give a refinement of Lemma 3.3.11 in [1], characterizing a
set of right coset representatives for a given double coset:

Proposition 2.10. Forr > 0, let £ € Sy(r) N My, (Z); then there exists a b € Cy(r) for
which .
rer=r (77 )T

0 pP

Furthermore, TET has a decomposition into right cosets of the form
p"M* N
()
where

1. M € M,(Z) is of the form

pal * *
0 p%2 *
. *

0 O pan

and is reduced,
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2. p"M* € M,(Z) is of the form

pr—a1 0 0
* prTe2 ... 0

0

* * p’f'*an

3. the possible matrices N in each right coset are completely determined by the matrices
M in the decomposition,

4. for some 0 € &, a = (a51),---,0om)) € Cn(r) is such that a <b in the lexicographic
order on Cp(r).

Proof. Let A = S,(r) N Ma,(Z). By Proposition 2.2 we know that each matrix £ € A has a
symplectic divisor form sd(§). Moreover, since £ € A, evidently sd(£) € A and, in particular,
is integral and has similitude p”. Suppose sd(§) = diag(p®, ... ,p% ;p*, ... p®). Then, since
sd(&) is integral b;,d; > 0. Furthermore, since sd(§) has similitude p”, we know d; = r — b;.
Finally, by the definition of sd(§) we know that by > --- > b, >r—0b, > --->r—5b; >0
and hence b = (by,...,b,) € C,(r).

Suppose '« is a right coset that appears in the decomposition of the double coset I'sd ()T
By Lemma 3.3.11 in [1], we know that there exists v € I" so that ya = (prg/[* J\]\é) for M and

p"M* as described in the statement of the theorem. This proves the first two assertions of
the theorem. The third statement follows from Lemma 3.3.33 in [1].

Before we prove the final statement, note that by the way we constructed b above, we
have by > -+ > b, >r—5b,>--->r—>b; > 0and that d = (r — b,,...,r — by) € C,(r).
Thus d is minimal in the following sense: if ¢ = (¢4, ..., ¢,) € C,(r) so that for each i, ¢; = b,
or ¢; =r — b; for some j, then d < c.

Note that since £ is integral, ['(T" = I'sd (&))" = UY_;T'a; where all the «; are integral
matrices as well. Let I'a be a right coset in the decomposition of I'¢I"; then we may assume

pal % e *
TM* N 0 paz o * . . . .
o = (p 0 M) where M = | . . | is reduced. Since « is integral, so are M and
s
0 0 - pon

p"M* (in particular p% and p"~% are integers). Thus 0 < a; < r. Choose 0 € G,, so that
Us(1) = =+ > Uo(ny = 0. Thus a := (asq), .., aom)) € Co(r). All that remains to be shown
is that a < b.
We know that .
= () (11 ) -t
and, in particular, by Theorem 2.4 they have the same determinantal divisors.

For each 1 < k < n, the kth determinantal divisor of sd(§) is given by
k
di(sd(€)) = pr "
since d = (r — by, ..., — by) is minimal in the sense described above. We also know

dp(a) = di(sd(§)) which divides pzllS 7o (i)
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k
since pzlr_“f’“) is the determinant of a particular £ x k submatrix of . From this we
k k k k
conclude that for each 1 < k < n, Zr —-b < Zr — Qg(j), Or equivalently, Z Ao(i) < Z b;.
i=1 i=1 i=1 i=1
In particular, as1)y < b1, If asq)y < b we immediately conclude a < b; otherwise
as1) = b1. By equation (2.5) we know aq(1) + Go2) < b1+ by = a,(1) + by and thus ag(e) < bs.
Continuing in this way we see that a < b. O

The following corollary explicitly connects the elementary divisor theory of GL,(Z) as
used in [8] with the symplectic divisor theory we are developing here:

Corollary 2.11. Suppose for b € C,(r) and for

Pl ok e *
0 p?2 - %

M= " € M, (Z),
0 0 pan

the coset T (P"M" N} appears in the decomposition of the double coset T P OV, If we
0 M 0 »p

write p® = diag(p®,...,p™) to denote the elementary divisor form of M, then e € C,(r)
and there exists a 0 € &,, for which (a1, ..., 00m) =a < e<b.

Proof. The proof of the corollary follows the proof of Proposition 2.10. O

2.6 The Matrix Representation of the Satake map, (2

In this section, we give natural bases for H (T, S,(r)) and Q. [z, ...,z,]"" and explicitly
compute the matrix of 2 with respect to these bases. We begin by showing how to write the
image of a double coset under €2 as a power of zy times the sum of &,-invariant polynomials

Recall that the Satake map Q : H, — Q[xo, . .., z,)"" is defined on right cosets [1]: if

phl ok e %

_p(PMT N N U
Fa-F( 0 M) where M = SRR K

0 0 - pon

then
QCa) = ap [J(ap™)" = p 2 i -y,
i=1
To find the image of a given double coset I'EI", we decompose I'éD into right cosets I'a;

and define the image of the union to be the sum of the images: Q(I'(T") = Q (U, T'ey;) =
70 Tay).
=1 7

Notation 2.12. To make the bookkeeping a bit easier, we introduce the following notation.
Forr e Z,r >0, and a,b,e € C,(r),
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o Let M(a,e,r) be the set of matrices M € M, (Z) where M is reduced, p" M* € M, (Z),
ed(M) = p® and the diagonal entries of M are p™, ... p*™.

Also let, M = My(a,e,r) be the subset of M(a,e,r) for which there exists an
N € M,(Z) so that the right coset F(f”réw J\]\é) appears in the decomposition of
r (p )F. We denote the cardinality of M by #M = #My(a, e, r).

rl—b 0
0 pP
o For M € M we denote by N (M) the set of N € M,(Z) for which *NM is symmetric.

Also, by N' = Np,(M) we denote the set of N € N (M) for which T (”TSJ* ]\]\/f[) appears

in the decomposition of the double coset T’ (prsz p(i,) I'. We denote the cardinality of
Ny (M) by #Np(M).

We now prove the following technical lemma:

Lemma 2.13. Let M € My(a,e,r). The cardinality #Ny (M) is completely determined by
the elementary divisor form p® of M, and the n-tuples b and a. Hence we call this number

#Nyp(a, e, r).

Proof. Let M € M = My(a,e,r). We show that #N,(M) = #N,(p°).

Note that for U € G = GL,(Z), (T %) € I' = Sp,(Z). Let M = Up°®V for some
U,V € G. Then since

* T * * rl—e *
(55 (78 ) 6 9= (")

we have that 17
(73 ) e (55,

We define ¢ : N'(M) — N (p®) by the rule ¢(N) = ‘UNV ! and show that ¢ is a bijection.
First, we show that ¢(N) € N (p®). To show this we show ‘(‘UNV~1)p® = pe(‘UNV):
Since N € N(M), we have 'NM = *MN. So, multiplying both sides of the equation by
the same matrices we get V*(!NM)V~t = V*(!MN)V~1. Noting that U*'U = I, and
UU =1, we get VIN(UUYYMV= =V* M(U*'U)NV L. Because U 'MV~! = p° we
have (V*INU)p® = 'p°(‘UNV ') whence ‘(‘UNV ~1)p® = p*('UNV ).

Second, ¢ is an injection for if $(N) = ¢(N’) then ‘UNV ! = {UN'V ! which obviously
implies that N = N’ since U and V are invertible.

Third, we show that ¢ is a surjection. Let R € N (p®). then we show U*RV € N (M):
Since R € N (p®), 'Rp® = 'p®R. Multiplying both sides of the equations by the same matrices
gives us 'VIRp®V = 'VpeRV. As U7'U = I,, and 'UU* = I, we have 'VIR(UU)p°V =

Wpe(*'UU*)RV. Since M = Up°®V we get ‘VIRUIM = ‘MU*RV. By properties of
the transpose we rewrite the last equation as *(U*RV)M = *M(U*RV) and deduce that
U*RV € N(M). Since ¢ (U*RV) = R we conclude that ¢ is a surjection and hence, because
of what was shown above, ¢ is a bijection.

Since
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they have the same symplectic divisor form by Proposition 2.4. Hence the number of
L * rl—e Jr* . . .. rl1—b
(7’ M N ) and of (p 10 UP{Y V) that have a particular symplectic divisor form, say (p 0 ) ,

My 0 p°
are the same. Note that R

{(p 0 p° )}NEN(M)
{7075 )  veenoe

are equal as sets; in particular by Lemma 3.3.33 of [1], the upper right hand block of the
matrices in these sets belong to:

and

{(by) € My (Z) : by < ej(for 1 <i < j<n)and by =ee;'(for I<i<j<n)} (22)

where eq,...,e, are the elementary divisors of M.

Because the map ¢ is a bijection, we have
No(M) = ¢ ({U*NV : U*NV € Np(p°)})
and hence #Ny (M) = #Np(p°). O

We have previously described the actions of &,, and W,, on polynomials. For a polynomial
f, denote by Stabg, (f) or Staby, (f) the appropriate stabilizer subgroup. We make the
following definition:

Definition 2.14. The symmetrized polynomial of f € Qlxy,...,x,| with respect to &,
Symg, (f), is defined to be

Symeg, (f) = > o(f)-

0€6y/ Stabg,, (f)

By convention, if f is constant, we let Symg (f) = f.
The symmetrized polynomial of g € Q[xo, . .., x,] with respect to W,,, Symy, (g), is defined
to be
Symw,(9)= > alg).
o€W, / Stabyw,, (9)

By convention, if g is constant, we let Symy, (g) = g.

Recall that for a = (ay, ..., a,) € Z" we denote z{* - - - 2% by z®. Using Lemma 2.13 and
the preceding definition, we compute the image of the Satake map on a double coset.

Proposition 2.15. Let v > 0 and b € C,(r). Then the image of the double coset
r (prl ° 0 )F under the Satake map 2 has the form

Q (F (prt;b p(i,) ) =z Z a) Symg, (2%)

0

for explicitly computable constants c(a) where a € C,(r).
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Proof. We know that the image of I (p T:b p?, ) I' under 2 is invariant under the action of W,
and in particular, by Proposition 2.10 we know that every right coset in the decomposition
has similitude p”. Thus, by Definition 2.7 and Lemma 2.9,

rl—b
Q(F (p 0 p(i,)F) =x09(T1, ..., Tp) (2.3)
where g € Q[z1,...,7,]%", the ring of polynomials invariant under the action of &,,. So, if
c((ay, ... a,))xft - - xf := c(a)xz® is a summand of g, then for every o € &,, the monomial

c(a)z;”® -z’ ™ is also a summand of g. By Proposition 2.10, it follows that to understand
the image of 2, we can limit our attention to those representatives 'a = T préw 1\]\;
described above for which the diagonal entries are p® (1 <i < n) fora = (ay,...,a,) € Cu(r).
Thus for each a € C,(r), a < b, we find the coefficient ¢(a) of z?, symmetrize the polynomial
and multiply the new &,-invariant polynomial by the coefficient c¢(a) and the factor xj to

arrive at the image.

)as

In (2.3), a summand z® in g, comes from the right cosets of the form ' =T (prg/"* ﬁ)
p*l % . *
0 p%*2 .. *

where M = . . We parse this collection of right cosets according to the
0 0 - pon

elementary divisor form of M. The number of representatives with elementary divisor form
p® is given by #My(a,e,r). By Lemma 2.13, we see that for each M € M there are
#Np(a, e, r) corresponding N. So by Corollary 2.11, the total number of representatives for
each a < b is

> #Myp(a,e,r) #Np(a,e,r).

a<e<b
So, c(a), the coefficient of 2 in g and hence in the Q-image of T’ ( Tt) "0 ) I is
c(a) = p‘zi“i ( Z #My(a,e,r)- #Nb(a,e,r)> ) (2.4)
a<e<b

As mentioned above, the coefﬁcient of 2 must be the same as the coefficient of 22 where
a, = (A1), - - -, Ao(m)) for o~! € &,/ Stabg, (2*). Then, since by Proposition 2.10 all such a
satisfy a < b, we get

Qr (7" p)T) =

>

o~ 1667l/stab6 (xa)
a) Symg, (7).

5
SR

O

Remark 2.16. We also comment that for r = 2 and any genus, [5] tells how to compute the
coefficients in (2.4) explicitly; our computations agree with those in [5] modulo the weighting
factor of the | operator.
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By €, we denote the restriction of Q to H,(I', S,(r)). We have just established that the
codomain of €2, is the set Q, [z, . . ., xn]Wn. Our goal is to show that the matrix representation
of Q, (r € Z,r > 0) is upper-triangular and square.

A natural basis for H,(I", Sp(r)) consists of the distinct symplectic divisor forms (Propo-
sition 2.2) of integral matrices of similitude p". That is, the basis consist of double cosets

F (pr'lfb 0

0 pb) I' for b running over the set

D={(by,....bn) €Z" |7 2by>--->b, 21 —b,>--->r—b >0}.

More succinctly,
D ={(br,...,b,) €Cp(r) | by >1—0,}.

We shall show that there is a basis for Q,[xg, ..., z,]"" naturally indexed by the same set
D, which in particular will show that the matrix [(2,] is square.

Definition 2.17. We put an equivalence relation on C,(r) as follows. Let a,b € C,(r).
Write a = b if x{z® € Orbity, (xgxb). Denote by P the set of equivalence classes in Cy,(r).

Lemma 2.18. P and D have the same cardinality.

Proof. Let b denote the class of b in P. We define the map ¢ : P — D so that v (E) is
the maximal element in b with respect to the lexicographic order <. We show that ¢ is an
injection. We also define the map ¢ : D — P given by the rule that ¢(b) = b and show that
it is an injection. As the two sets are finite, the result will follow.

First, we note that the set C,(r) is totally ordered by < and thus each b has a unique
maximal element denoted by, so v is well-defined. Second, we show that 1 takes values in
D. If ¢ (B) = by, where by = (by,...,b,) is the maximal element of b, then by definition,
by € C,(r) and we need only show that b, > r — b,. Suppose b, < r — b,. Then b’ =
(b1, ., bp_1,7 — by) > by = (b1,...,by_1,b,). But by = b’ by Proposition 2.8, which
contradicts the choice of by as the maximal element of b.

Third, we show that ¢ is injective. Suppose that ¢(b) = ¢ (€). Then both b and € have

the same maximal element. Since = is an equivalence relation and b and € have an element
in common, we conclude b = €.

Now, we treat the map ¢. Note that b = (by,...,b,) € D implies by > --- > b, > r/2.

As the proof of the injectivity of ¢ is slightly more subtle when there is an § among the b;, we

assume, without loss of generality, that b has the form (by,..., b, 5,...,5) where 1 <k <n
and by > r/2; so if k = n there are no 7 entries in b. Suppose that ¢(b) = ¢(c); then b and
c are in the same equivalence class, so ¢ = (c1,..., ¢k, 5, ..., ) since the action of W, leaves

the § entries unchanged. There are three cases: b = ¢, ¢ < b or b < ¢. Suppose ¢ < b.
Then, since ¢ and b are in the same W,,-equivalence class, we know by Proposition 2.8 that
for some 1 < j <k, ¢; =r—b; for some 1 < ¢ < k. But, since, ¢; =r—b; < 5 we get ¢ ¢D.

By symmetry, b < c leads to a contradiction. Thus, b = c.

Since ¢ and 1) are both injections and the sets P and D are finite, they have the same
cardinality. O
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Using the map v from Lemma 2.18, we can in fact sharpen the relationship between D
and P.

Proposition 2.19. Let P’ denote the set of mazimum representatives of the equivalence
classes in P. With notation as above, D = P’.

Proof. Let by € P’. With 1 as defined in the proof of Lemma 2.18 we note that ¢ (b_o) eD.

But, by the definition of P’ we see that v (b_o) = by € D. Thus P’ C D. By Lemma 2.18
P and D have the same finite cardinality; in particular, P’ and D have the same finite
cardinality. Thus P’ = D. O

It is now clear from the above discussion that there are bases of H,(I',S,(r)) and
Q/[zo, - .., 7,]"" which can be naturally indexed by the same set, and hence the spaces
they span have the same dimension. More precisely:

Proposition 2.20. Let r > 0 be an integer. The sets

rl—b 0

Bi={r (", »)T:beD}

and
B, = {Symy, ((z") : b € D}

are bases for H,(T', S,(r)) and Q. [z, ..., x,]"" respectively.

Now we can assemble the previous results to prove our main theorem concerning the
Satake map.

Theorem 2.21. The matriz representing the linear transformation Q, : H,(I',Sp(r)) —
Q. [zo, - ., 2, )" is square and upper triangular with respect to the bases By and Bsy, each
ordered in ascending order with respect to the lexicographic order <. In particular, forb € D,

0 (F (prlofb p(i,) F) = > c(a)Symy, (z{z?)

acD,a<b

where the constants c(a) are determined by equation (2.4) in the proof of Proposition 2.15.
Moreover, the diagonal entries are nonzero.

Proof. By Proposition 2.20, H,(T', S,(r)) and Q, [z, . .., 2,]""" have the same dimension and
thus the matrix representation of 2, is square. Since the bases of both the domain and co-
domain can be indexed by the same set D, the sum is over D and by Proposition 2.15 we know
that we need only look at a < b. The fact that a < b forces [2,] to be upper triangular.

The diagonal entries are nonzero since the right coset I ( prt;b p(i,) always appears in the

decomposition of I' (prt)fb p(i,) I. O
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2.7 Examples

In this section we compute the matrix representation of €2; for any genus and the matrix
representation of {25 for genus 2. Once again, we note that while this particular computation
could be done via [5], the computation here gives a good indications of our methods which
generalize in a straightforward manner to higher genera/similitudes. After computing the
associated matrices, we invert them which will be put to use in defining arithmetically
distinguished Hecke operators in the last section of the paper.

2.7.1 [Genus n, Similitude p]:

By definition, H,(T", S,(1)) is the span of all T’ (pl(;b pob) I'. There is only one such double
coset and it is the generator T'(p). Thus the matrix representation of §; is a 1 x 1 matrix.
We note that

Co(1) ={(1,...,1,0,...,0): 0< i < n}
and that all these are equivalent mod = (see Definition 2.17). Let 0 := (0,...,0). We

—
n

compute ¢(0) as 0 is the easiest member of 1 with which to compute. It is easiest because

according to Proposition 2.10 the right coset decomposition I' ( 7”]\04 ’ Aj\g) is such that M is

reduced. When we limit our attention to 0, the diagonal entries of M are all 1. Thus, the
only M we need consider is M = [,. By equation (2.2) the only N that corresponds to
M = I, is the zero matrix. The right coset in the decomposition of

I C b

0 pP

whose lower right hand block has ones along the diagonal is I’ (pé" I?L) .= I'a and thus
dp(a) = 1 for all 1 < k < n. By Proposition 2.4, then, a € T’ (pl(;b p({,) I'. The weighting
factor p‘zmi in the definition of €2 in this case is 1. So, by Theorem 2.21
1-b
Q (F (p o ;,3») F) = x5 Symyy, (71 2,)

and thus [Q;] = (1).

2.7.2 [Genus 2, Similitude p?]

Now we look at €25 for n = 2, but note that the methods below can be used for arbitrary n
and 7.

We start by finding C2(2) = {(2,2),(2,1),(2,0),(1,1),(1,0),(0,0)}. Next, we partition
Co(2) according to the equivalence relation = as described in the previous section (Definition
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2.17). According to Proposition 2.8 the equivalence classes are

={(0,0),(2,0),(2,2)}

(1,0), (2, 1)}

={(L, 1D}

In other words, with notation from Proposition 2.19, P’ = {(1,1),(2,1),(2,2)}.
For 7 = 2 and n = 2 there are three double cosets that span H, (I, S,(2)):

2

—~

2,
2,
1

~—

—
—_
N
|
~=

1

—~
~—

Y

Now, for each a € D = P’, we compute how many associated right coset representatives
appear in each double coset. By Proposition 2.10 the right cosets are of the form

20 f* a1l
p2M* N _ (P ma2
( o M) Where]\/[—(0 pa2)

and a = (ay,a3) < b where pP is the lower right hand block of the double coset to which
the matrix in question belongs.

Case 1: Let a = (2,2). Since the image of )y is a Wy-invariant polynomial, we know
that ¢((0,0)) = ¢((2,2)). Computing ¢((0,0)) is easier. By Proposition 2.10 we know the
right coset representative associated to (0,0) is

(p2é‘/[* M) where M = ({9).
By equation (2.2) we know N = ($9). Since the first and second determinantal divisors of

100 0
this representative are both 1, we know this belongs to the double coset I' <0 ; P2 8 ) I

p

)
Case 2: Let a = (2,1). Here it is easier to compute ¢((1,0)) instead of ¢((2,1)).
Proposition 2.10, the right coset representatives associated to (1,0) are

[e=]

o o
OO
N

2 *
(pé” M) where M = (01)
By equation (2.2) we know N = (&) where 0 < a < p. Note that the first determinantal
divisor of this representative is d; = 1 and the second is the dy = gcd(a,p). There are two
cases:

0
p
0
0

0
8) T'. This
p

o, co

1
e a = 0: in this case the representative belongs to the double coset I' <8
0

happens once.

e a # 0: in this case d; = 1 and dy = 1 so the representative belongs to the double coset

100 0
r (8%;:02 8>F. This happens p — 1 times.
000 p

N
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Case 3: Finally suppose a = (1,1). By Proposition 2.10, the right coset representative
associated to (1,1) is

(p2g/1* 1\1\2) where M = (SZ)

for 0 < a < p. There are two cases: a = 0 or otherwise.

e o = 0: in this case, by equation (2.2), we have N = (% ¢) where 0 < b, ¢,d < p. In this
case the first determinantal divisor d; = ged(b, ¢, d, p) and the second determinantal

divisor dy = ged(pb, pe, pd,bd — ¢, p?). When b, ¢, d = 0 the right coset representative
p000

belongs to I' <8 182 8) I'. This happens once.
000p

When either b # 0,¢,d = 0; b,c = 0,d # 0; or b,c,d # 0,bd — ¢*> =0 mod p the right
1000
coset belongs to I’ (8 g;z 8 . This happens p*> — 1 times.
000 p
194 1
Otherwise the right coset belongs to I' <0 0p2 0 ) ' and this happens p® — p? times.
00 0 p?

e a # 0: by equation (2.2) we know that N is independent of the elementary divisor
form of M and by Lemma 2.13 we know that the number of right cosets that belong
to each double coset is determined by ed(A/). When a # 0 we have ed(M) = (P2 0)

01
and that N = (§9) where 0 < b < p?. For all such b we have that d; and dy are both

398
0>F. Since a is

1. Hence we conclude that all these representatives are in I’ (8 (1) p?
000 p

[

nonzero p — 1 times, there are p?(p — 1) such representatives.
Thus by Theorem 2.21

0 (T20) = (P< S)P)z S ca) Symy, (a22%)

acD,a<(1,1)
1

2
= —3.]702515(72.
p

Similarly by Theorem 2.21,

WT) = O (r( )F)z S ea) Symy, ()

a€D,a<(2,1)
-1

pE; TiT T + p Symyy, (2223D).



20 NATHAN C. RYAN AND THOMAS R. SHEMANSKE

Finally, also by Theorem 2.21,

1999
Q(T2(2) = (r ( 100 ) r)
00

0 p?
= > c(a)Symy,(zg2")
acD,a<(2,2)
_ -2, 2 2

p—1
LoT1T2 + T SymW2 (ZL'OZL’(2’1)) + Sym% (1,01,(2,2))‘

From these equations we deduce that for n = 2 the matrix representation for )y is

1 pPo1 2p-2
Q P’ pl3 pgl
[ 2]_ 0 ; T )
0 0 1

and for later use we point out that

P —p*—1) —(p—-1){P*+1)
(] =|0 D 1-p
0 0 1

3 Symmetric polynomials and Hecke Operators

Our goal in this section is to define (n+ 1) families of Hecke operators, t%(p?), (analogous to
the T7*(p?), T'(p)) which are arithmetically interesting.

A large part of the arithmetic interest arises by examining the generating functions
St (pH)vh. The series have sums which are highly structured rational functions. In particu-
lar, in two of the (n+1) cases, t7(p*) and t7(p®), the associated rational functions correspond
to the spinor and standard zeta functions. In the other cases, they are new expressions.

As we have suggested, we shall make the definitions of the new operators, not in the
Hecke algebra (defined by double cosets), but in its (isomorphic) representation space, the
ring of W,,-invariant polynomials. Doing so will produce zeta functions in which the variables
xg, - .., T, correspond (via the Satake correspondence) to the Satake p-parameters associated
to a generic Hecke eigenform.

To define our Hecke operators in the context of this polynomial ring we need a definition

and simple proposition: For a nonnegative integer ¢, define h"(¢) = Z z{l,zé? .- 277 Note
> k=t
Jk=0
that A" ({) is a symmetric polynomial in the r variables z1, ..., z., and in particular, A"(0) = 1

and h"(1) =21 + - + 2.

Proposition 3.1. The generating series associated to the h™({) satisfies

Z hr(ﬁ)uf — [(1 — UZ1) e (1 _ UZT)]_l

>0
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Proof. This is essentially obvious:

a1>0 ar>0

=>ute | XA
£>0 Eai:Z
CL,LZO

It is clear from the definitions above that the coefficient of u‘ in the given expression is
h"(£). O

Next we need to use the above polynomial to create a W,-invariant polynomial. The
simplest examples are simply to fix a monomial and to sum its images under the action of
W,,. The following is a special case of Proposition 2.8.

Lemma 3.2. Under the action of W,,, we obtain the following orbits:

1. Orbity, (x¢) = {zoz* -+ 25" | ¢, = 0,1},

2. Orbity, (z1 - -x) = {l’fil xfkk |1 <4y <o < <n, 6y, = £1},
In particular, the orbits have size 2" and 2* (Z) respectively.

Having determined these orbits, the following definitions become less mysterious. We
start with h”(¢) where r is the size of one of the above orbits and substitute for the variables
z; the elements in the orbit. Thus we define the families of Hecke operators:

tg(pe) = hzn (E)‘ zi—0i (o)
0, €Wp/ Stab(zo)
and for 1 < k <n,

tZ(pZ> = h2k(z> (@’ zi—=oi (@1 T))
0,€Wn / Stab(z1--xy)
In particular,
to(p) = > woai'---ai". (2" summands)
al-:O,l
and

r(p) = > xflil . SL’Zk (2 <Z> summands)

1<y <--<ip<n
5y =+1

We now examine their generating series.
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Theorem 3.3. The operators t,(p’) have generating series which are rational functions of
the form.:

Sta( ' = [(1—av) I II (1 —mozyy -+ -2y 0) |,

£>0 m=1 1<i1<-<im<n

and for 1 < k <n,

-1

St = 11 (1= i - aiho)

>0 1<) << <n, 5@'j=ﬂ:1

Proof. The proof is immediate from Proposition 3.1 and the computation of orbits in

Lemma 3.2. O
Remark 3.4. 1. For k = 0, the expression clearly corresponds to the local factor of the
spinor zeta function: Zr,(v) = (1 — agv) ﬁ II (1 —apay, -y, v). When
m=1 1§:’L1<---<im§n »
k =1, the expression is simply _ t7(p")v" = | [[ (1 — zmv)(1 — 27,'0) which (up
>0 m=1

to an initial “zeta” factor) corresponds to the local factor of the standard zeta function:

Dpy(v) =(1—v) H (1 — o)1 —a;tv).

m=1

2. Bxcept for k = 0 and k = 1, the Hecke operators, t}(p’), give rise to new “zeta”
functions which may be of interest in the context of Siegel modular forms.

3. Finally, we note that for the case of n = 2, Andrianov [1] defines a family of Hecke

operators T?(p*) whose images under the Satake map Q (from H, to Q[zg", 27", 23]"2)
satisfy

ST (1 — p~tadz zov?)

Pt (1 — 29v)(1 — 2o210) (1 — 2oz2v) (1 — Tox122V)’

The operators t2(p*) have a generating function whose sum has the same denominator
as Q(T%(p?)), but with numerator 1.

4 New Hecke Operators in Genus 2

Since the generating series 3,5 t7(p‘)v* has the form ¢f(v)™" for a polynomial g} (v), the
relation gl (v) - 350 th(p")v" = 1 prescribes recursion relations to the operators ¢} (p). Given
these relations and the requisite base cases, one can define classical Hecke operators in terms
of double cosets which will have exactly the same generating series by inverting the Satake
isomorphism. We do this below. For analogous operators on G L,,, this has been done in [8].
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4.1 Recursion Relations

Since we are restricting to the case n = 2, we lighten the notational load a bit by writing t;
instead of t7 and writing ¢, instead of ¢7. We also note that in the case of n = 2 we have
the happy coincidence that the degree (in v) of gx(v) is 4, independent of the value of k, so

we write

If we take t(p™) =0
yields for all £ > 1:

tr(p")

where

(k

o ) =1 for all k.

4
ge(v) = > (=170
j=0

for m < 0 (note #4(1) = 1), then the relation gz(v) - Y50 tr(p)v"

k)

k _ _ k _ k _
A — o) + P () — P (Y,

@gk) = t(p)

oY) = o Pt(p) — e (p?)

08 = 8 tu(p) — At (0?) + (%)

o = o) — o8 (0?) + ) — b (ph)

From Theorem 3.3, we deduce:

(1 — .CL’(]’U)(l — 1’02511))(1 — xol’gv)(l — .CL’(]LUlSL’Q’U)

(1 —210)(1 —27'0)(1 — 290) (1 — 25 0)

1 1

(1 — z1290) (1 — 2125 '0) (1 — 27 200) (1 — 27 2y M)
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)

from which we can compute the gog»k s explicitly. Writing Sym for Symy,,, we have:

gogo) = xo(x1 + 1)(22 + 1) = Sym(zoxi29)

gogo) = x%(mlxg + 1) (21 + xo) + 2x(2)x1:c2 = Sym(m%x%b) + 2 Sym(:chl:cg)

o = a2riay (x0(21 + 1) (22 + 1)) = Sym(22z122) Sym(zz122)

gaio) = (23a122)? = Sym(zjz12)°

909) =21+ 37" + 22+ 23" = Sym(afwiz2) " Sym(agaizs)

90;1) =24 1120 + I1SC2_1 + 1’;1552 + x1—1x2—1 = Sym(x%xlxg)_l@ Sym(x%xlxg) + Sym(m%x%@))
® _ D

Y3~ =¥
1

oi) =1

PP =21 + a7 + 2 + 27" = Sym(adwia) ! Sym(zdats)

O =2+ 2% 422+ a7? 42y

— —2+ Sym(adayws) " (Sym(adates)” — 2 Sym(aderrs) Sym (1aa3))
2 (2
Y3 =@
2
i) =1

Remark 4.1. Note that not all the expressions g0§-k) belong to the integral polyno-

mial ring Q[xzo,...,z,]"", but rather to the Satake image of the full Hecke algebra:
Q. ..., a W =2 Qlwo,..., 2" (2221 2,)7Y.  While our method of inverting
the Satake map is restricted to Q[zo, ..., x,]"", we see that this identification of algebras
allows us to invert any polynomial in Qzit, ... X |Wn. In particular, we will see that
when we invert our operators ty(p*) some lie outside the ring of integral Hecke operators,
suggesting perhaps a need to think more broadly about Hecke operators in trying to construct

a Hecke theory as robust as in the elliptic modular case.

Definition 4.2. For k =0,1,2, define
T(p") = TR (") = 1B ")),

Note that the Tj(p?) are elements of the full Hecke algebra H,, for genus 2.
From the recursion relations deduced above:

k)

k _ _ k _ k _
(") = @110 — o8t (072) + P (%) — P (),

and using that  is a ring homomorphism, we see that

Tu(p") = O e T — QU eI T (02 + QS T (%) — QL) T (™).
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Noting that t5(p) = ©\” it is immediate from Example 2.7.1 that To(p) = T(p), one of

the standard generators of the Hecke algebra. With the exception of @%0), all the other <p§-k)
correspond to elements of Q[zo, . . ., z,]"" of similitude 2, for which we can use Example 2.7.2
to help with the inversion.

In Example 2.7.2, the ordered basis for H,(I', S,(2)) is B = {T>(p?), T1(p*), To(p*)}, while

the ordered basis for Qs [xg, 71, 22)"? is B’ = {Sym(ziz,25), Sym(z223x,), Sym(z3x?23)}.

4.1.1 k=0

We have already shown that Q—l(¢§°’) = To(p) = T(p). Using the inverse com-
puted in Example 2.7.2, we note that Q_l(gpgo)) corresponds to [Q5']%(2,1,0)s =

t(2p® — p(p? — 1),p,0)5 where (2,1,0) is the coordinate vector of gpgo) relative to the basis
B'. Thus Qo) = (p3 + p)To(p?) + pTi(p*). For more complicated expressions, we first
use that Q is a ring homomorphism so that Q- 1(o{”) = Q= (Sym(22z122) Sym(zgz122)) =
Q1 (Sym(222122))Q " (Sym(zoz172)) = p*Ta(p?)T(p). For completeness, Q~1(¢}") =
pSTy(p?)?. Summarizing,

QL) = T(p) O () = (0 + p)To(p?) + pTi(p?)
O () = PPTR(p?)T(p) Q") = Ty (p?)?
and using

(") = O e T — QY eI T 2) + Q@ S T (%) — QL) T ("),

we can compute all Ty (p®). In terms of the standard generators, the first few Ty (p*) are given
by:

To(p) = T(p)
To(p*) = T(p)* — [(p* + p)To(p?) + pTi (p*)]
To(p®) = T(p)* — (p° + 2p)T(p)To(p*) — 29T (p) Ty (p°)

4.1.2 k=1,2

Note that in the computation of <p§-k) (when k& > 1), we frequently need to contend with
leaving the integral polynomial ring. As indicated before, this is not really an issue since
Qzd', ...,z Wn = Qluy, . .., 2]V [(x221 - - - 2,)"Y]. So in particular, to find Q-1 (p{"), we

’rrn
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find

Ti(p%) = Q7 (p1") = Q7 (Sym(adzi2) ! Sym(adzia,))

— [0 (Sym(ade125))] Q! (Sym(a2ae,))
=p T (p*) (—p(p* — VT(p®) + pT1(p?))
S o

is no longer in the integral Hecke algebra, H,, emphasizing the fact that not all Hecke
operators with interesting arithmetic properties need to come from the integral Hecke ring.

Remark 4.3. With some patience one can explore the action of these new operators on
the Fourier coefficients of Siegel modular forms looking for recurrence relations among the
Fourier coefficients as was done for the standard generators of the integral Hecke algebra (see

[2])-
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