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π = π1π2 . . . πn ∈ Sn, σ ∈ Sm.Classial de�nition:
π ontains σ if it has a subsequene order-isomorphi to σ.Ex: 25134 ontains 132
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π = π1π2 . . . πn ∈ Sn, σ ∈ Sm.Classial de�nition:
π ontains σ if it has a subsequene order-isomorphi to σ.Ex: 25134 ontains 132In this talk we will use a di�erent de�nition:
π ontains σ as a onseutive pattern if it has a subsequene ofadjaent entries order-isomorphi to σ.
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior De�nitionsHistoryConseutive patterns
π = π1π2 . . . πn ∈ Sn, σ ∈ Sm.Classial de�nition:
π ontains σ if it has a subsequene order-isomorphi to σ.Ex: 25134 ontains 132In this talk we will use a di�erent de�nition:
π ontains σ as a onseutive pattern if it has a subsequene ofadjaent entries order-isomorphi to σ.Ex: 25134 avoids 132, but 42531 ontains 132
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior De�nitionsHistoryConseutive patterns
π = π1π2 . . . πn ∈ Sn, σ ∈ Sm.Classial de�nition:
π ontains σ if it has a subsequene order-isomorphi to σ.Ex: 25134 ontains 132In this talk we will use a di�erent de�nition:
π ontains σ as a onseutive pattern if it has a subsequene ofadjaent entries order-isomorphi to σ.Ex: 25134 avoids 132, but 42531 ontains 13215243 ontains two ourrenes of 132In this talk, ontainment and avoidane will always refer toonseutive patterns. Sergi Elizalde Conseutive patterns in permutations



IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior De�nitionsHistoryHistoryConseutive patterns appear naturally in ombinatoris:
◮ Ourrenes of 21 are desents.
◮ Ourrenes of 132 and 231 are peaks.
◮ Permutations avoiding 123 and 321 are alternatingpermutations.
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior De�nitionsHistoryHistoryConseutive patterns appear naturally in ombinatoris:
◮ Ourrenes of 21 are desents.
◮ Ourrenes of 132 and 231 are peaks.
◮ Permutations avoiding 123 and 321 are alternatingpermutations.The systemati study of onseutive patterns in permutationsstarted 12 years ago.Work in the area by Noy, Babson, Steingrímsson, Claesson,Mansour, Kitaev, Mendes, Remmel, Dotsenko, Khoroshkin, Shapiro,Ehrenborg, Perry, Baxter, Nakamura, Zeilberger among others.Sergi Elizalde Conseutive patterns in permutations



IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior De�nitionsHistorySome of the questions being studiedLet σ(π) = # of ourrenes of σ in π,
αn(σ) = # of permutations of length n that avoid σ,Pσ(u, z) = ∑n≥0 ∑

π∈Sn uσ(π) znn! , Pσ(0, z) = ∑n≥0αn(σ)znn! .
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior De�nitionsHistorySome of the questions being studiedLet σ(π) = # of ourrenes of σ in π,
αn(σ) = # of permutations of length n that avoid σ,Pσ(u, z) = ∑n≥0 ∑

π∈Sn uσ(π) znn! , Pσ(0, z) = ∑n≥0αn(σ)znn! .
◮ Exat enumeration: �nd Pσ(u, z) or Pσ(0, z).
◮ Classi�ation of patterns aording to Wilf-equivalene.We write σ ∼ τ if Pσ(u, z) = Pτ (u, z).
◮ Asymptoti behavior of αn(σ).Comparison of αn(σ) for di�erent patterns.Sergi Elizalde Conseutive patterns in permutations



IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior De�nitionsHistoryPatterns of small lengthLength 3: two lasses (ompare to one lass in lassial ase)123 ∼ 321132 ∼ 231 ∼ 312 ∼ 213
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior De�nitionsHistoryPatterns of small lengthLength 3: two lasses (ompare to one lass in lassial ase)123 ∼ 321132 ∼ 231 ∼ 312 ∼ 213Length 4: seven lasses (ompare to three lasses in lassial ase)1234 ∼ 4321 enumeration solved2413 ∼ 3142 enumeration unsolved2143 ∼ 34121324 ∼ 42311423 ∼ 3241 ∼ 4132 ∼ 23141342 ∼ 2431 ∼ 4213 ∼ 3124 ∗∼1432 ∼ 2341 ∼ 4123 ∼ 32141243 ∼ 3421 ∼ 4312 ∼ 2134All ∼ follow from reversal and omplementation exept for ∗∼.Sergi Elizalde Conseutive patterns in permutations



IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior The luster methodLinear extensionsClustersWe use an adaptation of the luster method of Goulden andJakson, based on inlusion-exlusion.Informally, a k-luster w.r.t. σ ∈ Sm is a permutation �lled withourrenes of σ that overlap with eah other.
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior The luster methodLinear extensionsClustersWe use an adaptation of the luster method of Goulden andJakson, based on inlusion-exlusion.Informally, a k-luster w.r.t. σ ∈ Sm is a permutation �lled withourrenes of σ that overlap with eah other.More preisely, a k-luster is (π; i1, i2, . . . , ik) where
◮ π ∈ Sn,
◮ 1 = i1 < i2 < · · · < ik = n−m+1,
◮ πijπij+1 . . . πij+m−1 is an ourrene of σ for all j ,
◮ ij+1 ≤ ij +m − 1 for all j .Sergi Elizalde Conseutive patterns in permutations



IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior The luster methodLinear extensionsClustersWe use an adaptation of the luster method of Goulden andJakson, based on inlusion-exlusion.Informally, a k-luster w.r.t. σ ∈ Sm is a permutation �lled withourrenes of σ that overlap with eah other.More preisely, a k-luster is (π; i1, i2, . . . , ik) where
◮ π ∈ Sn,
◮ 1 = i1 < i2 < · · · < ik = n−m+1,
◮ πijπij+1 . . . πij+m−1 is an ourrene of σ for all j ,
◮ ij+1 ≤ ij +m − 1 for all j .Ex: (142536879; 1, 3, 6) is a 3-luster w.r.t. to 1324.Sergi Elizalde Conseutive patterns in permutations



IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior The luster methodLinear extensionsSet of overlapsOσ = {i : σi+1σi+2 . . . σm and σ1σ2 . . . σm−i are the same `pattern'}(i.e., overlapping ourrenes of σ may be shifted by i positions)Ex: O1324 = {2, 3}, O15243 = {3, 5}, O12...m = {1, 2, . . . ,m− 1}.Always m − 1 ∈ Oσ.
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior The luster methodLinear extensionsSet of overlapsOσ = {i : σi+1σi+2 . . . σm and σ1σ2 . . . σm−i are the same `pattern'}(i.e., overlapping ourrenes of σ may be shifted by i positions)Ex: O1324 = {2, 3}, O15243 = {3, 5}, O12...m = {1, 2, . . . ,m− 1}.Always m − 1 ∈ Oσ.We say that σ ∈ Sm is non-overlapping if Oσ = {m − 1}.Ex: 21534 is non-overlapping.
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior The luster methodLinear extensionsSet of overlapsOσ = {i : σi+1σi+2 . . . σm and σ1σ2 . . . σm−i are the same `pattern'}(i.e., overlapping ourrenes of σ may be shifted by i positions)Ex: O1324 = {2, 3}, O15243 = {3, 5}, O12...m = {1, 2, . . . ,m− 1}.Always m − 1 ∈ Oσ.We say that σ ∈ Sm is non-overlapping if Oσ = {m − 1}.Ex: 21534 is non-overlapping.In a luster (π; i1, i2, . . . , ik) w.r.t. σ we have ij+1− ij ∈ Oσ for all j .Ex: (142536879; 1, 3, 6) is a luster w.r.t. 1324.Sergi Elizalde Conseutive patterns in permutations



IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior The luster methodLinear extensionsThe luster methodLet the EGF for lusters beRσ(t, z) = ∑n,k rn,k tk znn! ,where rn,k := number of k-lusters of length n w.r.t. σ.
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior The luster methodLinear extensionsThe luster methodLet the EGF for lusters beRσ(t, z) = ∑n,k rn,k tk znn! ,where rn,k := number of k-lusters of length n w.r.t. σ.Theorem (Goulden-Jakson '79, adapted)Pσ(u, z) = 11− z − Rσ(u − 1, z) .
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior The luster methodLinear extensionsThe luster methodLet the EGF for lusters beRσ(t, z) = ∑n,k rn,k tk znn! ,where rn,k := number of k-lusters of length n w.r.t. σ.Theorem (Goulden-Jakson '79, adapted)Pσ(u, z) = 11− z − Rσ(u − 1, z) .This redues the omputation of Pσ(u, z) to the enumeration oflusters. Sergi Elizalde Conseutive patterns in permutations



IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior The luster methodLinear extensionsClusters as linear extensions of posetsLet σ ∈ Sm,Let 1 = i1 < i2 < · · · < ik = n−m+1 with ij+1 − ij ∈ Oσ for all j .Then
(π; i1, . . . , ik) is a luster

m
πijπij+1 . . . πij+m−1 is an ourrene of σ for all j
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior The luster methodLinear extensionsClusters as linear extensions of posetsLet σ ∈ Sm, ς = σ−1Let 1 = i1 < i2 < · · · < ik = n−m+1 with ij+1 − ij ∈ Oσ for all j .Then
(π; i1, . . . , ik) is a luster

m
πijπij+1 . . . πij+m−1 is an ourrene of σ for all j

m
πς1+ij−1 < πς2+ij−1 < · · · < πςm+ij−1 for all j

m
π is a linear extension of the poset de�ned by these relations(we all this a luster poset)Sergi Elizalde Conseutive patterns in permutations



IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior The luster methodLinear extensionsClusters as linear extensions of posets: exampleTake σ = 14253. Then Oσ = {2, 4}, σ−1 = 13524.
(π1π2π3π4π5π6π7π8π9π10π11; 1, 3, 7)is a luster

m
π1 < π3 < π5 < π2 < π4
π3 < π5 < π7 < π4 < π6
π7 < π9 < π11 < π8 < π10
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior The luster methodLinear extensionsClusters as linear extensions of posets: exampleTake σ = 14253. Then Oσ = {2, 4}, σ−1 = 13524.
(π1π2π3π4π5π6π7π8π9π10π11; 1, 3, 7)is a luster

m
π1 < π3 < π5 < π2 < π4
π3 < π5 < π7 < π4 < π6
π7 < π9 < π11 < π8 < π10
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior The luster methodLinear extensionsClusters as linear extensions of posets: exampleTake σ = 14253. Then Oσ = {2, 4}, σ−1 = 13524.
(π1π2π3π4π5π6π7π8π9π10π11; 1, 3, 7)is a luster

m
π1 < π3 < π5 < π2 < π4
π3 < π5 < π7 < π4 < π6
π7 < π9 < π11 < π8 < π10
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior The luster methodLinear extensionsClusters as linear extensions of posets: exampleTake σ = 14253. Then Oσ = {2, 4}, σ−1 = 13524.
(π1π2π3π4π5π6π7π8π9π10π11; 1, 3, 7)is a luster

m
π1 < π3 < π5 < π2 < π4
π3 < π5 < π7 < π4 < π6
π7 < π9 < π11 < π8 < π10

m

π is a linear extension of
π1π3π5π2 π7π4π6 π9π11π8π10
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior The luster methodLinear extensionsClusters as linear extensions of posets: exampleTake σ = 14253. Then Oσ = {2, 4}, σ−1 = 13524.
(π1π2π3π4π5π6π7π8π9π10π11; 1, 3, 7)is a luster

m
π1 < π3 < π5 < π2 < π4
π3 < π5 < π7 < π4 < π6
π7 < π9 < π11 < π8 < π10

m

π is a linear extension ofEx: 1 6 2 8 3 11 4 9 5 10 7
π1 = 1π3 = 2π5 = 3π2 = 6 π7 = 4π4 = 8π6 = 11

π9 = 5π11 = 7π8 = 9π10 = 10
Sergi Elizalde Conseutive patterns in permutations



IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Monotone and related patternsNon-overlapping and related patternsThe pattern 1324 and generalizationsOther patternsNotationPσ(u, z) = 1
ωσ(u, z) =

∑n≥0 ∑

π∈Sn uσ(π) znn! (EGF for ourrenes of σ)Pσ(0, z) = ∑n≥0 αn(σ)znn!Rσ(t, z) = ∑n,k rn,k tk znn! (EGF for lusters)
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Monotone and related patternsNon-overlapping and related patternsThe pattern 1324 and generalizationsOther patternsNotationPσ(u, z) = 1
ωσ(u, z) =

∑n≥0 ∑

π∈Sn uσ(π) znn! (EGF for ourrenes of σ)Pσ(0, z) = ∑n≥0 αn(σ)znn!Rσ(t, z) = ∑n,k rn,k tk znn! (EGF for lusters)By the luster method, ωσ(u, z) = 1− z − Rσ(u − 1, z).
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Monotone and related patternsNon-overlapping and related patternsThe pattern 1324 and generalizationsOther patternsNotationPσ(u, z) = 1
ωσ(u, z) =

∑n≥0 ∑

π∈Sn uσ(π) znn! (EGF for ourrenes of σ)Pσ(0, z) = ∑n≥0 αn(σ)znn!Rσ(t, z) = ∑n,k rn,k tk znn! (EGF for lusters)By the luster method, ωσ(u, z) = 1− z − Rσ(u − 1, z).We will give di�erential equations for ωσ(u, z) for some patterns σ.Sergi Elizalde Conseutive patterns in permutations



IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Monotone and related patternsNon-overlapping and related patternsThe pattern 1324 and generalizationsOther patternsNotationPσ(u, z) = 1
ωσ(u, z) =

∑n≥0 ∑

π∈Sn uσ(π) znn! (EGF for ourrenes of σ)Pσ(0, z) = ∑n≥0 αn(σ)znn!Rσ(t, z) = ∑n,k rn,k tk znn! (EGF for lusters)By the luster method, ωσ(u, z) = 1− z − Rσ(u − 1, z).We will give di�erential equations for ωσ(u, z) for some patterns σ.
◮ All derivatives will always be with respet to z .
◮ Initial onditions will be omitted.Sergi Elizalde Conseutive patterns in permutations



IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Monotone and related patternsNon-overlapping and related patternsThe pattern 1324 and generalizationsOther patternsThe pattern σ = 12 . . .mTheorem (E.-Noy '01)For σ = 12 . . .m, ωσ(u, z) is the solution of
ω(m−1) + (1− u)(ω(m−2) + · · · + ω′ + ω) = 0.

Sergi Elizalde Conseutive patterns in permutations



IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Monotone and related patternsNon-overlapping and related patternsThe pattern 1324 and generalizationsOther patternsThe pattern σ = 12 . . .mTheorem (E.-Noy '01)For σ = 12 . . .m, ωσ(u, z) is the solution of
ω(m−1) + (1− u)(ω(m−2) + · · · + ω′ + ω) = 0.Ex: P123(0, z) = √32 ez/2os(√32 z + π6 )P1234(0, z) = 2os z − sin z + e−zIn general, ω12...m(0, z) = ∑j≥0 z jm

(jm)!
−

∑j≥0 z jm+1
(jm + 1)!Sergi Elizalde Conseutive patterns in permutations



IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Monotone and related patternsNon-overlapping and related patternsThe pattern 1324 and generalizationsOther patternsProof sketh
π1π2π3
πn For eah hoie of 1 = i1 < i2 < · · · < ik = n−m+1 withij+1 − ij ∈ O12...m = {1, 2, . . . ,m − 1} for all j ,there is exatly one luster (π; i1, . . . , ik),beause the luster posets are hains π1 < π2 < · · · < πn.
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Monotone and related patternsNon-overlapping and related patternsThe pattern 1324 and generalizationsOther patternsProof sketh
π1π2π3
πn For eah hoie of 1 = i1 < i2 < · · · < ik = n−m+1 withij+1 − ij ∈ O12...m = {1, 2, . . . ,m − 1} for all j ,there is exatly one luster (π; i1, . . . , ik),beause the luster posets are hains π1 < π2 < · · · < πn.We dedue that the EGF R12...m(t, z) for lusters satis�esR(m−1) = t(R(m−2) + · · ·+ R ′ + R + z),whih gives the di�. eq. for ω12...m(u, z).Sergi Elizalde Conseutive patterns in permutations



IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Monotone and related patternsNon-overlapping and related patternsThe pattern 1324 and generalizationsOther patternsChain patternsWe say that σ is a hain pattern if all the luster posets are hains.Theorem (E.-Noy '11)Let σ ∈ Sm be a hain pattern. Then ωσ(u, z) is the solution of
ω(m−1) + (1− u) ∑d∈Oσ

ω(m−d−1) = 0.
Sergi Elizalde Conseutive patterns in permutations



IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Monotone and related patternsNon-overlapping and related patternsThe pattern 1324 and generalizationsOther patternsChain patternsWe say that σ is a hain pattern if all the luster posets are hains.Theorem (E.-Noy '11)Let σ ∈ Sm be a hain pattern. Then ωσ(u, z) is the solution of
ω(m−1) + (1− u) ∑d∈Oσ

ω(m−d−1) = 0.CorollaryLet σ = 123 . . . (s − 1)(s + 1)s(s + 2)(s + 3) . . .m. Then ωσ(u, z)is the solution of
ω(m−1) + (1− u)(ω(m−s−1) + · · ·+ ω′ + ω) = 0.Sergi Elizalde Conseutive patterns in permutations



IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Monotone and related patternsNon-overlapping and related patternsThe pattern 1324 and generalizationsOther patternsExamplesEx: For σ = 12435, ωσ(u, z) satis�es
ω(4) + (1− u)(ω′ + ω) = 0.
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Monotone and related patternsNon-overlapping and related patternsThe pattern 1324 and generalizationsOther patternsExamplesEx: For σ = 12435, ωσ(u, z) satis�es
ω(4) + (1− u)(ω′ + ω) = 0.Ex: Both ω123546(u, z) and ω124536(u, z) satisfy
ω(5) + (1− u)(ω′ + ω) = 0.This proves Nakamura's onjeture that 123546 ∼ 124536.Sergi Elizalde Conseutive patterns in permutations



IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Monotone and related patternsNon-overlapping and related patternsThe pattern 1324 and generalizationsOther patternsNon-overlapping patternsReall: σ ∈ Sm non-overlapping if Oσ = {m − 1}, i.e.,two ourrenes of σ an't overlap in more than one position.Ex: 132, 1243, 1342, 34671285.
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Monotone and related patternsNon-overlapping and related patternsThe pattern 1324 and generalizationsOther patternsNon-overlapping patternsReall: σ ∈ Sm non-overlapping if Oσ = {m − 1}, i.e.,two ourrenes of σ an't overlap in more than one position.Ex: 132, 1243, 1342, 34671285.Theorem (Bóna '10)The proportion of non-overlapping patterns of length m is > 0.364.
Sergi Elizalde Conseutive patterns in permutations



IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Monotone and related patternsNon-overlapping and related patternsThe pattern 1324 and generalizationsOther patternsNon-overlapping patternsReall: σ ∈ Sm non-overlapping if Oσ = {m − 1}, i.e.,two ourrenes of σ an't overlap in more than one position.Ex: 132, 1243, 1342, 34671285.Theorem (Bóna '10)The proportion of non-overlapping patterns of length m is > 0.364.Proposition (Dotsenko-Khoroshkin, Remmel '10)For σ ∈ Sm non-overlapping, Pσ(u, z) depends only on σ1 and σm.Sergi Elizalde Conseutive patterns in permutations



IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Monotone and related patternsNon-overlapping and related patternsThe pattern 1324 and generalizationsOther patternsNon-overlapping patternsTheorem (E.-Noy '01)Let σ ∈ Sm be non-overlapping with σ1 = 1, σm = b. Then
ωσ(u, z) is the solution of

ω(b) + (1− u) zm−b
(m − b)!ω′ = 0.
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Monotone and related patternsNon-overlapping and related patternsThe pattern 1324 and generalizationsOther patternsNon-overlapping patternsTheorem (E.-Noy '01)Let σ ∈ Sm be non-overlapping with σ1 = 1, σm = b. Then
ωσ(u, z) is the solution of

ω(b) + (1− u) zm−b
(m − b)!ω′ = 0.Ex: For b = 2,

ωσ(u, z) = 1− ∫ z0 e(u−1) vm−1
(m−1)!dv .P132(u, z) = 11− ∫ z0 e(u−1)t2/2dtSergi Elizalde Conseutive patterns in permutations



IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Monotone and related patternsNon-overlapping and related patternsThe pattern 1324 and generalizationsOther patternsProof sketh using luster methodSuppose a = σ1 < σm = b.Clusters (π; i1, i2, . . . , ik) w.r.t. σ satisfyij+1 − ij = m− 1 for all j .
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Monotone and related patternsNon-overlapping and related patternsThe pattern 1324 and generalizationsOther patternsProof sketh using luster methodSuppose a = σ1 < σm = b.Clusters (π; i1, i2, . . . , ik) w.r.t. σ satisfyij+1 − ij = m− 1 for all j .They are linear extensions of posets like this:PSfrag replaements a − 1
b − 1

m − a
m − b

b aSergi Elizalde Conseutive patterns in permutations



IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Monotone and related patternsNon-overlapping and related patternsThe pattern 1324 and generalizationsOther patternsProof sketh using luster methodSuppose a = σ1 < σm = b.Clusters (π; i1, i2, . . . , ik) w.r.t. σ satisfyij+1 − ij = m− 1 for all j .They are linear extensions of posets like this:For σ1 = 1, we dedue a di�. eq. for the EGFfor lusters:R(b) = t zm−b
(m − b)! (1+ R ′),whih gives the di�. eq. for ωσ(u, z).PSfrag replaements a − 1

b − 1
m − a

m − b
b aSergi Elizalde Conseutive patterns in permutations



IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Monotone and related patternsNon-overlapping and related patternsThe pattern 1324 and generalizationsOther patternsConsequenes of the proof
◮ These posets depend only on a = σ1 andb = σm.

PSfrag replaements a − 1
b − 1

m − a
m − b

b aSergi Elizalde Conseutive patterns in permutations



IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Monotone and related patternsNon-overlapping and related patternsThe pattern 1324 and generalizationsOther patternsConsequenes of the proof
◮ These posets depend only on a = σ1 andb = σm.
◮ k-lusters have size n = k(m− 1) + 1.

PSfrag replaements a − 1
b − 1

m − a
m − b

b aSergi Elizalde Conseutive patterns in permutations



IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Monotone and related patternsNon-overlapping and related patternsThe pattern 1324 and generalizationsOther patternsConsequenes of the proof
◮ These posets depend only on a = σ1 andb = σm.
◮ k-lusters have size n = k(m− 1) + 1.
◮ If dk is the number of k-lusters, then

ωσ(u, z) = 1−z−∑k≥1(u−1)kdk zk(m−1)+1
(k(m − 1) + 1)! .PSfrag replaements a − 1

b − 1
m − a

m − b
b aSergi Elizalde Conseutive patterns in permutations



IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Monotone and related patternsNon-overlapping and related patternsThe pattern 1324 and generalizationsOther patternsThe patterns 12534 and 13254Proposition (E.-Noy '11)
ω12534(u, z) is the solution of ω(4) + (1− u)z(ω′′ + ω′) = 0,
ω13254(u, z) is the solution of ω(4) + (1− u)(ω′′ + zω′) = 0.
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Monotone and related patternsNon-overlapping and related patternsThe pattern 1324 and generalizationsOther patternsThe patterns 12534 and 13254Proposition (E.-Noy '11)
ω12534(u, z) is the solution of ω(4) + (1− u)z(ω′′ + ω′) = 0,
ω13254(u, z) is the solution of ω(4) + (1− u)(ω′′ + zω′) = 0.Similar arguments prove three more onjetures of Nakamura:

◮ 123645 ∼ 124635 → solution of ω(5)+(1− u)z(ω′′+ω′) = 0.
◮ 132465 ∼ 142365 → solution of ω(5)+(1− u)(ω′′+ zω′) = 0.
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Monotone and related patternsNon-overlapping and related patternsThe pattern 1324 and generalizationsOther patternsThe patterns 12534 and 13254Proposition (E.-Noy '11)
ω12534(u, z) is the solution of ω(4) + (1− u)z(ω′′ + ω′) = 0,
ω13254(u, z) is the solution of ω(4) + (1− u)(ω′′ + zω′) = 0.Similar arguments prove three more onjetures of Nakamura:

◮ 123645 ∼ 124635 → solution of ω(5)+(1− u)z(ω′′+ω′) = 0.
◮ 132465 ∼ 142365 → solution of ω(5)+(1− u)(ω′′+ zω′) = 0.
◮ 154263 ∼ 165243. Sergi Elizalde Conseutive patterns in permutations



IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Monotone and related patternsNon-overlapping and related patternsThe pattern 1324 and generalizationsOther patternsWilf-equivalene lassesThis ompletes the lassi�ation of patterns of length up to 6 intoonseutive Wilf-equivalene lasses.
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Monotone and related patternsNon-overlapping and related patternsThe pattern 1324 and generalizationsOther patternsWilf-equivalene lassesThis ompletes the lassi�ation of patterns of length up to 6 intoonseutive Wilf-equivalene lasses.There are
◮ 2 lasses for length 3,
◮ 7 lasses for length 4,
◮ 25 lasses for length 5,
◮ 92 lasses for length 6.
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Monotone and related patternsNon-overlapping and related patternsThe pattern 1324 and generalizationsOther patternsThe pattern 1324
Theorem (E.-Noy '11)For σ = 1324, ωσ(u, z) is the solution ofzω(5)−((u−1)z−3)ω(4)−3(u−1)(2z+1)ω(3)+(u−1)((4u−5)z−6)ω′′

+ (u − 1)(8(u − 1)z − 3)ω′ + 4(u − 1)2zω = 0
Sergi Elizalde Conseutive patterns in permutations



IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Monotone and related patternsNon-overlapping and related patternsThe pattern 1324 and generalizationsOther patternsProof skethClusters (π; i1, . . . , ik) satisfyij+1 − ij ∈ O1324 = {2, 3} for all j .Clusters where ij+1 − ij = 2 for all jorrespond to linear extensions of
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Monotone and related patternsNon-overlapping and related patternsThe pattern 1324 and generalizationsOther patternsProof skethClusters (π; i1, . . . , ik) satisfyij+1 − ij ∈ O1324 = {2, 3} for all j .Clusters where ij+1 − ij = 2 for all jorrespond to linear extensions ofThese are ounted by the Catalan numbers.For general lusters, we get towers of theseposets.

PSfrag replaements

π1π2
π3π4

π5π6
π7π2k−2

π2k−1π2k
π2k+1π2k+2
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Monotone and related patternsNon-overlapping and related patternsThe pattern 1324 and generalizationsOther patternsProof skethClusters (π; i1, . . . , ik) satisfyij+1 − ij ∈ O1324 = {2, 3} for all j .Clusters where ij+1 − ij = 2 for all jorrespond to linear extensions ofThese are ounted by the Catalan numbers.For general lusters, we get towers of theseposets. We dedue the OGF for lusters

PSfrag replaements

π1π2
π3π4

π5π6
π7π2k−2

π2k−1π2k
π2k+1π2k+2

∑k,n rn,k tkxn =
x(1 − 2tx(1+ x) +√1− 4tx2)2(1− tx(1+ x)2) − x .We turn this into an di�. eq. for the OGF, and then into a di� eq.for the EGF R1324(t, z) and for ω1324(u, z).Sergi Elizalde Conseutive patterns in permutations



IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Monotone and related patternsNon-overlapping and related patternsThe pattern 1324 and generalizationsOther patternsThe pattern 134 . . . (s + 1)2(s + 2)(s + 3) . . .mTheorem (E.-Noy '11)The OGF for lusters w.r.t. σ = 134 . . . (s + 1)2(s + 2)(s + 3) . . .mis
∑k,n rn,k tkxn =

xm−s(B(txs)− 1)1− (x + x2 + · · · + xm−s−1)(B(txs)− 1) ,where B(x) = 1+ xB(x)s .For small s and m, we an dedue a di�erential equation for
ωσ(u, z). Sergi Elizalde Conseutive patterns in permutations



IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Monotone and related patternsNon-overlapping and related patternsThe pattern 1324 and generalizationsOther patternsProof idea
PSfrag replaements
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πks+1πks+2πks+3π(k−1)s+m The luster posets are towers of posetslike this one.
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Monotone and related patternsNon-overlapping and related patternsThe pattern 1324 and generalizationsOther patternsProof idea
PSfrag replaements
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π3s+1π(k−2)s+2π(k−2)s+3π(k−1)s

π(k−1)s+1π(k−1)s+2π(k−1)s+3πks
πks+1πks+2πks+3π(k−1)s+m The luster posets are towers of posetslike this one.Linear extensions of this poset are inbijetion with ertain generalized Dykpaths, whose OGF is B(x).
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Monotone and related patternsNon-overlapping and related patternsThe pattern 1324 and generalizationsOther patternsOther patterns of length 4For the remaining ases, 1423, 2143 and 2413, we have reurrenesfor the luster numbers, but no losed form or di�. eq. for ωσ(u, z).
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Monotone and related patternsNon-overlapping and related patternsThe pattern 1324 and generalizationsOther patternsOther patterns of length 4For the remaining ases, 1423, 2143 and 2413, we have reurrenesfor the luster numbers, but no losed form or di�. eq. for ωσ(u, z).ConjetureFor σ = 1423, ω1423(0, z) is not D-�nite.(i.e., it does not satisfy a linear di�. eq. with polynomialoe�s.)
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Monotone and related patternsNon-overlapping and related patternsThe pattern 1324 and generalizationsOther patternsOther patterns of length 4For the remaining ases, 1423, 2143 and 2413, we have reurrenesfor the luster numbers, but no losed form or di�. eq. for ωσ(u, z).ConjetureFor σ = 1423, ω1423(0, z) is not D-�nite.(i.e., it does not satisfy a linear di�. eq. with polynomialoe�s.)The would be the �rst known instane of a patternwith this property.
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Monotone and related patternsNon-overlapping and related patternsThe pattern 1324 and generalizationsOther patternsOther patterns of length 4For the remaining ases, 1423, 2143 and 2413, we have reurrenesfor the luster numbers, but no losed form or di�. eq. for ωσ(u, z).ConjetureFor σ = 1423, ω1423(0, z) is not D-�nite.(i.e., it does not satisfy a linear di�. eq. with polynomialoe�s.)The would be the �rst known instane of a patternwith this property.Equivalent to showing that S(x) de�ned byS(x) = 1+ x1+ x S ( x1+ x2) is not D-�nite.
PSfrag replaements k1 k2k3k1 + 1 k2 + 1k3 + 1
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Analyti resultsAsymptoti behaviorOpen problems
ωσ(u, z) is usually entire. . .Theorem (E.-Noy '11)Suppose that ∃α > 0 s.t. all luster posets w.r.t. σ of size nontain a hain of length ≥ αn. Then, for every �xed u ∈ C,

ωσ(u, z) is an entire funtion of z.
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Analyti resultsAsymptoti behaviorOpen problems
ωσ(u, z) is usually entire. . .Theorem (E.-Noy '11)Suppose that ∃α > 0 s.t. all luster posets w.r.t. σ of size nontain a hain of length ≥ αn. Then, for every �xed u ∈ C,

ωσ(u, z) is an entire funtion of z.This applies to
◮ all hain patterns,
◮ all patterns with σ1 = 1,
◮ all non-overlapping patterns.Sergi Elizalde Conseutive patterns in permutations



IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Analyti resultsAsymptoti behaviorOpen problemsProof ideaIntuition: Posets ontaining a large hain have few linearextensions.Bounding the number of linear extensions of the luster posets,
∑k rn,k ≤ 2nnn−αn
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Analyti resultsAsymptoti behaviorOpen problemsProof ideaIntuition: Posets ontaining a large hain have few linearextensions.Bounding the number of linear extensions of the luster posets,
∑k rn,k ≤ 2nnn−αn

⇒
(
∑k rn,kn! )1/n

≤ 2enα −→n→∞
0.
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Analyti resultsAsymptoti behaviorOpen problemsProof ideaIntuition: Posets ontaining a large hain have few linearextensions.Bounding the number of linear extensions of the luster posets,
∑k rn,k ≤ 2nnn−αn

⇒
(
∑k rn,kn! )1/n

≤ 2enα −→n→∞
0.

⇒ Rσ(t, z) = ∑ rn,k tk znn! is entire as a funtion of z(has ∞ radius of onvergene)
⇒ ωσ(u, z) is entire as a funtion of zSergi Elizalde Conseutive patterns in permutations



IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Analyti resultsAsymptoti behaviorOpen problems. . . but not alwaysThe previous theorem shows that ωσ(u, z) is entire for all lasses ofpatterns of length 4 exept possibly 2413.
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Analyti resultsAsymptoti behaviorOpen problems. . . but not alwaysThe previous theorem shows that ωσ(u, z) is entire for all lasses ofpatterns of length 4 exept possibly 2413.Proposition (E.-Noy '11)
ω2413(2, z) is not entire.
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Analyti resultsAsymptoti behaviorOpen problems. . . but not alwaysThe previous theorem shows that ωσ(u, z) is entire for all lasses ofpatterns of length 4 exept possibly 2413.Proposition (E.-Noy '11)
ω2413(2, z) is not entire.Intuition: some luster posets have too many linear extensions.
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Analyti resultsAsymptoti behaviorOpen problemsAsymptoti behaviorProposition (E. '05)For every σ, the limit
ρσ := limn→∞

(

αn(σ)n! )1/n exists.
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Analyti resultsAsymptoti behaviorOpen problemsAsymptoti behaviorProposition (E. '05)For every σ, the limit
ρσ := limn→∞

(

αn(σ)n! )1/n exists.For some σ, ρσ is known exatly. For other σ it an be estimated.
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Analyti resultsAsymptoti behaviorOpen problemsAsymptoti behaviorProposition (E. '05)For every σ, the limit
ρσ := limn→∞

(

αn(σ)n! )1/n exists.For some σ, ρσ is known exatly. For other σ it an be estimated.Theorem (Ehrenborg-Kitaev-Perry '11)For every σ,
αn(σ)n! = γρn + O(δn),for some onstants γ and δ < ρ.The proof uses methods from spetral theory.Sergi Elizalde Conseutive patterns in permutations



IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Analyti resultsAsymptoti behaviorOpen problemsA onjetureConjeture (E.-Noy. '01)For every σ ∈ Sm there exists n0 suh that
αn(σ) ≤ αn(12 . . .m)for all n ≥ n0.
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Analyti resultsAsymptoti behaviorOpen problemsA onjetureConjeture (E.-Noy. '01)For every σ ∈ Sm there exists n0 suh that
αn(σ) ≤ αn(12 . . .m)for all n ≥ n0.This is equivalent to ρσ being largest for σ = 12 . . .m.
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Analyti resultsAsymptoti behaviorOpen problemsA onjetureConjeture (E.-Noy. '01)For every σ ∈ Sm there exists n0 suh that
αn(σ) ≤ αn(12 . . .m)for all n ≥ n0.This is equivalent to ρσ being largest for σ = 12 . . .m.Theorem (E.-Noy. '11)The above onjeture holds if σ is non-overlapping.Sergi Elizalde Conseutive patterns in permutations



IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Analyti resultsAsymptoti behaviorOpen problemsProof skethLet σ ∈ Sm be non-overlapping. Want to show: ρσ < ρ12...m.
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Analyti resultsAsymptoti behaviorOpen problemsProof skethLet σ ∈ Sm be non-overlapping. Want to show: ρσ < ρ12...m.Write ωσ(z) := ωσ(0, z).Using singularity analysis and the fat that ωσ(z) and ω12...m(z) areentire, we get
◮ ρ−1

σ is the smallest zero of ωσ(z).
◮ ρ−112...m is the smallest zero of ω12...m(z).
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Analyti resultsAsymptoti behaviorOpen problemsProof skethLet σ ∈ Sm be non-overlapping. Want to show: ρσ < ρ12...m.Write ωσ(z) := ωσ(0, z).Using singularity analysis and the fat that ωσ(z) and ω12...m(z) areentire, we get
◮ ρ−1

σ is the smallest zero of ωσ(z).
◮ ρ−112...m is the smallest zero of ω12...m(z).Enough to show that

ω12...m(z) < ωσ(z)for 0 < z < 1.276.
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Analyti resultsAsymptoti behaviorOpen problemsProof skethEnough to show that ω12...m(z) < ωσ(z) for 0 < z < 1.276.
ω12...m(z) = ∑j≥0 z jm

(jm)!
−
∑j≥0 z jm+1

(jm + 1)! < 1−z+zmm!
− zm+1
(m+ 1)!+ z2m

(2m)!
,

ωσ(z) = 1−z−∑k≥1(−1)kdk zk(m−1)+1
(k(m − 1) + 1)! > 1−z+zmm!

−d2 z2m−1
(2m − 1)! .This is proved showing that the terms of these alternating seriesderease in absolute value.Sergi Elizalde Conseutive patterns in permutations



IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Analyti resultsAsymptoti behaviorOpen problemsProof skethEnough to show that ω12...m(z) < ωσ(z) for 0 < z < 1.276.
ω12...m(z) = ∑j≥0 z jm

(jm)!
−
∑j≥0 z jm+1

(jm + 1)! < 1−z+zmm!
− zm+1
(m+ 1)!+ z2m

(2m)!
,Using d2 ≤ (2m−3m−2 ) and algebrai manipulations −→ ∧

ωσ(z) = 1−z−∑k≥1(−1)kdk zk(m−1)+1
(k(m − 1) + 1)! > 1−z+zmm!

−d2 z2m−1
(2m − 1)! .This is proved showing that the terms of these alternating seriesderease in absolute value.Sergi Elizalde Conseutive patterns in permutations



IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Analyti resultsAsymptoti behaviorOpen problemsLast-minute updateProved while preparing this talk:
◮ For every σ ∈ Sm there exists n0 s.t.

αn(σ) ≤ αn(12 . . .m)for all n ≥ n0. (This is the [E.-Noy. '01℄ onjeture.)
Sergi Elizalde Conseutive patterns in permutations



IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Analyti resultsAsymptoti behaviorOpen problemsLast-minute updateProved while preparing this talk:
◮ For every σ ∈ Sm there exists n0 s.t.

αn(σ) ≤ αn(12 . . .m)for all n ≥ n0. (This is the [E.-Noy. '01℄ onjeture.)
◮ For every non-overlapping σ ∈ Sm there exists n0 s.t.

αn(123 . . . (m − 2)m(m − 1)) ≤ αn(σ) ≤ αn(134 . . .m2)for all n ≥ n0. Sergi Elizalde Conseutive patterns in permutations



IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Analyti resultsAsymptoti behaviorOpen problemsOpen problems
◮ Find a proof of the Ehrenborg-Perry-Kitaev Theorem

αn(σ)/n! = γρn + O(δn)using analyti ombinatoris (rather than spetral theory)?
Sergi Elizalde Conseutive patterns in permutations



IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Analyti resultsAsymptoti behaviorOpen problemsOpen problems
◮ Find a proof of the Ehrenborg-Perry-Kitaev Theorem

αn(σ)/n! = γρn + O(δn)using analyti ombinatoris (rather than spetral theory)?
◮ Find a ombinatorial proof of the fat that for all σ ∈ Sm,

αn(σ) ≤ αn(12 . . .m), by giving an injetion from σ-avoidingpermutations to 12 . . .m-avoiding permutations.
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IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Analyti resultsAsymptoti behaviorOpen problemsOpen problems
◮ Find a proof of the Ehrenborg-Perry-Kitaev Theorem

αn(σ)/n! = γρn + O(δn)using analyti ombinatoris (rather than spetral theory)?
◮ Find a ombinatorial proof of the fat that for all σ ∈ Sm,

αn(σ) ≤ αn(12 . . .m), by giving an injetion from σ-avoidingpermutations to 12 . . .m-avoiding permutations.
◮ Conjeture (Nakamura '11): For every σ ∈ Sm there exists n0s.t.

αn(123 . . . (m − 2)m(m − 1)) ≤ αn(σ)for all n ≥ n0. Sergi Elizalde Conseutive patterns in permutations



IntrodutionMethodsExat enumerationAnalyti results and asymptoti behavior Analyti resultsAsymptoti behaviorOpen problems
Thank you
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