
Worksheet #3

Perform the indicated integrations.

(1)

∫

√
4− x2

x2
dx

Solution:

∫

√
4− x2

x2
dx = 2

∫

√

1− (x
2
)2

x2
dx

Let x

2
= sin θ, thus x = 2 sin θ and dx = 2cos θdθ.
∫

√
4− x2

x2
dx = 2

∫

√

1− (sin θ)2

4 sin2 θ
2 cos θdθ

=

∫

cos θ

sin2 θ
cos θdθ =

∫

cos2 θ

sin2 θ
dθ

=

∫

cos2 θ(sin2 θ)−1dθ

=

∫

(1− sin2 θ)(sin2 θ)−1dθ write/in/terms/of/sine

=

∫

(

(sin2 θ)−1 − 1
)

dθ

=

∫

(

csc2 θ − 1
)

dθ

= − cot θ − θ + C = −
√
4− x2

x
− arcsin(

x

2
) + C

(2)

∫

dx

x
√
x2 − 9

Solution:

∫

dx

x
√
x2 − 9

=
1

3

∫

dx

x
√

(x
3
)2 − 1

Let x

3
= sec θ, thus x = 3 sec θ and dx = 3 sec θ tan θdθ. Then

∫

dx

x
√
x2 − 9

=
1

3

∫

3 sec θ tan θ

3 sec θ
√
sec2 θ − 1

dθ

=
1

3

∫

tan θ√
tan2 θ

dθ

=
1

3

∫

tan θ

± tan θ
dθ

= ±1

3

∫

dθ = ±1

3
θ + C

= ±1

3
arcsec(

x

3
) + C

1



2

(3)

∫

dx√
x2 + 2x+ 5

Solution: First we must complete the square.

∫

dx√
x2 + 2x+ 5

=

∫

dx
√

(x2 + 2x+ 1) + 5− 1

=

∫

dx
√

(x+ 1)2 + 4
=

1

2

∫

dx
√

(x+1

2
)2 + 1

Let x+1

2
= tan θ, thus x = 2 tan θ − 1 and dx = 2 sec2 θdθ. Then

∫

dx√
x2 + 2x+ 5

=
1

2

∫

2 sec2 θ√
tan2 θ + 1

dθ

=

∫

sec2 θ√
sec2 θ

dθ =

∫

sec2 θ

| sec θ|dθ

=

∫

sec θdθ

= ln | sec θ + tan θ|+ C = ln
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2
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= ln
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+ C

(4)

∫

x√
4x− x2

dx

Solution: First we must complete the square.

∫

x√
4x− x2

dx =

∫

x
√

−(x2 − 4x)
dx =

∫

x
√

4− (x2 − 4x+ 4)
dx

=

∫

x
√

4− (x− 2)2
=

1

2

∫

x
√

1− (x−2

2
)2

Let x−2

2
= sin θ, then x = 2 sin θ + 2 and dx = 2cos θdθ. So,
∫

x√
4x− x2

dx =
1

2

∫

2(sin θ + 1)
√

1− sin2 θ
(2 cos θ)dθ

= 2

∫

sin θ + 1√
cos2 θ

cos θdθ

= 2

∫

(sin θ + 1)dθ = 2(− cos θ + θ) + C

= 2

(

−
√

4− (x− 2)2

2
+ arcsin

(
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2

)

)

+ C


