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Math 56 Compu & Expt Math, Spring 2014: Midterm 1

4/17/14, pencil and paper, 2 hrs, 50 points. Good luck!
1. [10 points]

You wish to use a truncated Taylor series about the origin to approximate the smooth function inverse
tangent (arctan) of a given real @, ie,
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(a) For a general real z, find a rigorous bound on the error £, due to using terms with powers only
“up to n. [Hint: you don’t need Taylor's theorem.] Write it in big-O notation:
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(b) What type and rate or order of convergence is this? (Your answer may depend on x). Are there

any x where it doesn't converge? ~_ .
|£.- CM“?\I]IB dﬁ&

D&k mmvﬁ%-i éﬁvl\)”of‘}w ce. w/ r‘q,'tz, r o= } * ,
) |

. -,_——-»-——5 e {:ww‘,mﬂ.wmmva P

n .

s &{(\MJQ ﬁp o> y 1€ x<o [ A x>l ’{M"!}“&MWJ‘)&‘

(c) Estimate the minimum n needed to get an absolute error of 107 at 22 = 0.3
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4 (d) What can you deduce about locations of any singularities of tan™ 19
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1 BONUS: use Euler’s relation to find the smgulfnity/smgular]tles
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2. [8 points| As in homework we wish to find the root of the function sina lymg in {3,4]. a’“ -
1 {a) Write down the Newton iteration for this function: /
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4 (b) Sketch the proof that the Newton iteration for a general function f(z) is quadratically convergent

.

to its root f{z} = 0: [Hint: evaluate at z the Taylor expansion about z,]
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72 {c) Say for f{z} = sinz the iteration starts with g = # 4 0.1. Use the above to find the precise
number of iterations required to reach the machine relative error of 10716,
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3. [6 points] An engineer gives you the following two facts about a matrix A:

A[ {1) ] = { (1)05 ] , and min_[|Ay{ = 107*%.
- Ivli=1

-
What can you deduce about the worst-case relative error in the approximate solution to Ax == b, as
solved by a backward stable algorithm with the usual .4, = 10716 7
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BONUS: Explain whether it is possible for certain right hand sides (which?) to guarantee relative error
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4. [5 points]
You use a centered-difference approximation to the derivative of f{z) = sinz, at 2 = 1, l.e using
evaluations at 1 — h and 1 + h. Derive & simple rigorous ‘bround_ on__}fg}]}:‘__absolru‘te error in terms of h,

including the explicit constant. ) 7
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BONUS: Around what 2 would have the smallest error in practice and why?
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5. {10 points]
(a) Is the machine evaluation of f(z) = 1/x backwards stable 7 {Assume the usual rules of floating-
point, assume 1 is stored exactly, and show work.}
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’5 (b) Estimate the relative ervor in the machiycomputation of f(z) = 1- 1/ for general = (again,
assume 1 is stored exactly). e
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4. {¢) For what range of x is this relative error greater than 17
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4 (d) Tt is easy to show that the machine evaluation of f{z)} =1 — 1/2 is backward stable for all 2 not

too large (eg |2| < 10%). Explain, citing a relevant theorem, how this is can be true even though
you discovered above that some inputs cause dlS’lSthUS relative error. [Hint: a picture may help]
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6. [11 points] Short-answer questions.

4. {a) What axes would you plot to show a linear graph for error e, converging algebraically with n?
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< (b) Prove whether n = O(-"ﬂ'—w) as n — 0o,
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7 (d) \i—l__q@ does the machine evaluate (1 +10716) + 1071 ? How could you do this addition of three
numbers more accurately on this same machine? [Recall £, = 1.1 x 10718)]
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