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Math 53: Chaos! 2015: Midterm 1

2 hours, 50 points total, 4 questions, points somewhat oc blank space. Good luck!
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1. [11 points| Consider the map f(x) = [
{(a) Describe the object to which the unit disc maps under f. Include all relevant length{s) of the
object. You do not have to give directions.
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{¢} Do any peints from inside the unit disc get mapped outside the unit disc by f?
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47 {d) What is the fate (asymptotic behavior) of orbits launched from all points x € R?, and why?
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7 (e) Imagine the map is changed to f ( ; ) = A( Z ) + ( ;3 Ty ) Classify the fixed point
(0,0) as a@/ source,/saddle.
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2. [16 points]

Consider the function {, —

(f on}‘
_Jz+1/2, xz<1/2
whose graph is shown to the right, mapping [0,1]
to itself.
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(a) Find and classify the fixed point(s).
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(b) Find the Lyapunov exponent of the orbit sta;rt'%ng at x=1/3.
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7. {c) Draw the transition graph for the intervals L and R shown.
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(d) Give a specific = which is eventually periodic but not periodic.
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(e) Prove that there exists orbits which are not fixed, periodic, or eventually periodic.
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(f) To what subinterval does the subinterval LRR map under one application of f?
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(g} Show the subintervals down to level 4, with their correct ordering. Take plenty of horizontal space.
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BONUS Prove a positive lower bound on the Lyapunov exponent of all orbits which never hit 1/2
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3. [15 points| Consider the map f{z) = 2z (mod 1) mapping the (periodic) interval [0,1) to itself

(a) Sketch a graph of f2. How many fixed points of f2 are there in [0,1) ?

3 preed, FM; Since

Same A5 K2 (D

9.

o e

(b) Give the formula for the number of fixed points of f¥, for general k > 1.
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{c) Work out the first 4 rows of the “periodic table” for the map, which computes how many periodic
si orbits there are of periods 1 through 4:
|4 (e | R el for | 4 905 o] |
|- | Jrf “[ 1 |- Ve [ :H POS H_. ¥
| ] .,-' [l |
| |
] I [ i/ |I (
‘ | |
|
. Z
2 .I l | l = é
| |
A I| 7 p |II Z ?/
¥ Lo | o | A

ML



¢ (d) Give the mathematical definition of what it means for a given point zo to have sensitive depen-
dence.
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9. (e) Prove that each point zy € [0,1) has sensitive dependence. 0[, s B}} / J E C% J
glu v 'Lfm n({ At AU sive ’JI ﬁ} EWVL lc e

6"") 1/'(.

Tr;mn t;h 7(“39!4 ¢ (zfmf'(ct ) So avlfj -Lmy ofl(vvwf(
L&L' ) 0 ’ (/L\ooje« [( = {97? "é' m’_@w
[_{«(’ ;) - S £ - SJ: L. t;ﬁ'm*w }Co ﬂtrty f: i’ﬁ)” ((#ﬂﬂ
-7 e%wc . P(?& 3.; Lub’ rc—aotqy .{fj' ?‘\M’P‘ Q Leym (tth mftlz) ~ASL {ﬂ.efvt(éﬂ&

pullavytjo“’rﬂ‘
j LL 7 QR ﬂf&f' k tflxnt“m}

1

(R — &R
. = [ L ,9LL - Xk} ol f/é': . Lj
RR. — . fte cusiee of 2L-leblers”
7 (f) Prove that each rational xg is eventually periodic.
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4. [8 points] Unrelated short questions. Please explain only briefly.

7. (a) What precisely are plotted on the horizontal and vertical axes of a bifurcation diagram?
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{b) Give the mathematical definition of a fixed point p beingjksink. (F WHere 1 sne.
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(¢c) What set comprises the unstable manifold for the saddle at (0, 0) for the map f(z,y) = (0.9z, —1.1y)
in R? ?
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p (d} Estimate how many iterations of the map f(z) = 3z (mod 1) it takes for a computer rounding
- error of around 107¢ in the initial condition to cause an O(1) change in the iterate. (You can

leave an expression if you like.)
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