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Math 53: Chaos! 2009: Midterm 1

2 hours, 54 points total, 6 questions worth various points (proportional to blank space)

/
. {9 points] Consider the two-dimensional map x — Ax, e > Hhe o [ Mo m/vﬁ)

a) IfA= 1 ~1/2 , describe the object formed by applying the map to the unit disc {x ¢ R?:
3 /2 0

x| < 1}. Include all relevant lengths and directions (unnormalized direction vectors are fine)
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| (b} Tor this A, do any points in the unit disc get mapped outside the unit dise? U
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L (¢) For this A, find the fixed point(s) of the map and classify them.
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(d) Nowif A= [ 3/2 :3/2

a proof for one such point. If not, explain why and categorize any fixed point(s). [Partial credit
given for correct definition of sen51t1ve dependence].
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2. [10 points] Consider the two-dimensional map f ( ; ) = ( z’”f;g )

3 (a) Solve for all fixed points of f. For what range of a do (real) fixed points exist?
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(b) Fix a =0, and for each of the two(féced points, answer: s it hyperbolic? Can you deduce if it is
a sink, source, or saddle? [Hint: first find the y values|.
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(c) Find the critical value of ¢ above which both fixed points are of the same type. ‘{(), (’\1,
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{10 points] Consider the f{z} = 3z (mod 1) which maps the interval [0,1) to itself.
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(b) Is this a periodic sink, periodic source, or neither? (show your calculation)
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1 (¢) How many fixed points of f2 are there in {0,1)7
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3 (d) Prove that if an or rbit {1:0,:1:1, } is eventuall} peuodlc, then zg is rational,
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g (e) Compute the Lyapunov ezponent (not number) of such an(eventuallyi]peuodm orbit, and use this
to estimate how many iterations will it take for an initial computer rounding error of 10718 ¢o
reach size 17
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(e} BONUS: Derive a formula for the number of subintervals at level k.
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5. [6 points] Consider T'(x) = Ax (mod 1}, where A = [ 2 411 :|, acting on the torus x € T = [0, 1)

{a) Does the map T" have an inverse? (explain using properties of the map)

2
Na y g 0 ma’fﬁ ane -“mf(fm R o Y S (,\Jl7 M 7
. -t “ A ""‘”‘f P L ,‘4’ 8?[,(/#‘!\1@/ ﬁ:f' ,yowu,é{“? (%
drea (Rebh] < 1z-1) - |{]
g Hw_r/ . - - f—
g {b) Find all fixed points of T" in the torus. ° “ M\ﬂy S‘Q[Wllﬁw &5 T(X - C’
3?( - D = > M ’) = X% fp(‘ S6vwe V]) wm € Z
% v»éf") % (9 (wvd’ /) Y £ .
nL n
fe. Ax €y = M S - _
i ‘-f}) - . T o Gy - 92, 529 = D= m GZ
SIS VR R
,9 !M (j ﬁx\ T o— = o ?é Vi
olo] Yo | O T
Q l v% = % /‘7? t Mo wae e 7
o 2| v " oy e
) Se Yo | Y= e “ d.t!f” - Tl = _ -
Of 3 | -Yye th| Youtt b / (A <) ;g f/ S.
Of 4 |-V =% |% = ASE

Hhew b s .
m(c) An;}ir z{{)) for the case of A = [ (1) (2} ] e J{;f} dmg,! <9 X —r X M [)

- Qy Guaz{Q
- L‘waw = 5
“ 970 o by pred g ohys o o 4l vy
}ﬁvak Qﬂm x & C@/ {) s A f'}‘«( 6p!’

=) S\Ck/(j) I XS EO/D, 9= (33

}

[hacker |




\ﬁvC
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Draw a possible graph of a smooth continuous
7 [(a) funct:on f mappmg Ly R to 1tself w1th only
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(b} Prove that f has no fixed points in L. 5
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5 {c) Prove that there exist orbits which are not fixed, periodic, or eventually periodic.
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4 (d) Show the subdivision down to level 4 (that is, the correct ordering of all 4-symbol 1tmelary"'""
subintervals on LU R). Take plenty of horizontal space. How many subintervals ate there? [Hint:
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6. [8 points] Random short questions.

(a) The origin is a fixed point of f(z) = tanz. Categorize it as a source, sink, or neither. [BONUS:
Prove your answer]. T E/d $ Mee
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{(b) A map f:R — R has f6(z) = 2. What are the p0351bie per 10ds ofz ab a pen ic fixed point,’if &mq U
any?
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{c) Give a precise mathematical definition of the basin of a fixed point p.
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(d) Explain in a sentence what a period-doubling bifurcation is (include a sketch of a bifurcation
diagram with axes).
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