Math 35: Real Analysis
Winter 2018

Wednesday 01,/10/18

Lecture 4

Organization:
- HW 1 due today outside KH 008 at 2 pm
- Next lecture Tuesday, 01/16/18 from 12:15-1:05 pm

Last time: S = {ay,az,a3,...,a,} C R (a; > 0 for all 7) then

ap+az+...+an
n

3=

AM(S) = and GM(S)=(a1-az-...-ap)

denotes the arithmetic and geometric mean of S, respectively.

Aim: Prove that AM(S) > GM(S).

We have the following lemma:

Lemma 8: Let n > 2 be an integer. Suppose that by < by < ... < b, are positive real
numbers that are not all equal. We have:

If by-by-...-b,=1, then by +by+...+b, >n.
proof: By induction:

1.) Induction start (n = 2): We know that b; # by and by - bp = 1. Then

NI

2
0< ((bﬁé — (bg)%) =b; — 2(()1 . bg) + by = by — 2+ by.
This implies that 2 < by + be. Hence our statement is true for n = 2.

2.) Induction step (n — n+1): We have to show that if the statement is true for n numbers,
ie.:

If by-by-... b, =1, then by +by+...+b, >n (Induction hypothesis) (*)

then it is also true for n + 1 numbers.
So we assume that (x) is true and we know that

by by by by = 1.
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We have to show that by + by + ...+ by, +bpp1 >n+ 1.
As the numbers are not all equal we know that by < 1 < by,41, as their product is equal to
one. Set By = by - b4 then

By-by-...- b, =1

Hence we can use our induction hypothesis (*) and obtain
Bi+by+...4+by>n or by -byy1+bo+...+by,>n (¥
Now we look at the product
A= (bpy1—1)- (1 =b1) =b1 +bpy1 — b1 -bpy1 — 1,  (*%)
where A >0 as by <1 < bpq1.

by +ba+ ...+ by + bpt1 = b1 —b1 - buy1 +01 - bpy1 + b2+ .+ by + b
(b1 byt +ba + ...+ by) + (bt + 01 — by -bppq — 1) + 1

(), (eokk)
> n+A+1>n+1.

This proves our statement. ([l

Theorem 9 (AM-GM inequality) S = {a1,a9,a3,...,a,} C R (a; > 0 for all i) set of
non-negative real numbers then

GM(S) = (a1-as ... ap)w < B2 Fn_ pprg).
n
Furthermore equality holds if and only if a1 = a2 = ... = ay.

proof Clearly equality occurs if all numbers are equal and the inequality is trivial if one of
the ay is equal to zero. So we assume that the aj are not all equal and set r = GM(S). Then

@ Gy oGm0 Gy cGn

r o or r rh

Hence by the previous lemma we have that

a1 +ag+...+a
n

"> =GM(S).

—+—+...+a£>n hence
r

This proves our theorem.
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Example: (Solving a calculus problem without calculus). Among all rectangular boxes with
fixed volume V, find the dimensions of the box whose surface area S is minimal and determine
S in terms of V.

Solution: For a box with side-lengths x,y and z, we have that

V =zyz and S =2zy+ 2zz+ 2y=z.
We know that by Theorem 9 with a1 = 2xy, a2 = 222, a3 = 2yz:
1S 2
(8- (zy-zz-yz))s < 3 hence 6-V3 <S.

Furthermore equality occurs if and only if xy = Tz=yzorxr =y =2z Hence for fixed volume
the box with minimal surface area has area 6 - V3. It is the box with equal sides.

Note: This problem can, for example, be solved using Lagrange-multipliers and the solution
is very lengthy. With Theorem 9 the proof reduces to two lines.

Theorem 10 (Cauchy-Schwarz inequality) Let a = (a1,a9,...a,) € R"and b = (b1, b2,...b,) €
R™ be two vectors. Then

laebl* < [lal* - b]%, where

aob:Zak-bk and la] = (aea)
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proof By Theorem 9 we have for all k € {1,2,...,n}:

1
L (k) > ()l
2 \al? b2/ = \lal* |[bl? [all bl

Summing up over all k this implies

|ak| || 1 (ai bﬁ) L=t < 4
RIS Z + k) == e, 2R kI =1
leall bl ZQ lall> "~ [bl?/ 2 szaH? ZHbH2
—

Hence N "
HW?
> an-bel <Y fax] - [l < [lall - [[bl-
k=1 k=1
2

The Cauchy-Schwarz inequality follows by squaring both sides, as f(x) = z* is an increasing
function on RT, ie. 2 <y = 22 <y? for all 2,y € R™.




