Math 35: Real Analysis
Winter 2018

Wednesday 02/07/18

Lecture 15

Chapter 2 - Review: Sequences and series

Fibonacci sequence : Let (F},), be the sequence given by F} := 1, F, =1 and

Fn+1 = Fn + Fn—l for all n > 3.

Aim: Find a closed-form expression for F,.

We have seen in Lecture 8, example 2.c) that
1.)F, > 1for all n € N and F,, < F,,41 for all n > 2 i.e. (F,), is strictly increasing.

2.) Let (Ry)n be the sequence of ratios of consecutive Fibonacci numbers, i.e.

R, = F;j_l forall ne N

n

As F,, > 1 this is well-defined. By 1.) We also have that F,, < F,411 = .

3.) We note that

F, F,+ F,_ F,_ 1
: n+1 Def.Fy n+ nol g Aoty ‘
Fn Fn Fn Rn—l
4.) If the limit L exists, then
. 3.) .. 1 limitlaws 1 1
L|= lim R, = lim 1 = 14— =14+
ngrolo " nggo * Ry * limy, 00 Ryt i L
Hence
1 1 5 1—-+/5
L:1+Z<:>L2—L—1:0<:> (L= +2\f=¢) or (L= 2\f=¢).

If the sequence converges, the only possible limits are ¢ or ¢». As by 2.) L > 1 the only option is

1+5
2

L=¢= ~ 1.61803398875... (Golden ratio).
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5.) (Rp)n converges to ¢ as

3.),4.) 1 ) < 1>’ ’ 1 1
R, — = 1+ —(1+-])|= -
‘ ¢’ ’( Rn—l ¢ Rn—l ¢
6= Ry | 1= ) 1
- &= < SR
cdlp—1 ¢

-1
Hence by induction we can show that 0 < |R,, — ¢| < (%)n - |Ry — ¢

Asop>1= % < 1 it follows by the Squeeze theorem that

1 n—1
0= lim 0= lim |R, — ¢|= lim <> |Ry — | =0.
n—00 n—oo \ @

n—o0

This is equal to lim, o R, = ¢. Hence (R,), converges to ¢.

6.) Consider the series F(z) = > 72| Fy, - 2*.
Find an interval (a,b) € R, such that the series converges for all = € (a,b).

7.) Using the definition of (F},), show that F(x) =z + 2 - F(z) + 22 - F(z) for all x € (a,b).

8.) By 7.) we have that
x
Fla)= —.
(z) 1—2— 22
Factor the denominator of the above expression and then express F'(x) as the sum of two simple
rational functions.

9.) Express the two simple rational functions from 8.) as two power series.

10.) Compare the coefficients from 9.) with the ones from 6.) to find the closed-form expression
for F,.




