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Lecture 12
Corollary Consider the series > 7> ; &, where s € (0,00). Then
a) S50, & diverges for s € (0,1].
b) S22, 4 converges for s € N, s > 2.

proof:

Note: Finding the exact value of these series is not easy. Using Fourier series one can show
that

1 w2 =1 m 1 76
E —2 = — | (Euler, 1735) g == 00 and E —6 =—

Theorem 9 (Alternating series) Let (ay)r be a decreasing sequence, such that

ar >0 and lgroloak—()

Then the series

oo
Z 1L qy  converges.

k=1
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Figure: Draw a dot plot of the sequences (%)k and (—%)k Then of (3 (—1)F. %)n
Use Theorem 9 to show that Y 52, (—1)*"1 . 1 converges. Do you know the limit?

n

proof of Theorem 9 Let (S,),, be the sequence given by Sy, := >"1_ (=1)**!.a). We first
show that (S2,), and (S2,4+1)n converge. Then we show that they have the same limit. This
implies that (Sy), converges.

1.) The sequences (S2;,), and (S2,+1), converges

We show that these two sequences are both monotone and bounded. This means they converge
by Ch.2.2.Theorem 1.

(S2p)n is increasing: We have to show that for all n > 1: Son+1) = Son & Samy1) — S2n > 0.
By the definition of these two sums we have

2n+-2
k+1
So(nt1) — Son = Z (D" - ap = —agni2 + azng1 >0 as agny1 > aznia.
k=2n+1

The latter is true as (ay)n is a decreasing sequence. Hence (Say,),, is an increasing sequence.
(S2n+1)n is decreasing: Similarly we find that for all n > 0:

2n+3
So(nt1)+1 — S2nt1 = Z (=DM ap = agnys — azni2 <0 as aznis < aznia.
k=2n+2
Hence (S2,+1)n is a decreasing sequence.
It remains to show that the two sequences are bounded. To this end we note that S; > Sy and
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for all n > 1:
Sont+1 — Son = a2n41 > 0 & Sopp1 > Sop

Hence we have

This implies that
SQ S Sgn S 51 and SQ S S2n+1 S Sl for all n.

Hence the two sequences are also bounded. In total we get that (S2,)n and (S2p+1), converge.
We set lim,, 00 S2n = ST (even indices) and lim, oo Soni1 = SO (odd indices). It remains to
show that

2) hmn_mo Sgn = SE = SO = hmn_mo 52n+1-
By the limit laws we have

SO — SE = lim Sypyi1 — lim Sy, = lim (Son41 — Son) = lim ag,y1 = 0.
n—oo n—oo n—oo n—oo

Hence both subsequences have the same limit S© = S¥ = .
We now prove that lim,_, ., .S, = .5: We know by the € criterion for convergence:




