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Math 23: Differential Equations

Midterm Exam

May 2, 2018
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SECTION (check one box) : Section 1 (Kocyigit. 11:30)

Section 2 (Kocyigit 12:50) I

NAME:

Instructions:

1. Wait for signal to begin.

2. Write your name in the space provided, and check one box to indicate which section of the course you
belong to.

3. Please turn off cell phones or other electronic devices which may be disruptive.!

4. Unless otherwise stated, you must justify your solutions to receive full credit. Work that is illegible may
not be graded. Work that is scratched out will not be graded.

5. It is fine to leave your answer in a form such as In(.02) or V239 or (385)(13%). However, if an ‘expression can
be easily simplified (such as €2 or cos(n) or (3 — 2)), you should simplify it.

6. This exam is closed book. You may not use notes, or other external resource. You may use calculators.
It is a violation of the honor code to give or receive help on this exam. However, you may ask the instructor
for clarification on problems.

7. In True/False questions circle true, false or if you think the given information is not sufficient for a conclusion
then write N/A and explain. Unless the question states “No explanation needed” you must explain your
answer.
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Signature:

. If you use a theorem you should check (and write clearly) whether the conditions of the theorem hold.

Honor statement: I have neither given nor received any help on this exam, and I attest that all of the answers
are my own work. ‘
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Math 23 Midterm Exam May 2, 2018

1. Consider the differential equations for y(x)

Llyl=0 (1)

Llyl=f(x) (2

where L is a lincar differential operator and assume all coefficients of L and f are differentiable functions.
Circle true or false for each statement. (No explanation needed. )

[T @ If yp is a solution of (2) then Cyy solves (2).
/ F 1 If yp is a solution of (2) and yy is a solution to (1) then yp + Cyy  solves (2).

/ F] 1If y1 and y; are solutions of (2) then y; — y2 solves (1).

[T @ If y1 and y, are solutions of (2) then y; + Cyz solves (1) for any constant C.

2. Recall that we refer the constant solutions of differential equations as equilibrium solutions. Assume f, g are
continuous functions. Circle true or false for each statement about the below equation for y(x).

Y =ylx-y) 1)

¥ =flx,y) (2

v =gy @3)

i AL BN e B AN W i T

@/ F ] There exists an equilibrium solution of (1)

s,y =c inha ) od so\«le,!ar SRR

@/ F] If f(x,y) achieves 0 only at two points, say (xg, }/0) and (xl, yl), then there are no equilibrium
solutions of (2) . 1
Y=¢ s a so\n = o=~1'= €(x,c) b Al X .
£ hove tofintlely Moy eres.

[T @ If f(x,y) achieves 0 only at two distinct points, say (xo, yo) and (x1, y1), then there are two
equilibrium solutions of (2)
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Math 23 Midterm Exam

May 2, 2018

3. Given the below 3 equations
2y’ +2ty+e' =0 €3]

3y' +4y +5t=0 (2)

(1+2)y+(1-€)(1+y*)=0 (3

Circle true or false. (No explanation needed, DE stands for differential equation)
[T @] DE (1) is separable
|T /@] DE (2) is exact @/ F ] DE (2) is linear [T /@] DE (2)

| T @ DE (3)isexact [T @DE (3) is linear /@/ F ] DE (3) is separable

4. Answer each part.

/ F ] DE (1) is exact / F ] DE (1) is linear

is separable

(a) A person invests initial capital of So = $12, 750 at an annual rate of return # compounded continuously.
Write the differential equation model. It took 3 years for the original investment to double in value.

Determine the sum S(f) accumulated at any time f.

Answer: t

=3 %3, S (4]

Te {2750 e %

%=r 5 PaS=rk 'a §@®is.8™"

e3 42
3

s(3)=25. % 26+ = S5 > Cc=

Z

(b) Suppose that a certain population obeys the logistic equation Lj“ =ry[1-y]. If yo = 1/3, find the time

T at which the initial population has doubled. Find critical points and classify stability.

Answer: Sl f .Q/\L(
5 i, 1 kil e

D ( \/l ‘i|

’———Y = > 4 i S

4 4-4) o
fo ( " g e‘_)‘.
L I l - rttc —> i:; = &

v - PR R

l=lla

2 2=
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5. Find general solution of
ty' +2y = t2.

42
Answer: Y(,H = = + % ; £ 3D
& <

é>03 ‘l‘*‘%\":'e

]
> &yvzey=t > () =¥

1 ¢
s YW= 2.5

6. Consider the below equation for y(x)
y'=x-2

(a) Sketch the direction field in domain x € (—2,2) and y € (=2, 2).

S R S R

_— 7
7

\

N—F—7

P> J
|

]
!

‘Im!-j’po}fj '{;‘C/&‘ﬂ‘ /u = ejq'e'

=2

(b) Find the value of a, b such that ¥ = ax + b is a solution, and draw that solution on your sketch with a

solid line.

Answer: 7 __L y 1
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7. (a) Find the general solution of
yll+3yl+2y=0

- -24
Answer: \/(»l’) = c e ¢ ~C e

char, (:‘o(d . o +3c+tLl = F":-l fa=t 2
-2+ '
é—*’, e ol Sﬂk" .
(b) Use previous part to solve the IVP
y 43y +2y=5e",  y(0)=2, y(0)=-
‘ - <k 2+
Answer: \/“«); & t.{. ..-s‘{_c
s 2%
un deke/mined we%- v = A4 o
¢
doplicohen  s=1"
' Sy ! 24 pett | Ate ~tk
g - ALS qi= ASTame™ gl Al
r -

gk at -2k
s, m‘”” L.Ii e 3!‘1&'7'1 z3phte *‘Z/PA" =g
- LA e 4’ '

~t Ll
399_.52.\& Ny = ¢ e «G€ s

. (e = G . R s 3
et i) g¢, -5 e ¢10:0 = B
-§ = )= -6 25

5 f=-Cy ® G=t.
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Math 23 Midterm Exam May 2, 2018

8. Circle true or false. If true then show, if false then explain or give a counter example, if the statment can’t
be concluded from the given information write N/A and explain.

@F | If y1 and y; are solutions of the equation
y =cos(t?)y +1
and if the graphs of y; and y; intersect at some point then W(yy, y2) = 0 for all .
Explain: . ' &
5"(’?35"‘ ('(:"JYO) s Ahe Wlerechlon  Pon
WP with \nthtod  candikton ‘*f“:o) =N

has & uhlque soln 1n B she ws[-l—l) o £ ae

kol conbiows 1n R . 8.4 Y, o2 [0\
Sober Hs IVP Dy 1t = 4,(H) Sor Mt €ll

i _ e -
\N[ﬂll‘/z) - Wlh’i 1'1,) = O for M
/@F ] There are infinitely many solutions of the equation

yu +ty,l +sin(t)y - ez:

whose .graphs intersect each other at origin. ( A'
o Conﬁ'\ ch' [V ‘O W(IH\ t\n{h\"\ Oﬂé&%‘m “’{O)"" / b (O) -
& et
Thas has & urque Solh P L, s:ld), ¥ ore N\ _
‘ sec. 32)

: rd o ltoo eqn-
(uniauene nd evikre o B er —
Thws Lo eacl~ Ae & thee s a &M AV S wl’ud'\

P2 55¢es MﬁL\ prig{n (_\1(.9)7..0)

@ F] There exists a unique function that satisfies the IVP

sin(t
y'= # y(1)=0

on some interval 1-h <t <1+h.

Explain: pr
Dinees sdalemert p(j St dor poo-liraa— +
wie GWL its fmé{}io‘\f) : ‘\C('b‘f) _ 5.;,,({-.,’)

£

Wn  contine?

,F -\ -C\{ ore oo

pe(,!mfl& g'—'— ('F{/I_ Iah) X(”, 4)
which tontalne WP PoCnL' (é, 0)
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9. Let p(t),q(t) be continuous functions on ¢ € R

Llyl=y" +py" +qy.

(a) Show that if 1y, 1o are solutions to
Lly] = g(#)

then Wronskian W(uty, 15) can achieve both positive and negative values (i.e. consequence of Abel’s

theorem does not hold for non-homogencous problems). Iint: You can show by constructing a counter
example, for example using DE y” = 2.

Explain:
Livl=y'=2 > yW= t +at+b € el
‘f‘“')‘-'-' +$ Y,,{'F) = £el WS - el

Tog y 3 3 _
w(Y ,¢,) = /z‘: ﬁ:‘} = 2426 = 24 |
~d positie uvilbes 1N domas

W‘Ib\‘cl/\ ac—\AIM Mj’a,’\\"’ pd _(9[,\_

(b) Let y1(t) and y,(t) be solutions of L[yl =0 on t € R such that

y1(0)=0 and () =0.

Show that if {y,, y,} forms a fundamental set, then Y2 has to be 0 at some point ¢ € (0,1).

@ Wi = W("J,,‘iz_)[vl') Must  he au-poﬁH,g s il Nj,m i {.e(._q:{)

@ \N(OJ-:_ _\/"{o)‘jz(to) comL UJ(4}: ’-‘1“'(.{)\11“) w some ‘E;ignS-
Y(5) oné ‘f,((” et e O by fack(©

@ ,_;J;, asirme o (4)  doesak  umish eheen  (94)

Then \11’(03 ond \1'{(0) ho e op,ﬂwic stens b F,.,,ﬂ(_ SBW
Thn Learn B 410 ond M (Y mugt dse &
1

in A&l
D At deplte g (D gk oehte O in

i i J’l‘m i 4
h MM ) nd ( (1.6. 9'55 r")aé) O
T (£) does vanis &
{ [ |
hen we Con mplm@ Aomn (o’ l) wilh & 813

Spalle- domen  Lhee /@ agopitn () («:145._ (wb\j’),)
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10. Given arbitrary differentiable functions g(t),y1(t) and yz(t), suppose that W(y1, y2) is non-zero for all ¢.

(a) Solve the below equations for u;(t) and ua(t). (Your can give your answer as an integral of known
functions)

u) (1)1 (t) + uh(E)ya(t) = 0

ui () () + up(Dys(t) = g(t)

Answer: q'H_) s -

W (v, 4.) () wlglh ) (¥

i =Y - l g
Ly = ';7'2-'1' ) j‘#“l{u’l*ﬂfiu/‘—‘g

\

-")u:"—l—"-—_j_z’—. = u'—,—_—___ﬂl_

- Iy " r_ut ' ( I_’
AR A A s

Ml ool c 13 ’VU(V'%Q]

iti be non-zero in order to obtain the solution? Explain.
(b) Do you need the condition W(y1, ¥2) to C”’a’ obp'c_ .
| pknant o gysler
Wy, ) 15 He & ’ -
L otk i

e gk might Aot -

o e sl
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11. Solve using Laplace transform

y’ +4y’ +3y =06(t-1), y(0)=0, y'(0)=0

- ~J
Answer: \1(.") - JZ— U‘U‘J ( C‘ t _ eg &)

'5

51\/+L1>"/+3Y=e'> 2 ‘{(5 o e

strlisa3
B N

sCrLsd (sﬂ)(s)f's) 5+f $+3

RTINSO,

__(_) D:’C,.,u(l-)f({-“)

s L _
> bl Z (507 5wl
C: F ™ €
-1 g_L ’J_ }
j(’()ﬁ :,"; 5 o(’ st 543

D( J‘,é%)

_(44) '“"'n)

.
2
J,u(«L)("' e
2

-—
=
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2, 0<t<m,

12. Solve y” +4y = {0 t>m

y0)=2, y(©0)=0

s g)= L oS co2h) lu ) [eos@0> ~1)

R Z-2U,

g T

[ $Y-sl-0 v4¥= § -5

Ze’trs Z5
\{[S) = (511'111 57‘{'L(

A, Bsxe =

a—

L = -
SGML) T s TS co &A=ty > °

e T R R R N e T e R e D B e N O R T e s N N T oy g W T T T L U R R T R L D S D A A s it sy s
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13. Solve the following IVP. You can leave your answer as an integral of known functions.

y'=2y+y= e, y(0) =0, y'(0)=0

Answer: \7[}} = L{_ (é, Z} c{-cericl T

O[: 5¢Y_25Y*Y = &I(5) M

E.] N ) F(SH)
V) = G w96 U'-Fr-ae—té

gl-25-t e ., +
A —\——"% S‘\{\J’W = 0\0{2%1§=0t R
W= [ { gl-2s4\ - 54

= ,Z- HGS _ (:Fg 3)((') =
£§es

X
f{—G-Z) et de
o
Loty exBh Bk e wakes
Hen she od be T &0

-u

C . =
N.:—:‘-' 2 5(#’)-7(1-'5{ whee X1

12 /13
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DR = M B0 Tl

13. Solve the following IVP. You can leave your answer as an integral of known functions.

v'-2+y=e’,  y0)=0,y(0)=0

t 2
Z‘_ﬂé@_ Answer: /g(._l) e‘-zez\ i V\M@t {—e,+) = €
: ’

Hroprivs e zect =(-0t =0 g e, 4,
Vs votehn o(j Pw»drr: ( U, Uy e as in qu&)j}loq ~L:Llo)
7(+) = G e 4—6,{34 + "IPH) where 7([4'] = YUt Yt 1

+ < T
T T tf ¢
- *fzc elu.&efé__e- b/
1t e
o & 2

t {
9 = ﬁe.o ¢tede

~
—
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