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Recall: Homogeneous equations with constant coefficients

Definition
To the equation

ay′′ + by′ + cy = 0 a,b, cR

we associate a characteristic equation

ar2 + br+ c = 0.

If the characteristic equation has

1. two different real roots: r1, r2 ∈ R ⇒ y = c1er1t + c2er2t Done! ✓
2. a double root: r ∈ R ⇒ y = c1ert + c2tert Why?
3. two complex roots: α± iβ ∈ C ⇒ y = c1eαt cos(βt) + c2eαt sin(βt) Why?
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Euler’s identity

eα+iβ = eα(cosβ + i sinβ), α, β ∈ R

Claim
d
dte

(α+iβ)t = (α+ iβ)e(α+iβ)t

• If r = α+ iβ is a root, then e(α+iβ)t also satisfies the differential equation.
(we only need (ert)′ = rert)

• If r = α+ iβ is a root, then α− iβ is also a root!
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Complex roots

If α± iβ are roots to the characteristic equation, then we have two complex
solutions e(α±iβ)t.
We would like two real solutions.
How do we get y = c1eαt cos(βt) + c2eαt sin(βt)?

ỹ1 = e(α+iβ)t = eαt(cos(βt) + i sin(βt))
ỹ2 = e(α−iβ)t = eαt(cos(βt)− i sin(βt))

y1 =
ỹ1 + ỹ2
2 =?

y2 =
ỹ1 − ỹ2
2i =?
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Complex roots

ỹ1 = e(α+iβ)t = eαt(cos(βt) + i sin(βt)) ỹ2 = e(α−iβ)t = eαt(cos(βt)− i sin(βt))

y1 =
ỹ1 + ỹ2
2 = eαt cosβt (= Real(ỹ1))

y2 =
ỹ1 − ỹ2
2i = eαt sinβt (= Imag(ỹ1))

These are also two solutions, but now real!

Q: Do they form a fundamental solution set?
A: Yes, we already checked that W(ỹ1, ỹ2)(t) ̸= 0 as long r1 = α+ iβ ̸= α− iβ = r2
and

W(y1, y2)(t) =
−2
4i W(ỹ1, ỹ2)(t) check it!
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Exercise 18

Solve the IVP:


y′′ + 4y′ + 5y = 0
y(0) = 1
y′(0) = 0

1. r2 + 4r+ 5 = 0⇝ r = −4±
√
16−20
2 = −2± i

2. y1(t) = e−2t cos(t)
y2(t) = e−2t sin(t)
y(t) = c1e−2t cos(t) + c2e−2t sin(t)

3. Solve for c1 and c2
4. y(t) = e−2t cos(t) + 2e−2t sin(t)
5. What happens as t→ +∞
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What about multiple roots?

If the characteristic equation ar2 + br+ c = 0. has a double root r ∈ R, then

y1 = ert

y2 = tert

Where did did y2 come from?

• Guessing? Only works some times.
• A: Using y1 we will reduce the order of our ODE.
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Reduction of order method

Let y1 be a solution to
y′′ + p(t)y′ + q(t)y = 0

Let’s search for y2(t) = v(t)y1(t) with v(t) arbitrary.

Plugin y2, y′2 and y′′2 in the original ODE. What do you get?

v′′y1 + v′(2y′1 + py1) = 0

u′y1 + u(2y′1 + py1) = 0, u = v′

and we know how to solve for u, and v =
∫
u
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Reduction of order method

y2 = vy1, where u′ = v and u′y1 + u(2y′1 + py1) = 0

Example
Solve y′′ − 2ay′ + a2y = 0

Exercise 3.4.24
Solve t2y′′ + 2ty′ − 2y = 0, given y1 = t
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Exercise 16

a) Find a solution to the initial value problem as a function of b

y′′ − y′ + 1
4y = 0, y(0) = 2, y′(0) = b

b) Determine a critical value of b that separates solutions that grow positively
from those that eventually grow negatively.

y(t) = et/2(bt− t+ 2)

y′(t) = 1
2e

t/2((b− 1)t+ 2b)
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