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Nonhomogeneous equations

Last week we build an approach how to solve

y' +p(t)yY +q(t)y = 0.

What about
y' +p(t)y +q(t)y = g(t)?



Theorem 3.51
If y; and y> are solutions of

Y +pt)y +a(t)y = g(t), (NH)
then y; — 5 is a solution of
y'+p)y +q(t)y =0 (H)
Corollary

Assume that {y1,y,} is a fundamental solution set of (H). and y, is a particular
solution of (NH). Then every solution for (NH) can be written as

y(t) = C1y1(t) aF C2y2(t) S )/p(t).
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Method of undetermined coefficients

To find the general solution for the nonhomogeneous equation

y' +pt)y +q(t)y = g(t), (NH)

we need to find one solution for it, y, known as a particular solution, and then
find a fundamental solution set {y;,y,} for the homogeneous equation

y"+p(t)y +q(t)y = 0. (H)

Then, we can write the general solution for (NH) as

y(t) = C1y1(t) T C2y2(t) + )/p(t).



Some particular solutions for ¢,y + -+ ¢y + oy = g(t) (A)

Write p(r) :=car" + - -+ ir + co

g(t) — RHS of (A) Yp(t) — a particular solution for (A)
apth + -+ art 4 ag B5(ARtt + -+ - + At + Ag)
s = number of times 0 is a root of p(r)
et (aptf + -+ + art + ao) 5 (Apth 4 -+ - + At + Ag)
s = number of times « is a root of p(r)
et cos(Bt)(apth + - - - 4+ art + ao) etts cos(Bt)(Apth + - - + At + Ag)
+ -+
et sin(Bt)(bptf + - - - + byt + bo) etts sin(Bt)(Byth + - - - + Byt + Bo)

Note: we can have a; or b; = 0 s = number of times a+ i is a root of p(r)




Example: y" + V' +y = g(t)

y'+y +y=9(t)

- Homogeneous equation: y’ +y +y =0
- Characteristic equation: 2 +r+1=0=r= -1+ ¥3;
- General solution for the homogeneous equation:

y(t) = e sin <\ft> + 672 cos (?t)
- A general solution for y” +y 4+ y = g(t) will be of the shape:

y(t) = cie™2sin (?t) + e~/ cos (xfl) + Yp(t)

where y,(t) depends on g(t).
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Example: y' +y +y =1t +1

© g(t) =+ 1~ yp(t) = t5(AE + Axt? + At + Ag) for some Az, Ay, Ar, Ag
-s=0,as0isnotarootof P +r+1(0°+0"4+1#£0)
- Thus y,(t) is of the shape Ast® + Ay t? + Ajt + Ag
YVt =t+1=
(6A3t + 247) + (3Ast? 4 2Ast 4 Ar) + (Ast® + At + At + Ag) = £ 41
&
Ast® + (3A3 4+ A)t? + (6A3 + 245 + At + (24, + A+ Ag) = 182 + 02 4+ 0t 4 1

1T =A3 Ay =1

0 =3A3+A) A, = -3
-~ 54

0 = 06A3+4+2A, + A Ay =0

T =2A+A+ A Ay =7



Example: y' +y +y =1t +1

Answer: A general solution for

V' +Y +y=1t+1

) 3 3
y = cie~/?sin £t + e~ 2 cos £t + £ -3t2+7
2 2 —_—

a particular solution

the general solution for the homogeneous equation



y// + y/ + = eft/2(t2 + 3)

- g(t) = e 2(t2 4 3) ~ yp(t) = e /2t5(Axt? + Art + Ag) for some Ay, Aq, Ag
- s=0,as —5 is nota root of 2 +r+1
- Thus yp(t) is of the shape e™"2(Ayt? + Art + Ag)
- Plugging it all in and solving the system we get
12

4
0 9’ 1 9 A 9

- Thus the general solution for y” +y' +y = e "2(t> 4+ 3) is
2
y(t) = cie~2sin (?t) 1 e 2 cos (\ft> n e‘t/zm%

~————
a particular solution

the general solution for the homogeneous equation



Example: y" +y +y = cos(v/3t)t?

V' +V +y = cos(V3t)t?

- 0++3iisnotarootof P +r+1=5s=0
yp(t) = e cos(V/3t)(Axt? + Art + Ag) + €% sin(v/3t)(Bat? + Bit + Bo)

- a system in six unknowns and six equations...

49 —o8
Ay = —21/3 By = ——
27 343 27 343
84 322
Ar=g3V3 Br=33
—222 _18
Ag = 222 By — _°
0™ 343 V3 07 343



Example: v +y +y = e 2 cos(v/3t/2)(t + 1)

V' +V +y=e7 cos <\/2§t> (t+1)

. —71+§iisasimple rootof 24 r+1~s="1

yp(t) = te~"2sin (?t) (At + Ag) + te~%2 cos (?t) (B1t + Bo)



Example: y" + 4y’ + 3y = g(t)

« 2+ 4r43 = (r+ 1)(r+ 3), thus the general homogeneous solution is

3t t

Vu(t) = cre™ + e™

sy 44y + 3y = e 3t +3)
r= —3issimple root ~ s =1and
yp(t) = e 3t(Art + Ag)

<y + by’ 4+ 3y = e*(t + 3)
r=4isnotaroot~+s=0and
yp(t) = e (At + Ag)

-y 4+ 4y 4+ 3y = cos(2t)
0+ 2iisnota root~ s =0and
Yp(t) = cos(2t)Ag + sin(2t)Bo
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Example: y" — 6y’ + 9y = g(t)

- r2—6r+9 = (r—3)?, thus the general homogeneous solution is
yu(t) = cie3t + cpte

-y — 6y +9y =e3(t+2)
r=3is double root ~» s =2 and
yp(t) = et2(Art + Ag)
-y — 6y + 9y = et cos(t)(t + 2)
r=3-4+jisnotaroot~ s=0and

yp(t) = €3 cos(t)(Art 4 Ag) + € sin(t)(Bit + Bo)



Example: y" — 6y’ + 9y = g(t)

Yy -6y + 9y =t+1~ 1 5

-y — 6y’ + 9y = 3cos(2t) ~

15 —-36 .
t) = — cos(2t ——sin(2t
o(t) = 205 COS(21) + =2 sin(21)

-y —6y +9y =t+1+3cos(2t) ~

1 5 15 —36 .
= = — - 2 -
yp(t) 9t+ > * 369 cos(2t) + sin

N——

(21)

particular solution for g(t)=t+1  particular solution for g(t)=3 cos(2t)
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Superposition of particular solutions

Theorem
If y1 is a solution of

y' + )Y +a(t)y = gi(t)
and y;, is a solution of

Y +p)Y +q(t)y = ga(t),

then yq + y» is a solution of

y' +p(t)y +q(t)y = gi(t) + ga().
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