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Your name:

Instructor (please circle): Alex Barnett Michael Musty

Math 22 Summer 2017, Midterm 1, Wed J uly 19

Please show your work. No credit is given for solutions without work or Justification.

1. [8 points] Consider the linear system Ax = b where

0 0 1 -1 2
2 4 1 1 |, b= |2
-1 -2 0 -1 0

Cé‘) (a) Is the system consistent? If not, explain why. If consistent, write the general solution
in parametric vector form:
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_ (b) Express the solution set to the corresponding homogeneous system Ax = 0 in the form
E‘f"‘) of a span of one or more vectors:
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2. [9 points]

1 0 3
{4‘:?(?_] (a) Find the inverse of A = [ 2 i 7
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] (b) Using just the definition of invertibility, prove ;hé% if A is invertible, the linear system
> r(’r I

Ax = b is consistent for all@”mmg@’f [Note: this is one of the parts of the
Invertible Matrix Theorem, so you cannot use the IMT. in your proofl]

/b,m, The7, €. 2.
Ej AszTm:&m 9 A’»‘nw;&ialb Meeanns fitm 5 A C ch[( M
CA=T 4L /4C=“'I . 5«3 A o vixm,

Gf\ron anj L’) n fRn 5 e MJ n‘ju’mulh@ Lo{ﬁ sde’a
of AC = 1L Bj E 'f{-gg}' AC: = I»j: :‘T:
Tibpeby ths <puitin, we sce €= CE sobe Aw=0
(cﬂmck %7 fulastéatﬁ‘"?m o[’?&' : A(C]: ‘-"—\E is Hw A,La\lt tfl/'%'t/tﬁ\)
Sinee Hee 5 a s50lulim 2 exhibokd ) it s MSB{Eh



e

(

Aq. ;V"'V; C‘Aq =T, L
Siee AYC - T t’j cg,}’;af ;‘m‘f}_ A"—J«
El'fh:] (c) Prove that if A? is invertible,,
Sitee A s el

Tt s, CAA =T
A mAlx 5«15‘5@% DA
/Af (5 Muz»ﬂla.

W) by M. Kecsey
wulF bj A 4L n};”‘wu"l?j /}C G;{}- ACAAQC‘* ﬁﬂc
Bl abso BA = CAA =T . Thus

then A is too.

e AL

which Apeanl FEguire Powwaf' ,M'?)".J‘ffi}’ Fhe céﬁfh:

e ACA=T e B=CA Oboys AB =T .
B 54}7"#@’ f“"‘& At-ﬁ'"‘-!t';ﬂm af ;4"5 ez e, ‘5)/4*;‘5 fw.@
F o AY L

?%e,taotCS_t_ CA1:I
. This ems LD = C/‘q (s
“F 8y e Tkl Mol e

[f\foﬁ 5@1 need) He pouer d!» He {MTﬂf‘ny}Mhzf[aM@)]

Af-ﬁm't{u mea) o@d‘( A»D = (ooel"AjL S0 (‘F One s’weg 133 5er9 Hia oHQr 3 "oo

3. [T points]

[#4s] ~ (2) Determine the value(s) of = so that the vectors [ :T: ] and [
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4. [9 points] Consider the linear transformation 7 : R? -+ R? with standard matrix

1 -2 -4 0
A=[a a; ag ag]=|3 -5 —10 0 |.
0 -1 -2 1

{’3] (2) Let {v1,v2,Vv3, va} be aset of vectors with each vector in R”™. State the precise definition
of what it means for this set of vectors to be linearly independent.
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[«5‘] (b) Is the set of vectors {ay,as,a3,a4} (consisting of the columns of A) linearly indepen-
dent? If so, then prove your answer. If not, provide an explicit dependence relation.
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5. [7 points] Consider a human and zombie population. Each year a quarter of the humans
become zombies and half the zombies die by various means. Let

be the state of the system k years after the zombie outbreak (where hy, is the human popu-
lation k years after the zombie outbreak, and 2y 18 the zombie population k years after the
zombie outbreak).

: ne Zomb; ‘
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(‘-ﬂ (b) Suppose k1 = 500 and 2; = 275. Use A~ to find hg and 2.
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BONUS Find the equilibrium vector x that is unchanged by multiplication by A. 217
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6. [10 points] In this question only, no working is needed; just circle T or F. / 2 F H)u. R

@ 1 (F)
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The following is a valid proof that if A is invertible, so is AT, The REF .of
A has g pivot in every row,(8o)the REF of A” would have a pivt in every
column, so AT row reduces to I , 50 AT ig invertible.

The following is a valid proof that if A is invertible, its columns are linearly
independent. Let x solve Ax = 0. Left-multiply by A™! to get x = 0. Thus

the columns of A are linearly indepedent. )
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For any n x n matrix, the transpose of the inverse is the inverse of the
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A linear transformation 7' : R® — R™ being one-to-one means that 7' maps
every x in R" to a unique vector T'(x) in R™.
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If the matrix equation Ax = b is inconsistent, then b cannot be written as

a linear combination of the columns of A.
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It is possible to define a linear transformation T : B3 - R5 that is one-to-one.
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If A is a square matrix, and the matrix equation Ax = 0 has only the trivial 50 Mo}"’ [ 7
solution, then A is invertible. 4 myj
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Math 22 Summer 2017, Midterm 1, Wed J uly 19
Please show your work. No credit is given for solutions without work or justification.

1. [8 points] Consider the linear system Ax = b where

0 0 1 -1 2
A= |2 4 1 1§, b= |2
-1 -2 0 -1 0]

E é“} (a) Is the system consistent? If not, explain why. If consistent, write the general solution
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(b) Express the solution set to the correspondmg homogeneous system Ax = 0 in the form
12 ?f_) of a span of one or more vectors:
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2. {9 points]

1 0 3

2 1 7 J , if it exists, or prove that it does not exist:

Y‘F f?J (a) Find the inverse of 4 =
P -1 1 -3
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(b) Using just the definition of invertibility, prove/t,hé% if A is invertible, the linear system

L’b f(ﬂ Ax = b is consistent for aﬂ(‘f_fg—?&hmm [Note: this is one of the parts of the
Invertible Matrix Theorem, 8o you cannot use the IMT in your proofl]
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E]'fh'J (e) Prove that if 42 is invertible, then A is too.
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3. [7 points]

i 1 z , .
E(fyi,_q (a) Determine the value(s) of = so that the vectors [ :1: ] and [ o ] are linearly inde-

pendent:
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4. [9 points] Consider the linear transformation 7' : R — R® with standard matrix

1 -2 -4 0
A=[a a; a ag |=1]3 -5 —-10 0 |.

0 -1 -2 1

{3] (a) Let {v1,v2,vs,va} be a set of vectors with each vector in R”. State the precise definition
of what it means for this set of vectors to be linearly independent.
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5. [7 points] Consider a human and zombie population. Each year a quarter of the humans
become zombies and half the zombies die by various means. Let

be the state of the system k years after the zombie outbreak (where hy, is the human popu-
lation k years after the zombie outbreak, and z; is the zombie population k vears after the
zombje outbreak).

n . - i !
B ) Find & 2 x 2 migration matrix A such that Xpri /A’xy o Zombles iﬂﬂm QQL g‘:t !L,m5
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C,/was/ [3] (b) Suppose hy = 500 and z; = 275. Use A~ to find ho and z.
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6. [10 points] In this question only, no working is needed; just circle T or F. 0 f HM g% F /

The following is a valid proof that if A is invertible, so is AT. The REF -of
A has a pivot in every row,e REF of AT would have a pivot in every

column, so AT row reduces to 7, so A7 is invertible.

The following is a valid proof that if A4 is invertible, its columns are linearly
independent. Let x solve Ax = 0. Left-multiply by A~ to get x = 0. Thus

the columns of A are linearly indepedent. ~
Thy s« N-wﬂaf_ W cf He

For any n x n matrix, the transpose of the inverse is the inverse of the
transpose. @‘9 -~} A T
%Y -

A linear transformation 7" : R* — R™ being one-to-one means that T maps
every x in R™ to a unique vector T'(x) in R™.
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If the matrix equation Ax = b is inconsistent, then b cannot be written as

a linear combination of the columns of A.
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If the matrix equation Ax = 0 has a solution, then there is a dependence

relation among the columns of 4. fw
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It is possible to define a linear transformation T : BR® — RS that is one-to-one. ‘
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If the set of vectors {a1,az,a3} is linearly dependent, then a; is in

Spa.n{az, as}. N
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If A is a square matrix, and the matrix equation Ax = 0 has only the trivial
solution, then A is invertible.
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