
Weekly Assignment 8 Due: Friday, August 19

1. Write up a nice soluiton to either Problem 1 or Problem 2 from the Probability
Puzzles handout from class on Wednesday. You may find a copy of the handout
on the website.

2. Before reading and working through the next problem, write down your own
random sequence of 200 coin flips. Attempt to make this “as random as pos-
sible” without actually flipping a fair coin (or writing a computer program to
generate these flips).

3. Suppose that you flip a coin (with one side designated “win” and the other
“lose”) where, on each flip, the probability of getting a “win” is equal to p.
Hint : You do not need to use any Markov Chain ideas.

(a) Determine the expected number of winning streaks, where a streak is
defined as a maximal sequence of coin flips that are all “win.” For example,
the sequence WLLWWWLWL has 3 winning streaks; W , WWW , and
W .

(b) Now determine the expected number of winning streaks of length exactly
k. Define the random variable Xi, 1 ≤ i ≤ n− k + 1, to be 1 if there is a
winning streak of length exactly k beginning at position i. When p = 1

2

and n = 200, for what value of k does the expectation drop below 1?
Hint : Be careful with the boundary cases, X1 and Xn−k+1.

(c) Set p = 1
2

and n = 200 in parts a) and b) to determine the expected
number of winning streaks in your experiment (for a few different values
of k). How do those statistics on your “random” sequence of coin flips
compare to the actual expected values? Are you surprised?

4. (Flip a coin random walk). A marker is placed at zero on the integer number-
line. We flip a fair coin. If it lands on heads, the marker is moved one spot to
the right. If it lands on tails, the marker is moved one spot to the left. Let
Xn be the random variable that describes our possible locations, so that Xn

could take values {−n,−(n − 1), . . . ,−1, 0, 1, . . . , (n − 1), n}. Determine the
distribution of Xn. What does this distribution converge to as n→∞?
Hint : You do not need to create a Markov chain in order to solve this problem.

5. A fly trapped in a container with two chambers can travel from chamber K
to chamber L by passing through a hole in the side. If at time t the fly is in
chmaber K, then at time t + 1, the fly will have moved into chamber L with
probability .2. If at time t the fly is in chamber L, then at time t + 1 the fly
will still reside in chamber L with probability .4.
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(a) Draw a directed graph for this problem and find the matrix, A, of transi-
tion probabilities for this process.

(b) If initially the fly resides in chamber K, find the probability distribution
of the location of the fly after 2, 3, 5 and 10 units of time.

(c) Explore the long run (t → ∞) probability distribution of the location of
the fly.

6. A system has three possible states; 0, 1 and 2. Every hour it makes a transition
to a different state, which is determined by a coin flip. For example, from state
0, it makes a transition to state 1 or state 2 with probabilities 1

2
and 1

2
.

(a) Draw a directed graph for this problem and find the transition matrix, A,
for this process.

(b) Find the steady-state distribution of the Markov chain.

7. A certain experiment is believed to be a Markov chain with the transition
matrix A, where

A =

[
.5 p
.5 1− p

]
and the parameter p is unknown. When the experiment is performed many
times, the chain ends in state one approximately 20 percent of the time and
ends in state two approximately 80 percent of the time. Compute a sensible
estimate for the value of p and how you found it.

8. Does the following Markov chain have a steady-state distribution? If so, what
is its steady-state?

A =

 .75 0 .25
.25 .66 .25
0 .33 .5


9. Show that the matrix

A =

 1 .25 0
0 .5 0
0 .25 1


has more than one equillibrium. Find the matrix that At approaches as t→∞
and verify that it is not a matrix all of whose columns are the same.

2



Weekly Assignment 8 Due: Friday, August 19

10. Consider the Markov chain having two states, J and K. Suppose we move
from J to K with probability p, and will stay at K with probability 1. Draw
a directed graph for this problem and find the transition matrix, A. Suppose
that we start at state J . What is the expected number of steps until we hit
the absorbing state, K?
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