
Proof Assignment 5 Due: Friday, July 22

Write up a clear solution to this problem. Solutions that are jumbled and difficult
to follow or skip many steps will not recieve full credit.

Drawing for a Prize:1 The prize round in a game show is played as follows.
The contestent approaches the prize box, which is an ordinary box with n cards,
with the cards labeled 1, 2, 3, . . . , (n − 1), n dollars. The contestant chooses a card
from the box at random; suppose for the sake of discussion it says A dollars. The
contestant can now stop or draw. If he stops, he takes home the prize of A dollars. If
he decides to draw, he replaces the A dollar card, the box is re-suffled, and he draws
a new card, labeled B dollars. The process repeats, and if the contestant replaces
the B card and draws a third time, he must take home the value of that third draw.

The obvious dilemma is how large does the monetary value of the card in a
contestant’s hand need to be so that stopping is more advantageous than discarding
the money and taking the chance on another draw. We come up with a simple
decision rule.

Decision Rule: If, on any draw, you hold a card valued V dollars, where V > m,
then stop the game and take home that prize. However, if V ≤ m, then replace the
card V and take a chance on another draw. Of course, if you draw a third time, you
are stuck with whatever value you get.

The aim of this problem is to find the optimal value of m.

1. For k = 1, 2, 3, . . . , n, find P (X = k). Hint : Your probabilities may involve k,
m and n, consider the cases k ≤ m and k > m separately.

2. Verify carefully that your probabilities in the previous question satisfy

n∑
k=1

P (X = k) = 1.

3. Find your expected winnings E(X) in terms of m (this will still depend on n).

4. Find the value of m that maximizes your expected winnings E(X). This is the
optimal value of m, and of course will be a function of n. Test it out when
n = 1, 000. Is this what you would expect?

1Credit goes to Brian D. Jones, Kenyon College, for this problem.
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