
Final Review Last updated: August 24th

Here are a whole lot of problems! I will keep browsing good sources of problems
and posting them here until the last day of class. As always, Grinstead and Snell,
Ross and problems from previous courses are good places to look for additional
practice. I recently stumbled upon an MIT open course (Probability and Random
Variables) that is similar to ours and took some problems from there.

I’ll post solutions if I find them quickly, but for the most part I’m just dumping
good questions on this page. If you have a question about a particular question, ask
your classmates, come talk to me about it or send me an email.

Please skip around when going through this review sheet! Problems that are
similar may be unintentionally grouped together.

For a list of topics, look over the previous review sheets. Since the last quiz we
have...

• How does not having finite expectation affect a few of our theorems? Look
back at the Cauchy distribution. Try to write down your own distribution that
has infinite variance but finite expectation.

• Benford’s Law. When does it appear? How do people use it?

• Markov chains. Be able to read a problem and draw a directed graph, write
down a transition matrix, and find the vector describing our location after a
certain number of time-steps.

• Regular and ergodic Markov chains.

• The stationary distribution. When does any initial distribution tend toward
the steady-state stationary distribution? Be able to determine if a distribution
is a stationary distribution.

• The set up and big ideas from the gambler’s ruin (you do not need to have
expressions memorized).

• Random walks on a graph - make sure you know the basic set up and how to
write down a transition matrix with this set-up.

• How to read a two-person matrix game. Intuitive meaning of a Nash Equillib-
rium (and what it means) and how to find pure-strategy Nash Equillibria.
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1. (Grinstead/Snell) Suppose you throw a dart at a circular target of radius 10
inches. Assuming that you hit the target and that the coordinates of the
outcomes are chosen at random, find the probability that the dart falls

(a) Within 2 inches of the center.

(b) Within 2 inches of the rim.

(c) Within the first quadrant of the target.

(d) Within the first quadrant and within 2 inches of the rim.

2. (Grinstead/Snell) Suppose you are watching a radioactive source that emits
particles at a rate described by the exponential density with λ = 1. Find the
probability that a particle (not necessarily the first) will appear

(a) Within the next second.

(b) Within the next three seconds.

(c) More than five seconds, given that it hasn’t happened in the first three
seconds.

(d) More than six seconds, given that it hasn’t happened in the first four
seconds.

(e) Take a minute to think about why this is the case, this is an important
property of the exponential distribution in action.

3. Alex, Barney and Charlie are standing in a line with seven other classmates.
What is the probability that the three boys are in the front of the line (in any
order)?

4. (Grinstead/Snell) How many seven-element subsets are there in a set of nine
elements?

5. (Grinstead/Snell) How many ways can we choose twelve people from a group
of twenty-eight people to form a committee?

6. (?) Use the Binomial Theorem to show that
∑n

k=0(−1)k
(
n
k

)
= 0.

7. (?) In the Monty Hall Problem, instead of three doors, suppose we have 4
doors, two doors with a car and the other two with a goat. We choose a door,
then Monty reveals a single goat and asks us if we would like to change. What
are our probabilities of getting the car under each strategy? (Generalize this
in your mind for different numbers of doors, cars and goats, maybe even how
many doors he opens, just something to think about.)
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8. (Grinstead/Snell) If P (B) = 3
4

and P (A|B) = 1
2
, what is P (A ∩B).

9. (Grinstead/Snell) One coin in a collection of 50 coins has two heads. The rest
are fair. If a coin, chosen at random from the lot and then tossed, turns up
heads 8 times in a row, what is the probability that it is the two-headed coin?

10. (Grinstead/Snell) Let x and y be chosen at random from the interval [0, 1].
Which pairs of the following events are independent? a) x > 1

3
, b) y > 2

3
, c)

x > y, d) x+ y < 1.

11. (Grinstead/Snell) A cabinet has three drawers. In the first drawer there are
two gold balls, in the second there are two silver balls, and in the third drawer
there is one silver and one gold ball. A drawer is picked at random and a ball
chosen at random from the two balls in the drawer. Given that the gold ball
was drawn, what is the probability that the drawer with the two gold balls was
chosen?

12. (?) (Grinstead/Snell) If a coin is tossed a sequence of times, what is the prob-
ability that the first head will occur after the fifth toss, given that it has not
occurred in the first two tosses?

13. (Grinstead/Snell) A worker for the Department of Fish and Game is assigned
the job of estimating the number of trout in a certain lake of modest size. She
proceeds as follows. She catches 100 trout, tags each of them, and puts them
back in the lake. One month later, she catches 100 more trout, and notes that
10 of them have tags.

(a) Without doing any fancy calculations, give a rough estimate of the number
of trout in the lake.

(b) Let N be the number of trout in the lake. Find an expression, in terms
of N for the probability that the worker would catch 10 tagged trout out
of the 100 trout that she caught the second time.

(c) Find the value of N which maximizes the expression in part b).

14. (Grinstead/Snell) The Poisson distribution with parameter λ = .4 has been
assigned for the outcome of an experiment. Let X be the outcome function.
Find P (X = 0, P (X = 1) and P (X > 1). Find E(X). Find P (X ≥ 4).

15. The median is not the average. Suppose that X has mean 0. Then P (X >
0) 6= 1

2
. Explain why and give an example.
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16. (Grinstead/Snell) A baker blends 600 raisins and 400 chocolate chips into a
dough mix and, from this, makes 500 cookies. Hint : Think carefully about
why it would make sense to use the Poisson distribution here.

(a) Find the probability that a randomly picked cookie will have no raisins.

(b) Find the probability that a randomly picked cookie will have exactly two
chocolate chips.

17. How many distinct ways can you rearrange the letters in the word
supercalifragilisticexpialidocious? (You don’t need to do this word specifically.)

18. (MIT) I have a bag with three coins in it. One of them is a fair coin, but the
others are biased trick coins. When flipped, the three coins come up heads
with probability .5, .6, and .1. Suppose that I pick one of these coins uniformly
at random and flip it three times. What is the probability that I get HTT?
Assuming that the three flips are HTT , in that order, what is the probability
that the coin I pieck was the fair coin?

19. (MIT) Let X have range [0, 3] and density fX(x) = kx2. Let Y = X3. a) Find
k and the cumulative distribution function of X. b) Compute E(Y ). Find the
probability density function fY (y) for Y (get to this by way of the cumulative
distribution function FY (y)).

20. (MIT) Suppose that 1/3 of twins are identical and 2/3 of twins are fraternal.
If you are pregnant with twins of the same sex, what is the probability that
they are identitcal?

21. (?) (MIT) Let X1, X2, X3, be independent uniform random variables on [0, 1].
Write X = max{X1, X2, X3}. Compute P (X ≤ a) for a ∈ [0, 1]. Find the
probability density function for X on the interval [0, 1]. Compute the variance
of X1. Compute the following covariance Cov(X1 +X2, X2 +X3). (You do not
need to have covariance memorized, but look it up for now, this is a problem
worth doing).

22. (MIT) Toss three fair coins independently. What is the expected number of
heads given that the first coin comes up heads? (Your probabilities here will
be conditional!). What is the conditional expected number of heads given that
there are at least two heads among the three tosses?
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23. (Simplified) Suppose that the amount of time until a certain radioactive partical
decays is exponential with parameter λ = 4. What is the expected amount of
time until the particle decays?

24. (MIT) Suppose that in a certain town earthquakes occur as a Poisson process
with an average of three per decade, floods are a Poisson process with an
average of two per decade and meteor strikes are a Posson process with an
average of one per decade. Consider the present to be time zero and write Q,
F and M for the time in decades between the present and the first earthquake,
flood and meteor strike (respectively). Compute E(Q+ F +M).

25. (MIT) Consider an infinite sequence of independent tosses of a coin that comes
up heads with probability p. Let X be the random variable such that the first
heads appears on the Xth toss. In other words, X is the number of tosses
to required to obtain a heads. Compute the expectation of X¿ Compute the
probability that exactly 5 of the first 10 tosses are heads.

26. (MIT) Suppose you buy a lottery ticket that gives you a one in a million chance
to win a million dollars. Let X be the amount you win. Compute the following
E(X) and V (X).

27. (MIT) A standard deck of 52 cards contains 4 aces. Suppose we choose a
random ordering (all 52! permutations being equally likely). Compute the
following: a) The probability that all of the top 4 cards in the deck are aces.
b) The probability that none of the top 4 cards in the deck is an ace. c) The
expected number of aces among the top 4 cards in the deck (there is a simple
form, be clever).

28. (MIT) Let X be a random variable with density function f , cumulative distri-
bution function V , variance σ2 and mean µ. Compute the mean and variance
of 3X + 4.

29. (MIT) Elaine’s car has three states broken, working and in the shop, denote
them B, W , and S. Each morning the car starts out in B it has a .5 chance
of staying in B and a .5 chance of switching to S by the next morning. Each
morning the car starts out in W , it has a .5 chnace of staying W and a .5
chance of swtiching to B by the next morning. Each morning the car starts
out S, it has a .5 chance of staying S and a .5 chance of switching to W by the
next morning.

(a) Write down the Markov transition matrix for this problem.
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(b) If the car starts out B on one morning, what is the probability that it will
start out B two days later?

(c) Over the long term, what fraction of mornings does the car start out in
each of the three states? (For us I think 2x2 is reasonable for an exam
setting, 3× 3 is a little bit much - just my own preference, this was on an
exam at MIT. Mostly becuase I don’t want to dump too much time into
testing that small idea in this way.).

30. (MIT) Show that if P (A) > 0, then P (A ∩B|A) ≥ P (A ∩B|A ∪B).

31. (MIT) Let X be a uniformly distributed random variable on [−1, 1]. Compute
the variance of X2.

32. (MIT) Let X1, X2, X3 be independent standard die rolls. Write Z = X1 +X2 +
X3. Compute P (X1 = 6|Z = 16).

33. (MIT) (Doable, but challenging, fair warning that this is quite difficult!) Sup-
pose that 8 balls are put into 4 boxes, with each ball independently being put
in box i with probability 1

4
. Find the expected number of boxes that do not

have any balls. Find the expected number of boxes that have exactly one ball.

34. (Grinstead/Snell) A multiple choice exam is given. A problem has four possible
answers, and exactly one answer is correct. A student is allowed to choose a
subset of the four possible answers as his answer. If his chosen subset contains
the correct answer, the student recieves three points, but he loses one point for
each wrong answer in his chosen subset. Show that if he just guesses a subset
uniformly and randomly, his expected score is zero.

35. Let X and Y be independent Poisson random variables with means λ and µ.
Show that X + Y is also Poisson with mean λ+ µ.

36. Do a few of the problems with sums of continuous random variables in Grin-
stead and Snell.

37. (Ghahramani) A certain rare blood type can be found in only 0.05 percent of
people. If the population of a randomly selected group is 3000, what is the
probability that at least two people in this group have this rare blood type.

38. (Ghahramani) Suppose that in a summer evening, shooting stars are observed
at a Poisson rate of one every 12 minutes. What is the probability that three
shooting stars are observed in 30 minutes?
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39. (Ghahramani) Suppose that customers arrive at a bookstore at a Poisson rate
of six per hour. Given that the store opens at 9:30 am, what is the probability
that exactly one customer arrives by 10 am and at least 10 customers by noon?

40. (Ghahramani) A bowl contains 10 red and six blue chips. What is the expected
number of blue chips among five randomly selected chips.

41. (Ghahramani) Let X be a continuous random variable wtih the probability
density function 2

x3 on the interval (1,∞). Find E(X) and V (X) (if they
exist).

42. (Ghahramani) Let x be a continuous random varaible with density function
f(x) = 6x(1 − x), 0 < x < 1. What is the probability that X is within two
standard deviations of the mean?

43. (?, ?) (MIT) The hat-check staff has had a long day, and at the end of the
party they decide to return people’s hats at random. Suppose that n people
have their hats returned at random. Then the expected number of people to
get their own hat back is one. In this problem, determine the variance in the
number of people to get their hat back. Hint : Use indicator random varaibles
again, Xi = 1 if the ith person gets their hat back. Then multiply out X2

in terms of the Xi, Xj . . .. A good question - I wish I had given this as a
homework problem at some point. Please notice that you do not have linearity
of variance because the Xi are not independent.

44. (?) Suppose that there is a large circle table with 5 chairs around it. A young
boy decides to play this game. He will flip a coin, if it is heads, he moves one
spot to the right, if it is tails, he will move one spot to the right. Write down
the transition matrix for the Markov chain described by this game. Note: This
is an example of a random walk on the graph (draw it).

45. (Grinstead and Snell) A card is drawn at random from a deck of playing cards.
If it is red, the player wins 1 dollar, if it is black the player loses 2 dollars. Find
the expected value of the game.

46. (Grinstead and Snell) A box contains two gold balls and three silver balls. You
are allowed to choose successively balls from the box at random. You win one
dollar each time you draw a gold ball and lose one dollar each time you draw a
silver ball. After a draw, the ball is not replaced. Show that if you draw balls
until you are ahead by one dollar or until there are no more gold balls, this is
a favorable game (i.e. positive expectation).
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47. (Grinstead and Snell) Exaclty one of six similar keys opens a certain door. If
you try the keys, one after another, what is the expected number of keys that
you will have to try before success? (Consider the two cases, with replacement
and without replacement separately).

48. (Grinstead and Snell) Let X, Y and Z be independent random variables, each
with mean µ and variance σ2. Find the expected value and variance of S =
X + Y + Z, find the expected value and variance of A = 1

3
(X + Y + Z).

49. (Grinstead and Snell) Let X and Y be independent random variables with
uniform density function on [0, 1]. FInd E(|X − Y |). Find E(max(X, Y )).

50. A random walker starts at 0 on the x-axis and at each time unit moves one
step to the right or 1 step to the left with probability 1/2. Estimate the
probability that, after 100 steps, the walker is more than 10 steps from the
starting position.

51. Solve the Gambler’s ruin problem in the case when N = 3 and i = 1 and
p = 1/2 by hand.

52. Please make sure that you are able to compute the density function for the sum
of continuous random variables, there are lots of examples and good problems
in Grinstead and Snell.

Answers: 1. The dart is uniform on region means use areas to calculate,
area region/total area. 2. 1 − e−1 . . ., integrate the density function over the
region specified, c) and d) are memoryless property in action. 4.

(
9
7

)
, 5.

(
28
12

)
,

7. Review Monty Hall, excellent explanations online, too. 8. Conditional
probability. 9. Conditional probability. 10. Draw the square region and shade
the areas that satisfy these inequalities to determine whether or not the events
are independent. 10. Coditional probability, conditioning on which drawer you
choose. 11. Conditional. 12. Hypergeometric ideas.
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