1. {10 points.) Suppose you have an urn containing N red and M blue balls. Balls are

selected randomly and replaced until a red ball is obtained.

(a) What is the probability that n draws are needed (and no more)?

(b) What is the expected number of draws until a red ball is obtained (here we do

not count the last draw of a red ball as a draw)?
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3. (10 points.) The county hospital is located at the center of a square whose sides are 3
miles wide. If an accident occurs within this square, then the hospital sends out and
ambulance. The road network is rectangular, so the travel distance from the hospital,
whose coordinates are (0,0), to the point (z,y) is |z| + |y|. If an accident occurs at a

point that is uniformly distributed in the square, find the expected travel distance of
the ambulance.
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4. (10 points.) Derive the One-sided Chebyshev inequality which asserts: If X is a random
variable with E(X) = 0 and variance V(X) = ¢, then for any a > 0:
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5. (10 points.)

(a) Let X be a random variable with mean 0 and variance 1. Find the smallest
number n so that you can guarantee that P([X| > n) < 1/25.

(b) Suppose that it is known that the number of cars produced in a Ford factory
during a week is a random variable with mean 50. What can you say about the
probability that a given week’s production will exceed 75 cars? If the variance
of a week’s production is 25, what can you say about the probability that the
production will be between 40 and 60 cars?
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6. {15 points.) Suppose that X is a continuous random variable with density function:

0 ift<0
fx(®)=<(% fo<t<3,
0 ift>3

and Y is a continuous random variable with density function:

0 ift<0
frt)=<3 fo<t<2.
0 ift>2

(a) Find the density function for the random variable X + Y (assuming the X and
Y are independent).
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(b) Use this to compute the probability that § < X +V < 3.
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7. (10 points.) Suppose we have an independent trials process with probability of success

cqual to p. Let X be the number of trials until the first success. Derive the formula
for V(X).
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8. {10 points.) We define the moment-generating function for s random variable X,
denoted by Mx(t), as:
Myx(t) = E ().

(a) Find the moment-generating function for X when X is a binomial random variable
with n trials and probability for success p and failure gq. Your answer should not . |
include sums or - - -.

(b) Use your answer from part (a) to find E(X?). [Hint: How is £ Mx(t) related to
B(X)) ’
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