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1. (True or False?) Label each statement as “true” or “false” (you must
write the whole word). A statement is considered true only if it is
always true; otherwise it is false.

(a) [2 points] FALE  1f events A, B, C are pairwise independent then
they are collectionwise independent.

(b) [2 points] FALSE 1t events A, B, C are collectionwise independent
then they are pairwise independent.

(c) [2 points]/HZUE Let A, B, C be pairwise disjoint events with
AUBUC =Q. Then, if F C Q,

P(F)=P(ANF)+P(BNF)+P(CNF).

(d) [2 points] TALSE ¢ {a.}, {b,} are sequences of numbers with
Qn, ~ by, then a ~ b7

(e) [2 points] TALSE For a finite experiment, the average value and
expected value of a random variable are equal.

(f) [2 points] FALSE 1f X and Y are random variables with E(XY)=
E(X)E(Y) then X and Y are independent.

(g) [2 points]/ﬂl\)E If A° and B are independent, then so are A and
B.
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3. [8 points] A student is applying for college and would love to spend the
next four years living in the Upper Valley, so she limits her search to
Lebanon College and Dartmouth. She estimates that she has a probabil-
ity of .5 of being accepted at Lebanon College and .3 of being accepted
at Dartmouth. She further estimates the probability that she will be
accepted by both is .2. What is the probability that she is accepted by
Lebanon College if she is accepted by Dartmouth?
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4. [10 points] Prove the following binomial identity: (2:) = Z;'Lo (?)2
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5. Suppose that n people have their hats returned at random, after checking
them with a disorganized hat check boy. Let X; = 1 if the i** person gets
his or her own hat back and 0 otherwise. Let X =Y 1 ; X;. Then X is
the total number of people who get their own hats back. Show that:

i = 1 OQ o‘p QM
(2) [3 points] E(X7) = 7 (- 1\ ! i owi 1 ’:A{s{.p
Vole + 2(X: 1) - = L itk i e
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6. [8 points] Homecoming Weekend is one of the most financially lucrative
times of the year for the Dartmouth-Hitchcock Medical Center. Last year
during Homecoming, % of Dartmouth students experienced fire-related in-
juries (burns, dehydration and breathing problems due to smoke inhala-
tion). Another ; of Dartmouth students suffered alcohol-related maladies
(nausea, blackouts and alcohol poisoning). Dartmouth was also in the
midst of a swine flu epidemic, which affected % of all students. Of course,
not all of these students had to go to the hospital and not all types of
injuries were represented equally in the hospital waiting room. A reporter
for the Upper Valley News (who spent the whole weekend in the waiting
room obtaining the data for this study) found that the probability that
a student with fire-related injuries wound up in the hospital was % The
probability that a student with alcohol-related maladies wound up in the
hospital was ;}-:. The probability that a student with swine flu wound
up in the hospital was %. What is the probability that a student had
fire-related injuries, given that he spent part of Homecoming Weekend at
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7. [10 points] Prove that if X and Y are independent random variables then
E(XY) = E(X)E(Y).
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8. Homer Simpson has just been made leader of The Stonecutters, an elite
secret society! One of the rules of The Stonecutters is that the leader is
infallible. Accordingly, when Homer plays poker with his fellow Stonecut-
ters, he always has to win. In order to justify his wins, the Stonecutters
make up elaborate names for the hands that he is dealt. On one occa-
sion, Homer is dealt a 3, 6, 10, Jack, King, which the Stonecutters call
the “Royal Sampler.” Assume that these cards come from at least two
different suits (so that the “Royal Sampler” is distinct from a Flush).

a) [4 points] In general, what is the probability of drawing the “Royal
(a) [ Y
?77
Sampler? | of ana[

5 Samplers
’_P__(‘Zoaal_ S“W\P‘Q(‘\:(?) _'(7) -Hmiare
( 552) also Flushes

(b) [6 points] In the same round in which Homer drew the “Royal Sam-
pler,” the police chief Wiggum drew a pair of kings, his favorite
bartender Moe drew a pair of aces, and his coworkers Lenny and
Carl drew three 2’s and a pair of 10’s (respectively). Out of the five
players in this round, whose hand “should” ‘be worth the most? De-
fend your choice by comparing the probabilities of the various hands
and/or citing results from the lectures and homework.
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(c) [6 points] What is the expected number of kings in a poker hand?
To receive full credit, you must define the random variables that you
use and show each step of the computatlon

+ or 1S o .
e,lt, X(, _ %1 ? Hm Card 1S k a
O otherwise

5
T\I\Q,/\ X = Z X«l = :H:D-C l{;nag ina)?ol&rl’\anol

= /3 Since thereare
k.na,( ina olock of 52

Covd§
=[%s|

(d) [2 points] Suppose that, instead of just having a pair of kings, Wig-
gum realizes that he actually has four kings in his hand (d’oht!).
Given that Wiggum has four kings, what is the probability that
Homer has the “Royal Sampler?”
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9. Short Answer (no need to justify your steps - on each problem, credit
will be awarded on an “all or nothing” basis)

(a) [4 points] Alice and Bob each flip n coins. What is the probability
that they get an equal number of heads? Give a simple closed-form

expression. " N . _P s
Z n — M
( N 3 (Gf Z (J) " , 1
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(b) [4 points] Count the number of n-digit integers with nondecreasing
digits (for example, if n = 4, then 2357 and 2337 should be included
in your count, but 3434 should not be included). Your answer should
be a binomial coefficient. Do not evaluate!

“SBBMS'?/% G+rn-1 B+ N
%ad's !

I

AN n

(c) [4 points] Suppose that you are playing a game in which you flip a
coin until you get heads. If the coin lands heads for the first time on
the nt?* flip, you earn 2" dollars. If X is the number of dollars that
you win by playing this game, what is E(X)?

:]oo (This is Hu St ’)’Q.Ler:Lura ])"\’M{ox)
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10. [2 points (bonus)] Give a very simple proof, without using Stirling’s
formula, that In(n!) ~ nlnn.
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This page is for scratch work.
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This page is for scratch work.



Equation Sheet

Stirling’s Formula:
n\”"
nl ~ (E) 27n.

Bayes’ Theorem:
P(H,)P(E | H))

P(HZIE)= P(E) 3

where P(E) =Y 1., P(Hy)P(E | Hy)
Variance Definition: Let £(X) = p. Then:

V(X) = E((X — u)*),
ie.

V(X) =) (X(w) — p)’m(w)

wen
Variance “Trick”:
V(X) = B(X?) -
Variance Rules: Let X,Y be two random variables. Let ¢ be a constant. Then:
V(ie)=0

V(X +¢c) =V(X)

V(cX) = FV(X)
If X and Y are independent then:

VIX+Y)=V(X)+ V().

Standard Deviation:

a(X) = /V(X)



