Math 1 Lecture 15

Dartmouth College

Friday 10-14-16



Reminders/Announcements
Squeeze Theorem

Growth Rates of Functions

More Exercises



Reminders/Announcements

» WebWork due Monday and Wednesday next week
> Written Homework due Wednesday

» Exam#2 is Thursday 10/20/16 and will cover material from
Trigonometry up to and NOT including derivatives
» Exam review during x-hour 10/20/16

» Exam Review Slides:
https://math.dartmouth.edu/~m1f16/MATH1Docs/
Musty-x-hour-Slides-10-13-Thur.pdf

» Because of the exam there will be no WebWork due Friday
10/21/16


https://math.dartmouth.edu/~m1f16/MATH1Docs/Musty-x-hour-Slides-10-13-Thur.pdf
https://math.dartmouth.edu/~m1f16/MATH1Docs/Musty-x-hour-Slides-10-13-Thur.pdf
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Squeeze Theorem

Suppose the following two conditions are satisfied:

» f(x) < g(x) < h(x) for all x in an open interval containing a
except possibly at a.

Aim, 7o) = Jim, i) = L.
Then the squeeze theorem says we can conclude that

lim g(x) = L.

X—a

The function g is “squeezed” between f and h...so what?
Examples please!



Use the squeeze theorem to show that

. 5. (1
lim x“sin{ — ) =0.
x—0 X



Use the squeeze theorem to show that

1
lim x?sin (> =0.
x—0 X
Solution: First note that —1 <sin(1/x) <1 for all x # 0. Then

—x? < x%sin(1/x) < x%.



Use the squeeze theorem to show that
1
lim x?sin (> =0.
x—0 X
Solution: First note that —1 <sin(1/x) <1 for all x # 0. Then
—x? < x%sin(1/x) < x%.

Can you see how to apply the squeeze theorem now?



Use the squeeze theorem to show that

1
lim x?sin (> =0.
x—0 X
Solution: First note that —1 <sin(1/x) <1 for all x # 0. Then
—x? < x%sin(1/x) < x%.

Can you see how to apply the squeeze theorem now? Take
f(x) = —x2, g(x) = x%sin(1/x), and h(x) = x2. ..



Use the squeeze theorem to show that

l@oxz sin (i) =0.
Solution: First note that —1 <sin(1/x) <1 for all x # 0. Then
—x? < x%sin(1/x) < x%.
Can you see how to apply the squeeze theorem now? Take

f(x) = —x2, g(x) = x%sin(1/x), and h(x) = x2...A picture
illustrates what is going on here. ..



h(x) = x?
g(x) = x?sin
< )=




h(x) = x?
; gxg(x) = x2sin(1/x)
f(x) = —x2
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Use the squeeze theorem to evaluate the limit

lim (x — 1)2eC°s(ﬁ).
x—1

Solution:
Well.. . for x # 1 we have

—1<cos(l/(x—1)) <1

— 1/6 < ecos(l/(xfl)) <e

— (x—1)%/e < (x — 1)1 < (x —1)2. ¢
So how should we squeeze? Take f(x) = (x — 1)?/e,

g(x) = (x — 1)2es(/(x=1) "and h(x) = (x —1)?-e. The
conclusion is what? limy_,1 g(x) = 0.
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Growth Rates of Functions

Suppose we have a function f such that limy_ f(x) = co. But
how fast does it — co? We have the following heirarchy of
“growth rates’:

logarithms by base < powers and polynomials by degree
< exponentials by base

=< factorials

This heirarchy is useful in computing certain limits. . .
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Let's talk about

2
lim —— .
X—00 y/x3 + 4x
Solution:
The limit is oco. Divide numerator and denominator by x
this algebraically. Similarly,

3/2 to see

' vx3 4 4x
im ———— =

X—00 x2

0.
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Let's talk about

| 20
im (INX)7
X—00 X

Solution:
The limit is 0. Why? Because logarithms grow slower than
polynomials.
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Let's talk about

. m-2X4+50x°+5
lim .
x=00 51x2 — 6 + /3 - 2%

Solution:
The limit is 7/1/3.
Now let’'s talk about

i 724+ 50x2+5
x==00 51x2 — 6 4 /3 - 2%

Solution:
Now 2% — 0. See why? Thus the limit is 50/51. Why? As
x — —oo the quadratic terms are growing the fastest.
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Let's talk about
. x?
lim arctan <2> .
X—»00 x<+ 4
Solution:

. x2 . x?
lim arctan 5 = arctan | lim
X—00 x-+4 X—00 X2 +5

= arctan(1)
= 7/4.
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Now let’'s talk about

. x?
lim arctan | ——= | .
X—00 4 — x2
Solution:

. x2 . x?
lim arctan = arctan | lim
X—00 4 — x2 x—00 4 — x2

= arctan(—1)
= —m/4.
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Now let’'s talk about
. x3 — 100
lim arctan .
X—00 x34+x2—-5x+4
Solution:

As x — 0o the expression under the radical goes to 1...So this
expression is approaching arctan(1)...which is? 7 /4.
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Compute

. V1I+x—+y1-x
lim .

x—0 X

Solution:
The limit is 1. To see this, multiply numerator and denominator by
V14 x 4+ /1 — x and simplify.
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Compute

lim (x+h2 — X2
h—0 h '

Solution:
Simplify the fractions to cancel h in the denominator limit is
—2/x3.
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Let

ex?4+2x  ifx<?2
f(x) =14 5 . :
x> — ¢x if x >2

For what values of the constant c is the function f continuous on
(—00,00)7?

Solution:

Since both defining functions are continuous (on all of R), the only
place we need to check for continuity is at 2. By the defining
expressions we see that continuity at 2 depends only on the equality

c-224+42.2=23_¢.2

Since this equality is satisfied only by ¢ = 2/3, then this is the
unique value of ¢ making f continuous everywhere.
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