Math 17
Winter 2015
Exercises due Friday, February 27

We are showing in class that
{(aa b7 C) | b Z 4& a= ab(c)}

is a Diophantine set. This homework set will reproduce the proof from the textbook, from
this fact, that exponentiation is Diophantine, asking you to fill in the details.
The goal is to show that

a="b°

can be rewritten in a Diophantine way, as
b=0&c=0&a=1] V [b=0&c>0&a=0]V

b>0& (3x) [x >4 & x> 16(c+ Dapra(c+ 1) & a = appra(c + 1) div a(c+ 1)]].

Note that this expression is Diophantine, because all the subscripts of « are at least 4, and
we are showing that for b > 4 we can express a = o(c) in a Diophantine way.
To meet this goal, we need to show that if b > 0 and

r>4 & x>16(c+ 1)appa(c+1)

then
b = appra(c+ 1) div a,(c+ 1).

From now on, we assume b > 0.

Exercise 1: Prove by induction on n that, for every natural number n,

(b—1)" <ap(n+1) <b"

Exercise 2: Show that

Qprya(c+ 1) S (bx + 3)°

> b°
az(c+1) x¢

Now we have shown that

b < apgial(c+ 1) div ag(c+1).
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All that remains is to show that if
x> 16(c+ 1)apra(c+ 1)

then
b° > appya(c+ 1) div ag(c+1).

Exercise 3: Show that
16(c + Dapya(c+1) > 16(c+ 1)(b+ 1)°.

Hint: Use Exercise 1.

This shows that
x> 16(c+ appa(c+1) = = > 16(c+1)(b+ 1),

so now, we will be done if we can show that if

x> 16(c+1)(b+1)°

then
b > appya(c+ 1) div ag(c+1).

So suppose z > 16(c+ 1)(b+ 1)¢. Therefore x > 16¢, and we have

Wpralc+1) _ (br+4)° _ (1+3)° be < o S (1 + @)

<
aple+1) — (=1 =~ (1—=2) ~ (1=l —2) " (1-2)> " 1-
Each inequality in this chain, of course, must be justified. Here is a justification for the
last one: . . . . q X
Since x > 16¢, we have — < ——; multiplying by 8¢ gives o < —,s01— o > — S0
T 16¢ o T 280 T 2
1 8 = 8 16 = 16
—- < 2. Multiplying by o gives —F— < 2 ) = —C, sol+— 5 <1+ —,and
1—= x 1—= x x -2 T
b 1 1— 84 % 5 16
=10 =0 —E—=% | =01 = <b {14+ —).
() o () ) < (04 9)

Exercise 4: Explain why each remaining inequality in the chain is true.
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Exercise 5: Show that it follows from

b < Qppra(c+1) < (1 N 160)

az(c+1) T

and
x> 16(c+1)(b+1)°

that
b = appra(c+ 1) div a,(c+ 1).

Since
Qpg+4 (C + 1)

b <
T ag(c+1)

was shown in Exercise 2, and

ab$+4(c+ 1) <p 1+ 1_66
a(c+1) — x

was shown in Exercise 4, this completes the proof that exponentiation ins Diophantine.



