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Closed Box

We are interested in closed boxes B in R3
such that its faces are parallel to the coordi-
nate planes:

B={(z,y,2)|la<z<bc<y<dp<z<qg}
or

B = [a,b] X [c,d] % [p,q].



Partition of a closed box

A partition of a closed box B of order n
break up B into n3 subboxes. We divide
each of the intervals that make up B into
n subintervals:
a=xg< 1 <To< - <xTp==>=b
c=yo<yr1<y2<---<yn=d
P=20< 21 <2< < 2z2p=4¢q

We also have Ax; = x;—x;_1, ij =Y;i—Yj—-1
and Az, =z — 211



Partition of a box




Riemann Sum

Let B, = [z—1, 7] x [yj—1,y5] X [2,—1, 2] be
a subbox of B and let c;;;, be a point in this
box then the Riemann sum is

n
S =) flejp)Ar;Ay;Azy.
0,9,k



Triple Integral

The triple integral over a box is defined as
the limit of the Riemann sum

/// flz,y,2)dV = /// f(x,y, z) dedydz

— lim Ciste ) Ax; Ay Az
AmlaijaAZkHO ]zk‘: 1f( IJk) v y] k



Integrability of functions

If f is bounded on B and the set of discon-
tinuities of f on B has zero volume, then

[/5 f(z,y,z)dV exits.



Fubini’s Theorem

Let f be integrable over B = [a,b] X [c,d] X

[p, q], then
[ fsrav

b rd rq b rq rd
— / / / f dzdyds = / / / f dydzda
aJc Jp aJ/Jp JC
d rb rq d rq b
=/ / / fdzda:dyzf / / f dxdzdy
c Ja Jp c Jp Ja
q rb pd q rd b
=// / f dydxdz =// / f dxdydz
p Ja Jc p Jec Ja
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Elementary Regions
Type 1:

(a) W contains points such that

d(x,y) <z < YP(z,y)
v(z) <y <d(x)
a<x<b

(b) W contains points such that

d(x,y) <z < YP(z,y)

a(y) <z < B(y)
c<y<d



Elementary Regions
Type 2:

(a) W contains points such that
a(y,z) <z < B(y, 2)

v(z) <y <4(2)
p<z<gq

(b) W contains points such that
a(y,z) <z < B(y, 2)

¢(y) <z <YP(y)
c<y<d



Elementary Regions
Type 3:

(a) W contains points such that
v(z,2) <y < d(w, 2)
a(z) <z < B(2)
Pp<z<gq

(b) W contains points such that
v(z,2) <y < d(z,2)

P(x) < z < P(x)
a<x<b
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NOTE: Type 4 W is of all three types de-
scribed before.



Triple integrals over elementary regions

If W is of type 1(a) then

[t @ = [} [ finy -2 e

If W is of type 1(b) then

[t = [ [ s pici
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Triple integrals over elementary regions

If W is of type 2(a) then

///W fdv = /pq /j((:)) aﬁ(;t;) f(z,y, z) dedydz

If W is of type 2(b) then

[[] sav =" /q:(b;‘;’) ii’? #(2,y, 2) dudzdy
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Triple integrals over elementary regions

If W is of type 3(a) then

(s = [ [ ot

If W is of type 3(b) then

///W fdv = /ab /q:(bg) j(jj)) f(z,y,z) dydzdx
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