Math 11
Fall 2016

Section 1
Tuesday, September 21, 2016

First, some important points from the last class:

A wvector valued function 7(t) is a function that takes a real number ¢ to a vector 7(t). If
the range consists of vectors in R3, for example, we write 7: R — R3. We may say “7 maps
R to R3.”
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Definition: A vector function 7(t) is continuous at a if 11Hl 7(t) = 7(a).
—a

Definition: The vector function 7(t) parametrizes the curve « if v is the range of 7(t).
The curve « is given an orientation (choice of direction) by the direction of motion of 7(t)
as t increases.

Methods to try for parametrizing curves given as intersections of surfaces:
I. Eliminate variables by using the equations of the surfaces. If, for example, you can

write y and z in terms of z, then you can set x = t.

II. If you have an equation of the form A? + B? = 1, where A and B are expressions
involving two variables, set A = cos(t) and B = sin(t).

I11. Use polar coordinates = 7 cosf, y = rsinf for curves circling the origin in R?, by
writing r in terms of #, and setting 6 = t.



Example: Parametrize the curve ¢ + y* = 1 in R2.

We set
r =1rcosf =rsinf

so our equation becomes

rtcos§ + rtsint 0 = 1;

r* = (cos' 0 + sin" 0) 7

r = (cos’ 0 4 sin* 0) 77,

Now we have
x =rcosf = (cos* § + sin? Q)f cos 6 y = rsind = (cos* § + sin? 9)’% sin 6,

and we can set t = 6 to get

7(t) = <(cos4t + sin’ t)’i cost, (cos*t + sin? t)’i sint> 0<t<2m.



Definition: The derivative of a vector function is defined by

d ) 1 . .
%r(t) = Al}go A (7t + At) — 7(t)) .
Theorem: If
(t) = (ra(t), ry(t), 72(1)) ,
then

d 5 d d d
%r(t) = <Erw(t), Ery(t), Er'z(t>>'

Theorem: If all functions mentioned are differentiable, then

- (ar(t) + bp(t)) = ar(t) + bp"(t)

% (7(t) x 1)) = 7'(8) x pt) + () x 5"(1)

Theorem: If 7(¢) is differentiable, then |7(t)| is constant if and only if 7(¢) L 7/(¢) for
all .

Definition: If #/(t) is defined and nonzero for every ¢, then 'is a regular parametrization,
or smooth parametrization, of its image . A curve with a regular parametrization is called
a smooth curve.

Definition:

[ ooy ar=( [
)

/ab (ro(t), ry (1), r.(t)) dt = </ab7’

Theorem:

dt. / v (8) dt, / rz(t)dt>
dt. / ) dt. / ) dt>

/ 7'(t) dt = 7(b) — 7(a).

If 7(t) is the position of a moving object at time ¢ then this is the net displacement
between times t = a and t = b.



Note: If 7(t) is a vector-valued function, then for ¢ near ¢y, we can approximate 7(t) by
L(t) = #(to) + (t — to) 7'(to)-

This is exactly like the tangent line approximation for functions from R to R.
We can rewrite this a bit:

L(t) = (to) — to7" (to) + t 7' (to) -
~ ~ N——

constant constant

If 7 parametrizes the curve 7, then L parametrizes the tangent line to v at the point
7(to). (Unless 7 (to) = 0, in which case L is a constant function with value 7(t,).)

If 7 is a position function of a moving object, then L is the position function of another
object moving with constant velocity, that has the same position and velocity as our original
object at time .

Example: Find a vector parametric equation for the tangent line to the curve v parametrized

\/§\/§7T>

by 7(t) = (cos(t), sin(t),t) at the point < 5 5

s s
This point is 7 <Z>, so we can set ty = T and parametrize the tangent line by

L(t) = 7(to) + (t — to) 7' (to) = (cos(to), sin(to), to) + (t — to) (—sin(to), cos(to), 1) =

V2 V2 o m V2 V2
(L) D (),

A vector parametric equation for this line is

V2 V2 7 AVIRCRE:
<l’,y, Z> = <7; 77Z> + <t - Z) <—777, 1> =

(FODF0-D0)ee (-5 F)



1. Suppose an object is traveling with variable velocity ¢/(t) for a period of time of length
At, and t; is some particular time in that period. If At is small enough, then over that
period of time

(a) The object’s displacement is approximately | v/(t;) At |,

(b) The distance the object travels is approximately | |v(t;)| At|.

2. If the object travels between times ¢t = a and t = b, we break that time period up into
n-many small periods of time of length At, and for i = 1,...,n we choose time ¢; in
the i*" time period, then

(a) The distance the object travels during the i’ time period is approximately | |7 (¢;)| At |

(b) The total distance the object travels is approximately Z |U(t;)| At|.
i=1

3. Taking a limit as n — oo, the total distance the object travels is

n b
nlggozl\v(ti)mt:/a ()] dt |

Note, this is not the same as net distance, which is the magnitude of the displacement.
If an object travels once around the unit circle, the net distance it moves is 0, since
it ends up where it started. However, the total distance it travels is the length of its
path, which is 2.

We get displacement by integrating velocity, and distance traveled (length of path) by
integrating speed.



Definition: If a curve « has a regular (smooth) parametrization
7 [a,b] = R"

that does not retrace any portion of ~, then the arc length of ~ is

b
L— / 7 (1)| dt.
The arc length function is the function
s :[a,b] — [0, L]

that takes ¢ to the arc length of the portion of v between 7(a) and 7(¢):

s(t) = /at 7' (w)] du.

The parametrization of vy by arc length is the function that takes a number s to the point
on 7 that is a distance of s units along « from the starting point 7(a).

We sometimes denote speed by %, the rate of change of distance with respect to time.
Example: Let v be the circle of radius a centered at the origin in R2.
To find the arc length of v we need a parametrization:

7(t) = (acost,asint) 0 < 2m;

=/

7'(t) = (—asint,acost);

% = |7 (t)] = Va2 sin®t + a2 cos? t = a;
2m ds 2
arc length = —dt = adt = 2ma.
o dt 0

To find a parametrization by arc length, we find the arc length s between times 0 and t:

¢ ¢
s:/ |F'(u)|du:/ adu = au
0 0

Rewrite ¢ in terms of s:

t =

Plug into the given parametrization:

7= (acost,asint) = 7(t(s)) = <acos (2) , asin (f)> '



Definition: If 7(t) is the position of a moving object at time ¢, its acceleration at time
t1is
a(t)=r"(t).

Example: The acceleration of gravity near the surface of the earth is (0,0, —g), where
g is a constant. At time t = 0 a projectile is launched from the origin with initial velocity
(1,2,3). Find the time at which it hits the ground (the zy-plane).

a(t) =(0,0,—g) .

Integrate, not forgetting the constant of integration:
U(t) = (C1,Ca, —gt + C3) = (0,0, —gt) + (C1,Cs,Cs) .

Use initial conditions to solve for the constant of integration:

7(0) = (C1,Cs, C3) = (1,2,3) ;

U(t) = (1,2, —gt + 3) ;
r(t) = <t, 2t, —%ﬁ + 3t> + (Dy, Dy, D3)
7(0) = (Dy, D2, D3) = (0,0,0) ;
r(t) = <t, 2t, —%2 + 3t> .

The object is at the xy-plane when its z-coordinate is 0, or

gt? gt
0=-—2413t=(-Z+3)t=0:
o= (<5 s)e=o

This happens initially (when ¢ = 0) and when

gt
22— 3
2 )
6
t=—.
g



Analyzing acceleration: (This is cultural enrichment. You can read about it in the
textbook, and if you plan to take physics, you should.)

dr

Given the position 7 of an moving object as a function of the time ¢, we can compute:

-  ds =
U= — = velocit — = U] = speed U= |T=—T
. y = o7 ==
= 1 : : o :
T = - U = unit tangent vector = unit vector in direction of motion
dt

L du .
ad = — = acceleration
dt

. AT -
By an earlier theorem, because |T| is constant, we have — L T'. We define the unit normal
vector N to be the unit vector in this direction,

. 1 dT
N= —
’ at|| dt

Using the product rule, we can write

ar
dt

dT
dt
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aN
The acceleration @ is expressed as the sum of two parts, one in the direction of motion, and
one normal (perpendicular) to the direction of motion.
d*s
The tangential component of the acceleration is ap = poL the second derivative of
distance with respect to time. We may call this the linear acceleration. It is the scalar
projection of acceleration in the direction of motion.

ds
The normal component of the acceleration is an =

dt
. ds )’ .
also be written as il where x is the curvature of .

dT
dt

. It turns out that this can

The tangential component a reflects changing speed, and the normal component ay
reflects changing direction. They are associated with the components of the force acting on

the object in the direction of motion and normal to the direction of motion, which we may
call these the linear force and the centripetal force.



Example: The position of a moving object at time ¢ is given by 7(t) = (¢, sin(t), cos(t))
for 0 <t < 2r.

Find its velocity and acceleration.

U = (1, cos(t), —sin(t)) a = (0, —sin(t), — cos(t))

Find the total distance it travels, and its arc length function.

L= /27f (1, cos(t), —sin(t))| dt = /27r V2dt =227

s = /Ot\<1,cos(u),—sin(u)>] du = /Ot\/édu: V2t

Find the unit tangent vector to the object’s path when ¢t = 7.
(1) u(t) 5(t) = —= (1, cos(t), — sin ()
= ——1U(t) = —=v(t) = —= (1, cos(t), —sin ;
|9(t)] 2 V2

1
(W):—2

N~y

(1,—1,0).



Example: Consider the curve v in R? defined by
7(t) = (2cos(t?), 2sin(t*))
for 0 <t < 1. Find the length of ~.

Arc length:

1 1
/|F’(t)|dt:/ 4t dt =[2]
0

0

Example: Suppose
[ la,b] = [0, 27]

is any differentiable function with positive derivative at every point, f(a) = 0, and f(b) = 27.
Parametrize the unit circle by

(t) = (cos(f(t)), sin(f(t))) a<t<b.

Use this parametrization to compute the arc length of the unit circle.
Of course, your answer should be 27. The point is to demonstrate why it does not matter
which parametrization you choose.

U= (=f(t)sin(f(2)), ['(t) cos(f (t)))

ds

= = [ @) sin(f(8)), f1(8) cos(f(O)] = (D)

L= / f(t)dt = £(b) — fla) = 2.
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Example: Parametrize the intersection of the elliptical cone 22> = 2 + 4y? with the
plane z = 2.

7(t) = (2cos(t),sin(t),2) 0<t<2rw

Write down an integral representing the arc length of this curve. (Do not try to evaluate
this integral.)

27
/ \/4 cos?(t) +sin?(t) + 4 dt
0

If an object travels along the curve with position function given by the parametrization
you chose, find the object’s acceleration at the points (2,0, 2) and (0, 1, 2).

U= (—2sin(t),cos(t),0) @ = (—2cos(t),—sin(t),0)

At (2,0,2), we have t = 0, so
i=(-2,0,0).

At (0,1,2), we have t = g, SO
@=(0,-1,0).
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Example: The curve 7 is the intersection of the surface z = 2% — y? with the plane
x = 3. Find a vector parametric equation for the tangent line to v at the point (3, 1,8).

Find a definite integral giving the arc length of the portion of v for —1 <y < 1. You do
not have to evaluate this integral.
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