Math 11
Fall 2016

Section 1
Friday, October 28, 2016

First, some important points from the last class (and a few from the one before):

Definition: An n-dimensional vector field is a function F': R® — R"™. We think of it as
assigning to each point in n-dimensional space a vector in n-dimensional space. Our go-to
examples will generally be force fields, fluid flow fields, and gradient fields.

A vector field F'is called conservative if it is a gradient field. If we write F' = —V f, then
f is a potential function for f.

If F is a force field, so F(z,y,z) is the force exerted on an object when it is at point
(x,y, z), and an object moves along the oriented curve 7, then the work done by that force

on that object is the line integral of F' along v, W = / F - dr. This integral is dependent on
vy

orientation but independent of parametrization. The line integral / f ds of a scalar function
g

f along v is independent of both orientation and parametrization.

If 7(t) = (x(t),y(t)) parametrizes -, then on ~:

element of arc length = ds = |F'(¢)|dt do =2'(t)dt dy=y'(t)dt|.

These differentials are scalars. The following differentials are vectors:

element of displacement = dr = 7'(t) dt = (2'(t),y/(t)) dt = (2'(t) dt, y'(t) dy) = (dz, dy) |.

dit = () dt — (ﬁf’(t)) (7 (1)) dt) = Tds |

The Fundamental Theorem of Line Integrals: Suppose 7 is a smooth curve, and f
a function with continuous derivative. Then

/Vf -dr' = f(end(y)) — f(start(y)) = net change in f along .



Example: Show that F(z,y) = (—y, x) is not conservative.

If we had F' = V f, we would have

fo(,y) =~y fy(z,y) =2

fwy(m7y) =-1 fy:t(xay) - 17

which contradicts Clairaut’s Theorem.
Suppose we tried to find a potential function. We would get:

folz,y) ==y and f,(z,y) ==x.

Differentiating the first equation with respect to x, remembering the constant of integration
is a function of y:

fla,y) = —zy + g(y).
Differentiating with respect to y:
fylw,y)=—-z+4'(y) andso —z+g(y ==

This would mean ¢'(y) = 2x, but 2z is not a function of y. This tells us our task is impossible;
F' is not conservative.
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it is conservative on the half plane x > 0. Suppose that 7 is the straight line from (1,0) to
(3,3). Without finding a potential function for F, find

/F-df'.
g

We know F' = V f for some unknown f, for which we have

Example: The vector field F(z,y) = < > is not conservative on R?, but

/F-dF— £(3,3) — £(1,0).

~

Suppose that 1) is the curve that goes in a straight line from (1,0) to (3v/2,0), and then
along a circle around the origin to (3,3). Then

/wF-dF:f(B,S)—f(l,O):/F-df'.

It is easier to integrate I’ along ¢. Let 1)1 be the straight line from (1,0) to (3v/2,0), and
1 be the circular arc from (3v/2,0) to (3,3). Then

/F-dF:/ F-df+/ F-dF:/ F-fds+/ F-Tds.
P 1 2 1 2

Along ¢ we have T'= (1,0) and y = 0, so F' = (0,2~ !) and F - T = 0. The line integral of
F along v, is 0.
Along 1), we can see T and F' have the same direction, and since 7' is a unit vector, we

have 1 1
F-T =|F||T|cosf = |F| = : = ==
11T £ ‘<x2—|—y2 x2+y2>‘ Vat+y? 3V2

1
This is a constant, and integrated along vy with respect to arc length, it gives ——= times

3v2
32
4

the arc length of v. Since 7 is one eighth of a circle of radius 3v/2, its arc length is

and the integral is % Putting it all together:

/F.df:/F.df:/ F.fds+/ F-Tds=04+2="
¥ P 1 P2 4 4

Note: You can check that for z > 0 we have F' = V f, where f(z,y) = tan™! (g) That
x

is, f = 0 (the 0 of polar coordinates). The integral of F' along v is the net change in # from
(1,0) to (3,3). It makes sense that we can’t express F' as a gradient on R? (or even on all of
R? except the origin), because there is no way to choose  continuously.



Just for practice, let’s show directly that if v is the arc of a circle around the origin from

. . ) x
0 = 0, to & = 05, then the 1 tegral of F' =
1 to 5, then the line integral of F(z,y) <$2+y2’x2+y2
Oy — 0.

> along v equals

Let ¢ be the radius of the circle. The circle has polar coordinate equation r = ¢ and
the beginning and ending points of v have polar coordinates (¢,6;) and (c,65). We can
parametrize v by x = ccost and y = csint for §; <t < 6y. Then

—csint t
7(t) = (ccost,csint)  7'(t) = (—esint,ccost)  F(F(t)) = < e : ceos >

2 2
. 02 N o 2 / _csint ccost .
F-di = F(r(t)) -7'(t) dt = T - (—csint, ccost) dt =
, o, 0, c c
/92 c?sin®(t) + ¢ cos®(t) g — /92 L db = 00— 0
01 c? B 61 - :

Notice that if we let ¢ = 1, ; = 0 and 0y = 27, then ~ is the unit circle oriented
counterclockwise from (1,0) around to (1,0) again, and we get

/F-df’z?ﬂ.
.

If we had F' = V f, the Fundamental Theorem of Line Integrals would tell us that
/F.df:/Vf-df:fu,())—fu,()):o.
v v

Since 2w # 0, this tells us that F' is not a conservative vector field on any open region
containing the entire unit circle.

Note: We can check that F' = V f would not violate Clairaut’s Theorem for this function:

O 2 N\ P _o(
dr \22+y*)  2>+y> Oy \22+y?/)’




Theorem: If the continuous vector field F' is conservative (meaning F' = Vf) on an
open connected region D (connected means any two points in D can be connected via a
curve in D), then:

1. / F - dr'is path independent on D. This means that if v and ¢ are two oriented curves
gl

in D with the same starting and ending points, then the line integrals of F' along ~
and along v are equal.

2. If 7 is a smooth closed curve in D (closed means its end point equals its beginning

point), then /F ~dr' = 0.
v

3. If the components of F' have continuous partial derivatives, then F' respects the Clairaut
Theorem conditions: If F' = (P,Q), then P, = Q,. If ' = (P,Q, R), then P, = Q,,
P.=R;, and Q, = R,,.

Proof: Parts (1) and (2) follow from the Fundamental Theorem of Line Integrals, and
part (3) from Clairaut’s Theorem.

Theorem: If F is a continuous vector field on an open connected region D, then if either
(1) or (2) holds, it follows that F' is conservative on D.

Proof: We'll see this a little later.

Note: (1) <= (2) is not too hard to show, because if v and v are two oriented curves
in D with the same starting and ending points, then 7 followed by —1 (meaning v in the
opposite direction) is a closed curve.

Theorem: If F' is a continuous vector field on an open, simply connected (no holes)
region D in R?, the component functions of F' have continuous partial derivatives, and F
respects the Clairaut Theorem conditions, then F' is conservative on D.

Proof: Deferred until after we have proven Green’s Theorem.

—y "
T2 + y2’ 72 + y2
holes” property is needed. F' respects the Clairaut Theorem conditions on the region on
which it is defined, which is all of R? except the origin. But we know it is not conservative
on that region, since the line integral of ' around the unit circle does not equal zero. The
problem is that the region on which F'is defined has a hole at the origin.

Note: The vector field F(z,y) = < > is an example of why the “no



Kinetic Energy:

ds\ 2
Definition: The kinetic energy of an object of mass m moving at speed d_j is % (d_i) .

Theorem: If F' is the total force acting on an object moving along ~, the work done by
F' is equal to the change in kinetic energy.

Proof: Suppose the object’s path is parametrized by 7(t) for @ < t < b. Then the
object’s acceleration at time ¢ is 7”(t). By Newton’s Second Law, force equals mass times
acceleration, we have

F(r(t)) = mr"(t).
Therefore the work done by F' is

LF-dF:/abF(F(t))-F’(t) dt:/abmf”(t)-F’(t) dt:%/abQF”(t)-F’(t) dt.

We can check (using the dot product rule) that

d —/ —/ =11 =/
- (@) - T(2)) = 207 (E) - 7 ().

Substituting into the equation above gives us

/WF-dF: % /ab % (7'(8) - 7'(1)) dt =

But this is precisely the change in kinetic energy.

t=b
m
2

(7(8) - 7(1))

Theorem: If F' is a conservative force I' = V f with potential energy function —f, and
F' is the only force acting on an object moving along ~, then the net increase in kinetic
energy equals the net decrease in potential energy. That is,

kinetic energy + potential energy = constant.

Proof: By the theorem, since F' is the only force acting, the work done by F' is the net
increase in kinetic energy. By the Fundamental Theorem of Line Integrals, the work done
by F' is also the net increase in f, which is the net decrease in — f, or the net decrease in
potential energy.



Theorem: If F'is a continuous vector field on an open connected region D, and fv F-dr
is path independent on D, then F' is conservative on D.

Proof: We'll do the proof for R?, but it works for any R".
Let (zo,y0) be some point in D. We want to find a function f on D with Vf = F. Since
we can add any constant we want without changing the gradient, we can specify that we

want f(zo,yo) = 0.
Suppose (z,y) is another point in D, and 7 is a smooth curve in D from (¢, yo) to (z,y).

From the Fundamental Theorem of Line Integrals, we know that

/mw: /Vf~dF= F(x,y) — o) = f(z ).

This tells us what f must be.

Define a function f on D by
flz,y) = /F - dr’ where 7 goes from (xg, ) to (z,y) in D.
v

Because the line integral gives the same value no matter what path we pick, it makes sense
to define a function this way. We need to show that Vf = F.

Suppose F(z,y) = (P(x,y),Q(x,y)). We will show that f,(z,y) = P(z,y). The proof
that f,(z,y) = Q(x,y) is the same.

fe(z,y) :}Lig(l)f(qﬁLhay})L—f(%y).

Let v be a path from (zg, yo) to (z,y), and let 1) be the straight line from (z,y) to (z+ h,y).
Then « + % (this means ~y followed by 1) is a path from (xg, o) to (z + h,y), and we have

f(x+h’y)_f(x’y):/v+¢F.dF_/vF.dF:LF.dﬁ



Now to show "
h—0 h

(1 2\
}lg]% (E/deT) = P(z,y).

To compute the line integral in this equation, we parametrize ) by

= P(z,y)

we need to show

(t) = (x +t,y) 0<t<h di' = 7'(t) dt = (1,0) dt.

Then
1 o1t L
— | Fedir=— | (Plx+ty),Q+ty) (1,0)dt=— | Plx+ty)dt.
h " h 0 h 0

If h is very small, then P(zx +t,y) ~ P(z,y) for every t between 0 and h, and so we have

h h
1/0 P(m+t,y)dt%%/g Pz, y) dt:%(hp(a:,y)):P(x,y).

h
lim (2 [ F-dr) = Pla,y)
fmy (7,7 07) = e

This is what we needed to show.

In the limit,



This page is cultural enrichment.

To be more formal about that limit argument:

To show .
i (3 ) -

we need to show that for every e > 0, there is a § < 0, such that whenever |h| <  we have

‘(%/deF) —P(x,y)‘ <e.

Because F' is continuous, we can choose ¢ small enough so that whenever |t| < 0 we have
|P(z +t,y) — P(z,y)| < e. That is to say,

P(z,y) —e < P(x +t,y) < P(z,y) +¢.

Choose ¢ this small. Then whenever |h| < ¢ and ¢ is between 0 and h, so also |t| < J, we
have
P(x,y) —e < P(x+t,y) < P(z,y) +e.

This means we have

h h h
/O(P(x,y)—e>dt</0 P(:v+t,y>dt</0 (P(z,y) +e)dt.

But in the integrals on the left and right we are integrating a constant (not a function of t),
so we can evaluate those integrals.

h(P(x,y) —e) < /Oh Pz +t,y)dt < h(P(x,y) +¢)

(P(x,y) —e) < %/Oh Pz +t,y)dt < (P(x,y)+¢)

(P(z,y) —2) < %/pF-dF< (P(z,y) + <)

‘(%/ﬂdﬁ) —P(x,y)’ <e.

This is what we needed to show.



Warm-up for next time: Suppose D is a Type I region in the plane, given by a < x <b
and g(x) <y < h(x), and P(x,y) is a function on D with continuous partial derivatives.
We look at what happens if we integrate P,(x,y) over D.

//Dpy(x,y)dfl:/ab/g:j)Py(:c,y)dydaz:/ab(P(q;,y))

b b b
/ (P(x,h(z)) — P(x,g(x))dr = / P(z,h(x))dx — / P(z,g(x)) dx.

y=h(z)
dr =

y=g(x)

Now we look at what happens if we integrate F'(z,y) = (P(z,y),0) around the boundary
of D, oriented counterclockwise:

We break up the boundary of D into four pieces.

The bottom edge of the boundary v; is parametrized by 7(t) = (t, g(t)) for a < t < b.
Then 7(t) = (1,¢'(t)) and

b b b
/ Fdi= / (Pt 9(t)).0) - (L g/(t)) dt = / P(t, g(t)) dt = / P(z, g(x)) d.

Another way to do the bottom edge:

/W1 F-df = /71 (P(z,y),0) - (dz, dy) = /71 P(z,y)dr = /abp(x7g(x)) di.

10



Example: In general, if v and v are two different smooth curves starting and ending at
the same points, and F' is a vector field that is not conservative, then

/F-fds#/F-fds.
v P

Show this by evaluating both integrals when + is the portion of the unit circle from (1,0)
counterclockwise to (—1,0), and ¢ is the straight line segment from (1,0) to (—1,0), and

For practice, try evaluating each line integral in three different ways, first by parametriz-

ing the curve and evaluating the line integral as / F' - dr, second by evaluating separately
both pieces of the line integral in the form / Pdx + Qdy, and third by figuring out what

F - T is on the curve and using that to evaluate the line integral as / F-Tds.

11



Example: A force field is given by

F(z,y,2) = (y,2z,y)

and v is the intersection of the surfaces y = 2% and z = 3.

Show that F' is not conservative.
Find the work done by F' on an object that moves along ~ from (0,0,0) to (1,1,1).

12



