NAME: GRADE:

Math 73/103

Midterm Examination: Measure Theory

1. Let X be a measure space and f : X — R a measurable function. If A > 0 is a
real number, define f4 by

“A if f(z) < —A
falz) = {

<_
flz) i |f(z)] <A
A iff(z)> A

a. Draw a picture.
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b. Is f4 measurable?



2. Let (X, 9, 1) be a measured space, D a o-algebra contained in 9t and v the re-
striction of y to 9. Assume that f is a non-negative v-measurable function.

a. Prove that f is y-measurable.

b. Compare / fdvand / f dp. Can these integrals differ?
X X



3. Let 9 be the o-algebra on R generated by the singletons.

a. Describe 9.



b. Prove that the function z +— (z, |z|) is measurable from (R, 90) to (R?, M @ IN).

c. Is the diagonal A = {(z,z) : = € R} an element of Mt @ M?



4. Let (X, 9N, 1) be a measured space such that ;(X) < co. Letg : C — Cbe a
continuous function and assume the existence of constants A, B > 0 such that

9(2)| < Alz| + B

forall z € C.
a. Letv € ZY(X,9M, ). Prove that gov € L1 (X, M, ).

For u € L'(X,9M, 1), denote by G(u) the class in L' (X, 90, 1) of g o v, where v € u.
b. Verify that G(u) is well-defined, that is, it does not depend on the choice of v.



c. Let {u, },>1 be a sequence in L'(X, 9, 11). Suppose that u,, ==+ u and all the sets
By={reX : ul@) > va}

have measure 0. Prove that G(u,,) LINe (u).

d. (Optional) Prove that G : L'(X, 9, u) — L'(X, 9N, u) is continuous.



5. Let f be a Lebesgue integrable function on R. For a > 0, let f, : x — f(ax).

Express / fa dX in terms of / fdA.
R R



6. Let p be the premeasure defined on the algebra A = {0, [1,2], [1,2]°, R} by

p([L,2))=1 and  p([1,2]°) = +oo.

a. Determine the outer measure p* induced by p.

b. Describe the p*-measurable subsets of R.



[EXTRA SPACE - p.1]



[EXTRA SPACE - p.2]



