
Math 101 Fall 2013

Homework #5

Due Wednesday October 30, 2013

1. Show that if G/Z(G) is cyclic, then G is abelian. (This completes our characterization of
groups of order p2 from lecture.)

ANS: Let q : G → G/Z(G) be the quotient map and let q(x) be a generator for G/Z(G). Let y
and x be elements of G. Then q(y) = q(x)n and q(z) = q(x)m. It follows that y = xna and z = xmb
for a, b ∈ Z(G). But then

yz = xnaymb = xn+mab = xmxnba = xmbxna = zy.

Since x and y were arbitrary, G is commutative.

2. Let G be the alternating group A4 on four letters.

(a) Show that if G has a subgroup of order 6, then that subgroup would be normal.

(b) Conclude that if H is a subgroup of order 6, then H contains every element of order 3.

(c) Notice that A4 has at least 8 elements of order 3.

(d) Conclude that A4 has no subgroup of order 6 even though 6 | |A4|. Hence the converse
of Lagrange’s Theorem is not true.

ANS: (a) If |H| = 6, then [G : H] = 2 and H ⊳ G.
(b) With H as above, G/H is Z2 and a2 ∈ H for all a ∈ G. But if |x| = 3, then x = x4 =

(x2)2 ∈ H.
(c) As counted in class, S4 has eight distinct 3-cycles, and of course, each of these has order 3

and is even. Hence A4 has eight elements of order 3.
(d) Since any subgroup of order 6 in A4 would have to have at least eight elements . . . .

3. Let D8 = {1, r, r2, r3, s, sr, sr2, sr3} be the dihedral group (of symmetries of the square)
so that rs = sr−1. Observe that

〈s〉 ⊳ 〈s, r2〉 ⊳ D8,

but 〈s〉 ⋪ D8.

ANS: Since r2s = sr−2 = sr2, note that 〈s, r2〉 = {1, r2, s, sr2}. Hence |〈s, r2〉| = 4. Thus both
subgroups have index 2 and must be normal. But rsr−1 = sr−2 = sr2, so 〈s〉 is not normal in D8.
Remark: Note that 〈s〉 can’t be characteristic in 〈s, r2〉.
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4. Suppose that Z(G) has index n in G. Then prove that every conjugacy class has at most
n elements.

ANS: Let x ∈ G and let Ox be its conjugacy class. We have

|Ox| = [G : CG(x)].

But Z(G) < CG(x) and n = [G : Z(G)] = [G : CG(x)][CG(x) : Z(G)]. Hence |Ox| ≤ n as claimed.

5. Prove that if n ≥ 3, then Z(Sn) = {1}.

ANS: Let σ ∈ Sn \ {1}. Say σ(i) = j 6= i. Since n ≥ 3, we can find k be different from both i
and j. Then τ = (j, k)σ(j, k) is comjugate to σ and τ(i) = k 6= j so τ 6= σ. Thus σ /∈ Z(G). Hence
Z(G) = {1}.

6. Let |A| > 1 and let G be a subgroup of SA that acts transitively on A. Show that there
is a σ ∈ G such that σ(a) 6= a for all a ∈ A. (One says σ is fixed point free.)

ANS: Let a ∈ A and let Ga = {σ ∈ G : σ(a) = a }. If G ·a is the orbit of a, then |G ·a| = [G,Ga] =
|G|/|Ga|. Since G · a = A, we see that |Ga| = |G|/|A|. Since 1 ∈ Ga for all a, we have
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a = {σ ∈ G : σ(a) 6= a for all a ∈ A }.

That is, σ is fixed point free.
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