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ON BASIC AND BASS QUATERNION ORDERS

SARA CHARI, DANIEL SMERTNIG, AND JOHN VOIGHT

ABSTRACT. A quaternion order O over a Dedekind domain R is Bass if every
R-superorder is Gorenstein, and O is basic if it contains an integrally closed
quadratic R-order. In this article, we show that these conditions are equivalent
in local and global settings: a quaternion order is Bass if and only if it is basic.
In particular, we show that the property of being basic is a local property of
a quaternion order.

1. INTRODUCTION

Orders in quaternion algebras over number fields arise naturally in many contexts
in algebra, number theory, and geometry—for example, in the study of modular
forms and automorphic representations and as endomorphism rings of abelian va-
rieties. In the veritable zoo of quaternion orders, authors have distinguished those
orders having favorable properties, and as a consequence there has been a certain
proliferation of terminology. In this article, we show that two important classes of
orders coincide, tying up a few threads in the literature.

Setup. Let R be a Dedekind domain and let F' be its field of fractions. Let B
be a quaternion algebra over F, and let © C B be an R-order. We say that
O is Gorenstein if its codifferent is an invertible R-lattice in B, or equivalently
Homp (O, R) is projective as a left or right O-module. Gorenstein orders were
studied by Brzezinski [4], and they play a distinguished role in the taxonomy of
quaternion orders—as Bass notes, Gorenstein rings are ubiquitous [2]. Subsequent
to this work, and given the importance of the Gorenstein condition, we say O is
Bass if every R-superorder O’ D O in B is Gorenstein. As Bass himself showed [2],
Bass orders enjoy good structural properties while also being quite general. A Bass
order is Gorenstein, but not always conversely. Being Gorenstein or Bass is a local
property over R, because invertibility is so.

On the other hand, we say that O is basic if there is a (commutative) quadratic
R-algebra S C O such that S is integrally closed in its total quotient ring F'S. Basic
orders were first introduced by Eichler [8] over R = Z (who called them primitive),
and studied more generally by Hijikata—Pizer—Shemanske [12] (among their special
orders), Brzezinski [5], and more recently by Jun [13]. The embedded maximal
quadratic R-algebra S allows one to work explicitly with them, since a basic order
O is locally free over S of rank 2: for example, this facilitates the computation of
the relevant quantities that arise in the trace formula [11]. Locally, basic orders
also appear frequently: local Eichler orders are those that contain R x R, and local
Pizer (residually inert) orders [14, §2] are those orders in a division quaternion
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algebra that contain the valuation ring of an unramified quadratic extension. It is
not immediate from the definition that being basic is a local property.

Results. The main result of this article is to show these two notions of Bass and
basic coincide, in both local and global settings. We first consider the local case.

Theorem 1.1. Let R be a discrete valuation ring (DVR) and let O be a quaternion
R-order. Then O is Bass if and only if O is basic.

Theorem 1.1 was proven by Brzezinski [5, Proposition 1.11] when R is a com-
plete DVR with char R # 2 and perfect residue field; the proof relies on a lengthy
(but exhaustive) classification of Bass orders. Here, we present two essentially
self-contained proofs that are uniform in the characteristic, one involving the ma-
nipulation of ternary quadratic forms and the second exploiting the structure of
the radical.

Next, we turn to the global case.

Theorem 1.2. Let R be a Dedekind domain whose field of fractions is a number
field, and let O be a quaternion R-order. The following statements hold.

a) O is basic if and only if the localization O,y is basic for all primes p of R.
(»)
(b) O is Bass if and only if O is basic.

In fact, we show that if O is Bass (equivalently, basic), then O contains infinitely
many nonisomorphic quadratic R-algebras S and moreover they can be taken to
be free as R-modules (Corollary 7.6). Theorem 1.2(b) over R = Z was proven by
Eichler [8, Satz 8] using a somewhat different method.

We also prove the conclusions of Theorem 1.2 in a large number of cases in
which R is a Dedekind domain whose field of fractions is a global function field: see
Theorem 7.5. (We lack in the function field case a sufficiently general local-global
result on representations by ternary quadratic forms, see section 6.)

Returning to the local situation, if R is a DVR then several equivalent charac-
terizations of Bass orders are known [17, Proposition 24.5.3] and this list is further
extended by our results. For the reader’s convenience we give a comprehensive list.

Corollary 1.3. Let R be a DVR with maximal ideal p, and let O be a quaternion
R-order. Then the following are equivalent.

(i) O is a Bass order;
(ii) O and the radical idealizer O are Gorenstein;
(iii) The Jacobson radical rad O is generated by two elements (as left, respec-
tively, right ideal);
(iv) O is a basic order;
(v) Every O-ideal is generated by two elements;
(vi) Every O-lattice is isomorphic to a direct sum of O-ideals; and
(vil) O is not of the form O = R+ pI with I an integral R-lattice.

The implications (v)=(i) = (vi) hold more generally [17, Section 24.5]. The
implication (vi) = (v) holds only in specific settings; for quaternion orders it follows
from work of Drozd—Kiricenko—Roiter [7, Proposition 12.1, 12.5]. While we do not
give another proof of this implication, we provide a direct proof for (i) = (v). With
the exception of statement (vi), we therefore give a full proof of the equivalences in
Corollary 1.3.
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Outline. The paper is organized as follows. After introducing some background
in section 2, we prove Theorem 1.1 and Corollary 1.3 in sections 3-4. In the
remaining sections, we prove Theorem 1.2: in section 5 we treat the case when
strong approximation applies, in section 6, we treat definite orders over rings of
integers in a number field, and we conclude the proof in section 7.
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2. BACKGROUND

In this section, we briefly review the necessary background on orders and qua-
dratic forms. For a general reference, see Voight [17].

Properties of quaternion orders. Let R be a Dedekind domain with Frac(R) =
F. Let B be a quaternion algebra over F' and let O C B be an R-order.

Definition 2.1. We say that O is Gorenstein if the codifferent
codiff(0) :={a € B :trd(aO) C R} C B
is invertible, and we say O is Bass if every R-superorder O’ D O is Gorenstein.

For more detail and further references, see Voight [17, Sections 24.2, 24.5]. Being
Gorenstein is a local property—QO is Gorenstein if and only if the localizations
Oy = O ®@r Ry, are Gorenstein for all primes p of R—so it follows that Bass is
also a local property.

Definition 2.2. We say that O is basic if there is a (commutative) quadratic R-
algebra S C O such that S is integrally closed in its total quotient ring F'S.

Remark 2.3. The term primitive is also used (in place of basic), but it is potentially
confusing: we will see below that a primitive ternary quadratic form corresponds
to a Gorenstein order, not a “primitive” order.

Local properties. Now suppose R is a local Dedekind domain, i.e., R is a dis-
crete valuation ring (DVR) with maximal ideal p and residue field x := R/p. The
Jacobson radical of O is the intersection of all maximal left (or equivalently right)
ideals of O. The semisimple k-algebra O/rad O is one of the following [17, 24.3.1]:

O/rad O is a quaternion algebra (equivalently, O is maximal);

O/rad O ~ k x k, and we say that O is residually split (or Eichler);
O/rad O ~ k, and we say that O is residually ramified; or

O/rad O is a separable quadratic field extension of k and we say that O is
residually inert.

The radical idealizer of O is the left order Of := O (rad O).

Ternary quadratic forms. Still with R a DVR, we review the correspondence be-
tween quaternion orders and ternary quadratic forms (see also Voight [17, Chapters
5, 22] and [17, Remark 22.6.20] for a full history).

We define a similarity of two ternary quadratic forms Q: R* - Rand Q": R® - R
to be a pair (f,u), where f: R* — R3 is an R-module isomorphism and v € R* is
such that Q'(f(z)) = uQ(z) for all z € O.
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Proposition 2.4 (Gross—Lucianovic [10]). There is a discriminant-preserving bi-
jection O < Q(O) between quaternion R-orders up to isomorphism and nondegen-
erate ternary quadratic forms over R up to similarity. Moreover, an R-order O is
Gorenstein if and only if the corresponding quadratic form Q(O) is primitive.

We now briefly review the construction of the bijection in Proposition 2.4. Since
Ris a PID, O is free of rank 4 as an O-module. A good basis 1,1, j, k for an R-order
O is an R-basis with a multiplication table of the form

i? = ui — be jk = ai = a(u — 1)
(2.5) §% =wj —ac ki =bj =b(v—j)
k* = wk — ab ij = ck = c(w — k)

with a,b, c,u,v,w € R. Every R-basis of O can be converted to a good basis in a
direct manner. For all z,y,2z € R and o = xi + yj + zk € O, we find

(2.6)

Associated to O and the good basis, we attach the ternary quadratic form
Q: R? — R defined by
(2.7) Q(x,y,2) = ax® + by* + c2* + uyz + vaz + wry € Rz, y, 2].
The similarity class of @ is well-defined on the isomorphism class of O. Conversely,
given a nondegenerate ternary quadratic form Q: R? — R, we associate to Q its
even Clifford algebra @ = CIf(Q), which is a quaternion R-order. A change of

good basis of O induces a corresponding change of basis of @), and conversely every
such change of basis of () arises from a change of good basis of O.

trd(a) = vz + vy + wz
nrd(a) = bex® 4 acy® + abz® + (uv — cw)zy + (uw — bv)zz + (vw — au)yz

3. LOCALLY BASS ORDERS ARE BASIC

In this section, we give our first proof of Theorem 1.1. To this end, in this section
and the next let R be a DVR with fraction field F' := Frac(R) and maximal ideal
p=nR. For z,y € R, we write 7 | x,y for 7 | z and 7 | y.

Let B be a quaternion algebra over F' and O C B an R-order. According to the
following remark, we could work equivalently in the completion of R.

Remark 3.1. The order O is basic (or Bass) if and only if its completion is basic
(or Bass). Indeed, invertibility and maximality can be checked in the completion.

We choose a good R-basis 1,1, j, k for O and let @ be the ternary quadratic form
over R associated to O with respect to this basis, as in (2.7).

Lemma 3.2. The order O is not basic if and only if for every a € O there exists
r € R such that 7 | trd(a — r) and 72 | nrd(a — 1).

Proof. Let o € O and consider the R-algebra R[a] = R + Ra. Then R[a] fails to
be integrally closed if and only if there exists 8 € F|a], integral over R, such that
B ¢ Rla]; this holds if and only if there exists r € R such that 8 = 7~} (a — 1) is
integral over R, which is equivalent to trd(8) = 7~ trd(a — ) € R and nrd(3) =
7 2nrd(a — r) € R, as claimed. O

A slight reformulation gives a local version of the result of Eichler [8, Satz 8§].
Recall that a semi-order I C B is an integral R-lattice with 1 € I [17, Section 16.6].
Basic semi-orders are defined analogously to basic orders.
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Lemma 3.3. A semi-order I is not basic if and only if it is of the form [ = R+pJ
with J C B an integral R-lattice.

Proof. As in the previous lemma, if I = R+ pJ, then I is not basic. Conversely, if
I is not basic, each a € I is of the form o« — r = w3 with an integral 5. Take J to
be the R-lattice generated by all these 3. O

As an application of Lemma 3.2, we prove one implication in Theorem 1.1.
Proposition 3.4. If O is basic, then O is Bass.

Proof. Suppose O is basic. Then every R-superorder @' D O is also basic. So
to show that O is Bass, we may show that O is Gorenstein. To do so, we prove
the contrapositive. Suppose that O is not Gorenstein. Then the quadratic form @
associated to O has all coefficients a, b, ¢, u, v, w € p. From (2.6), we see that for all
a = xi+yj+ zk € O we have 7 | trd(«) and 7% | nrd(«). Therefore O is not basic
by Lemma 3.2. O

Lemma 3.5. If O is mazimal, residually inert, or residually split, then O is basic
and Bass.

Proof. By the previous proposition it suffices to show that O is basic. In each case,
O/rad O contains a separable quadratic algebra over R/p which lifts to a valuation
ring in O. See also Voight [17, 24.5.2; Proposition 24.5.5]. O

Remark 3.6. It is not always possible to embed an integrally closed quadratic order
that is a domain into a residually split (Eichler) order; this justifies the (more
general) definition of basic orders allowing nondomains such as R x R.

Lemma 3.7. Suppose O is Gorenstein with associated quadratic form Q in a good
basis as in (2.7) and that O is not basic. Then the following statements hold.

(a) If |2 in R, then | u,v,w.

(b) Suppose that | u,v,w. Let s € {a,b,c} and suppose m | s. Then 7* | s.

Proof. For (a), to show that 7 | u, by Lemma 3.2 there exists » € R such that
7 | trd(i — r) = u — 2r; since 7 | 2, we have 7 | w. Similarly, arguing with j, k we
have 7 | v,w. For (b), without loss of generality we suppose s = a and b € R*. By
Lemma 3.2,

(3.8) 7% | nrd(k — r) = nrd(k) — rtrd(k) + 72 = ab — rw + r°.
But 7 | a,w, so 7 | r2. Thus 7 | 7, so 72 | rw,r?, so w2 | ab; since b € R*, we get

72 | a. O

Lemma 3.9. Suppose O is Gorenstein, not basic, and residually ramified. Then

there exists a good basis of O such that the associated quadratic form is given by
Q(x,y,2) = az® + by® + c2* + uyz + way,

with 7 | u,w and 72 | ¢ and one of the following conditions holds:

(i) a € R* and ©* | b; or
(i) 72 | a and b € R* and w = 0.

Proof. As explained in section 2, a change of good basis of O corresponds to a
change of basis for ), so we work with the latter. By a standard “normal form”
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argument (see e.g. Voight [16, Proposition 3.10]), there exists a basis ej1, 12, €13
such that @ becomes

(3.10) Qi(z,y,2) = a2 + biy® + c12* + uryz

with a1,b1,¢1,u; € R and not all in p, and uy = 0if 2 € R*. Let 1,41, j1, k1 be the
corresponding good basis for O.

We modify this basis further to obtain the desired divisibility, as follows. First,
suppose that 2 € R*. Then u; = 0. Swapping basis vectors, we obtain the diagonal
quadratic form Qo(z,y, 2) = asx?® + boy? + c22? with ay € RX. If by € R*, then
k € O satisfies k? = —agby € R* so O is not residually ramified, a contradiction,
so we must have 7 | by and by symmetry 7 | co. By Lemma 3.7, we get 72 | by, ca,
and we are in case (i) (which becomes case (ii) after a basis swap).

Second, suppose that 2 ¢ R*, so 7 | 2. By Lemma 3.7(a), we have 7 | uy. If
7 | ¢1, we keep the basis unchanged and pass all subscripts 1 to 2. If 7 | by, we
take ea1, €99, €23 1= €11, €13, €12 (swapping second and third basis elements); in this
basis, we obtain the quadratic form

(3.11) Q2(x,y,2) = asx?® + bay? + 222 + uoyz

with as = ay, bs = ¢1, o = by, and uy = wy, with 7 | ¢o. Otherwise, suppose
bi,c1 € R*. Since O is residually ramified, we have O/rad O ~ R/p. Moreover
i? = uyi; — byer. Reducing modulo p, we conclude that —bic; € (R/p)*2, so there
exists s; € R such that s? = fclbl_l (mod p). We take the new basis ea1, ea2, €23 :=
€11, €12, €13 + s1e12. In this basis, we obtain (3.11) where now

as = ay, by = by, co =1 + s1uq —&—s%bh and us = uy + 2s1b;.

Since 7 | up and 7 | (c1 + s2b1), we have 7 | co. In all cases, we have 7 | ca. By
Lemma 3.7, we immediately upgrade to 72 | co. Finally, since O is Gorenstein,
either 7 | az and then by € R* and 72 | az as in case (ii), or we have az € R*.

To finish, we suppose that ay; € R* and we make one final change of basis
to get us into case (i). As in the previous paragraph, we have k3 = —asbs, so
there exists s, € R such that s3 = —bya; ' (mod p). We take the new basis
€31, €32, €33 1= €21, €22 + S2€91, €23, giving the quadratic form Q3(z,y,z) = asx? +
b3y? + c322 + usyz + waxy and

az = ag, b3 = by + agsg, c3 = Co, U3z = Uz, and w3 = 2aS3.
Now 7 | b3 by construction, and 7 | uz, w3 so 72 | b3 and we get to case (i). O
We now prove Theorem 1.1.
Theorem 3.12. The order O is Bass if and only if O is basic.

Proof. We proved (<) in Proposition 3.4. We prove (=) by the contrapositive: we
suppose that O is not basic and show O is not Bass by exhibiting a R-superorder
O’ D O that is not Gorenstein. If O is not Gorenstein then it is not Bass, so we
are done. Suppose then that O is Gorenstein. By Lemma 3.5, we must have O
residually ramified. Then by Lemma 3.9, there exists a good basis for O such that
the corresponding quadratic form satisfies either (i) or (ii) from that lemma.

We begin with case (i). We first claim that 72 | u. By Lemma 3.2, there exists 7
such that 72 | nrd(j +k —7) = ac+ab—au—rw—+r?; since 7 | b, ¢, u, w we conclude
7 | r; then 72 | b, c,r?, rw implies 72 | au, and since a € R* we get w2 | u. This
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gives us a (minimal) non-Gorenstein superorder, as follows. Let i’ := 7~ %i and let
O := R+ Ri'’ + Rj + Rk. Then O’ O O and O’ has the following multiplication
table, with coefficients

a:=ma, b =771, ¢ =1 lc,u =17, W = w
in R:
(i")? =77 (ui — be) = u'i’ — ' jk=ai=d"i
(3.13) §? = —ac= —d'd ki' =7 5 =b7
k* = wk —ab=w'k — 'V’ i'j=n"tck = k.

Thus O’ is an R-order with Q'(x,y,2) = a’2? + V'y? + /22 + v/yz + w'zy, all of
whose coefficients are divisible by m. We conclude O’ is not Gorenstein and so O
is not Bass.

Case (ii) follows similarly, taking instead j' := 7~1j and O’ := R+ Ri+ Rj’ + Rk,
with associated quadratic form Q'(x,y,z) = a’z? + V'y? + /2% + u/yz satisfying
a =n"ta, ¥ =7b, ¢ =71 te, v = u, all of which are divisible by . O

Remark 3.14. If O is a Gorenstein order that is neither residually split nor max-
imal, the radical idealizer O% = Op(rad ©) = Og(rad O) is the unique minimal
superorder by [17, Proposition 24.4.12]. In the previous proof [0’ : O], = p, and
hence necessarily 0% = O'. We have therefore proved that if @ and O are both
Gorenstein, then O is basic. We return to this in the next section.

Remark 3.15. When 2 € R*, the argument for Theorem 1.1 is quite simple [17,
Proposition 24.5.8]: diagonalizing up to similarity, the ternary quadratic form as-
sociated to a Gorenstein order O is x2 + by? + c2? with v(b) < v(c), and O is Bass
if and only if v(b) < 1.

4. A SECOND PROOF FOR LOCAL BASS ORDERS BEING BASIC

In this section, we given a second proof of (the hard direction of) Theorem 1.1.
We retain our notation from the previous section; in particular R is a discrete
valuation ring with maximal ideal p = 7 R.

By classification, we see that a quaternion R-order O is a local ring (has a unique
maximal left [right] ideal, necessarily equal to its Jacobson radical rad O) if and
only if O is neither maximal nor residually split.

Lemma 4.1. Suppose that O is a local ring. Let a € rad O. Then the following
statements hold.

(a) We have 7 | trd(a),nrd(a) and o? € pO.

(b) If O is not basic, then 7% | nrd(a) and o® € prad O.

Proof. Since O/pO is Artinian, (rad O)/pO is nilpotent, so there exists r € Zx>4
such that " =0 (mod pO). Thus the image of « in the R/p-algebra has reduced
characteristic polynomial 22, so a? € pO and trd(a),nrd(a) = 0 (mod p), proving
(a). Since « satisfies its reduced characteristic polynomial f(z) = 2% — trd(a)z +
nrd(a) € Rlx], if 72 { nrd(a), then f(x) is an Eisenstein polynomial so R[a] is
a DVR and in particular integrally closed, contradicting that O is not basic and
proving the first part of (b). Finally, nrd(a) € p? C prad O so o? = trd(a)a —
nrd(a) € prad O. O
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Lemma 4.2. Let A be a local Artinian R-algebra with R/p ~ A/rad A via R — A.
If y1, ..., yn generate rad A as ideal of A, then they generate A as R-algebra.

Proof. Let J = rad A. Since A is Artinian, there exists m > 0 with J™ = 0.
For I € [1,m], let Z; = {yp, Yy, : V1,...,4 € 1,...,n}. Since R/p ~ A/J
is commutative, it is easily seen that Z; generates J'/J!*! as R/p-module. Using
ADJD--- D J™ =0, wesee that {1}UZ,U---UZ; generates A as R-module. O

Theorem 4.3. Let O be a residually ramified Bass R-order and suppose that rad O
is generated by two elements as left [right] ideal. Then O is basic.

Proof. Let J =rad O, and let oy, as generate J as left ideal (the other case being
symmetric). Their images generate J/J? over O/J ~ R/p, so dimp,, J/J* < 2.

Suppose to the contrary that O is not basic. Observe 7J C J2 since 7O C J.
Lemma 4.1 implies o?, a3, (a1 + a2)? € 7J. Thus 0 = (a1 + a2)? = ajas + azay
(mod 7J). By Lemma 4.2 the elements oy + 7J, ag + mJ generate O/nJ as R-
algebra. Since they anticommute, we see that they are normal elements in O/mJ.
It follows that J?/mJ is generated by ajas + 7J as O/rJ-module.

Again using that oy + 7J and as + 7J anticommute, we have a1 (a1as) =0 =
az(ayag) (mod 7J). This implies that J2/7.J is in fact generated by ajag +mJ as
O/J-module, and hence as R/p-vector space.

Let A(M) be the length of an O-module M. Since dimpg/, J/J? < 2 we have
AO/J?) < 3. Because O is residually ramified and J/7O ~ wJ/7?0 we find
A J/m20) = 3. Now

(4.4) 8 = AMO/120) = NO/nJ) + AN(rJ/7*0O) = N(O/nJ) + 3
yields A\(O/nJ) = 5. But A\(J?/nJ) =1 gives A(O/J?) = 4, a contradiction. O

The previous theorem together with the characterization of Bass orders [17,
Proposition 24.5.3] implies that every (residually ramified) Bass order is basic.
Alternatively, it is easy to see directly that the assumption of Theorem 4.3 holds
for Bass orders, as the next proposition shows.

Proposition 4.5. If O and O° are Gorenstein R-orders, then rad O is generated
by two elements (as a left, respectively, right O-ideal).

Proof. It O is hereditary, then rad O is principal [17, Main Theorems 21.1.4 and
16.6.1]. If O is Eichler, it is easily seen from an explicit description of O that rad O
is generated by two elements [17, 23.4.15]. We thus suppose that O is a local ring.

Let J = rad O. Then O% = (JO#)# with O% = Oa for some o € B* [17, Propo-
sition 24.4.12). (using that O is Gorenstein). Since JO¥ is the unique maximal
left [right] O-submodule of O# by the proof of the same proposition, dualizing im-
plies that there is no right [left] O-module properly between O and O [17, Section
15.5]. Hence 0%/O is a cyclic right [left] O-module. So 0% = O + O = O + Op'
with 3, 8’ € OF. Since OF is also Gorenstein and Oy (.J) = OF, the ideal J is in-
vertible and hence principal [17, Proposition 24.2.3 and Main Theorem 16.6.1]. So
J =~0% = Oy, Altogether J = vO +vB0 = O« + O~'3'. O

We now characterize local Bass orders.

Proof of Corollary 1.3. (i) = (ii) by definition; (ii) = (iii) is Proposition 4.5; (iii) =
(iv) by Theorem 4.3 for residually ramified orders, in any other case O is basic
without any assumption on rad O by Lemma 3.5. Propositon 3.4 shows (iv) = (i).
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(iv)= (v): Let S be a maximal order of a F-quadratic algebra contained in O.
Any O-ideal I is an S-lattice of rank 2. Since S is local, I is a free S-lattice of rank
two. Thus I is generated by two elements over S and also over O (as left or right
ideal). (v)=-(iii) is trivial.

(i) < (vi) holds [17, Proposition 24.5.3]. The implications (v) = (i) = (vi) hold
in large generality, whereas (vi) = (v) for quaternion orders is a result of Drozd—
Kiricenko—Roiter. Finally, (iv) < (vii) follows from Lemma 3.3. O

5. BASIC ORDERS UNDER STRONG APPROXIMATION

In this section, we prove Theorem 1.2 when strong approximation applies. We
start by showing that basic is a local property, i.e., an R-order O is basic if and
only if its localization at every nonzero prime p of R is basic.

Setup. Moving now from the local to the global setting, we use the following
notation. Let I be a global field and let R = Ry € F be the ring of T-integers for
a nonempty finite set T of places of F' containing the archimedean places. Let B
be a quaternion algebra over F', and let O C B be an R-order. For a prime p C R,
define the normalized valuation v, with valuation ring R,y C F, and similarly
define O(p) =0 Qg R(p) C B.

Building global quadratic orders. Using discriminants, we combine local (em-
bedded) quadratic orders to construct a candidate global quadratic order which we
may try to embed in O. Recall that free quadratic R-orders are, via the discrimi-
nant, in bijection with elements d € R/R*? that are squares in R/4R.

Lemma 5.1. Suppose that Oy, is basic for all p. Then there exist infinitely many
d € R/R*2, corresponding to integrally closed quadratic R-orders S (up to isomor-
phism), such that S,y embeds in O.

Proof. For each p, let S(p) be an integrally closed quadratic Ry)-order in O, and
let d(p) := disc(S(p)). For each p | discrd(O), let e, := v,(d(p)). If p 1 2R, then
ep < 1 by maximality of S(p). Define

0:= H per.
p|discrd(O)
By the Chebotarev density theorem applied to the Hilbert class field of F', there

exist infinitely many prime ideals ¢ C R such that gt 2discrd(O) and 9q = d'R is
principal. Let

1 if 2R;
(5.2) ty =14 ifpf 28
max{2v,(2) + 1,e,}, ifp|2R

and let
(5.3) n:= H ple.
p|2 discrd(O)

By the Chinese Remainder Theorem, there is an element a € R such that a =
d(p)(d’)~! (mod p?») for each p | 2discrd(O). By the Chebotarev density theorem
applied to the ray class field of F' of conductor n, there exist infinitely many prime
elements m € R such that 7 = a (mod n).

Define d := d'm, so dR = dqm. Then for p | 2discrd(O), we have d = u,d(p),
where uy, = d'rd(p)~' = 1 (mod n). Because 4 | n, the element d is a square in
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R/4AR. Let S be the (free) quadratic R-order of discriminant d. Then S,y ~ S(p)
for p | 2discrd(0O), which is integrally closed. For p { 2discrd(O), we have S,y —
O(p) = Ma(R(p)), and S, is integrally closed because vy(d) < 1. Therefore, S,
is integrally closed for each prime p, so S is integrally closed. Since there were
infinitely many choices for primes q and 7, the same is true for S. ]

Selectivity conditions. We must now show that we can choose S in Lemma 5.1
such that S < O. To reach this conclusion, we now invoke the hypothesis that B
is T-indefinite, so that strong approximation [17, Chapter 28] applies.

Lemma 5.4. Suppose that B is T-indefinite. Then for all but finitely many inte-
grally closed quadratic R-orders S we have S — O if and only if Sy — Oy for
all primes p of R.

Proof. Let £ be the set of integrally closed quadratic orders S (up to isomorphism)
such that S,y — Oy for all p. We refer to Voight [17, Main Theorem 31.1.7]: under
the hypothesis that B is T-indefinite, there exists a finite extension L := Hgn (o) 2
F with the property that S € . embeds in O whenever K := Frac(S) is not a
subfield of L. As there are only finitely many subfields K C L, only finitely many
S € £ will not embed in O. O

Lemma 5.5. Suppose that B is T-indefinite, and suppose Oy is basic for every
prime p of R. Then O contains infinitely many nonisomorphic integrally closed
quadratic R-orders.

Proof. Suppose that O, is basic for every prime p of R. Then, O, contains a
maximal commutative R)-order for every prime p. By Lemma 5.1, there exist
infinitely many d € R/R*? such that the corresponding quadratic order Sy is
integrally closed and (Sg)) < Oy for all p. For all but finitely many such
choices of d, we have an embedding Sy — O. (]

Proof of theorem. With these lemmas in hand, we now prove Theorem 1.2 under
the hypothesis that B is T-indefinite and #7T < oc.

Proof of Theorem 1.2, B is T-indefinite and #T < oo. First, part (a). If O, is
basic for every prime p of R, then O contains an integrally closed quadratic R-order
by Lemma 5.5. Conversely, if O is basic, then it contains a maximal commutative
R-order S. Then, the localization S(,) := S ® R(y) at every prime p is a maximal
Ryy-order in O,y by the local-global dictionary for lattices, so Oy is basic for
every prime p of R. Being Bass is a local property, and local orders are basic if and
only if they are Bass by Theorem 3.12, so (b) follows from (a). O

This proof gives in fact a bit more.

Corollary 5.6. Suppose that B is T-indefinite. If O is basic, then O contains
infinitely many nonisomorphic integrally closed quadratic R-orders.

Proof. Combine Theorem 1.2(a) with Lemma 5.5. O

6. BASIC ORDERS AND DEFINITE TERNARY THETA SERIES

In this section, we finish the proof of Theorem 1.2 in the remaining case of a
T-definite quaternion algebra under some hypotheses. For this purpose, we replace
the application of strong approximation with a statement on representations of
ternary quadratic forms.
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Ternary representations. As above, let I be a global field, let T be a nonempty
finite set of places of F' containing the archimedean places, and let R = Ry C F'
be the ring of T-integers in F. For nonzero a € R, we write N(a) := #(R/aR) for
the absolute norm of a.

Conjecture 6.1 (Ternary representation). Let Q: M — R be a nondegenerate
ternary quadratic form over R = Ry such that Q. is anisotropic for allv € T.
Then there exists cg € Rsq such that every squarefree a € R with N(a) > c¢g is
represented by Q if and only if a is represented by the completion @, for all places
v of F.

For further reading, see Schulze-Pillot [15] and Cogdell [6]. We now present
results in the cases where the conjecture holds.

Theorem 6.2 (Blomer-Harcos). When F is a number field, the ternary represen-
tation conjecture (Congjecture 6.1) holds for T = {v : v | oo} the set of archimedean
places with an ineffective constant cq.

Proof. This is almost the statement given by Blomer—Harcos [3, Corollary 2], but
where it is assumed that @) is positive definite: we recover the result for () definite
by multiplying @ by two different prime elements with appropriate signs. ([l

Remark 6.3. Using Theorem 6.2, one can show that Conjecture 6.1 holds for all
(finite sets) T', but we do not need this result in what follows.

In the case where F' is a function field, we know of the following partial result.

Theorem 6.4 (Altug-Tsimerman [1, Corollary 1.1]). The ternary representation
conjecture holds with an effective constant cg when F = Fp(t) and p =1 (mod 4)
and T = {oo}.

Discriminants. Define the discriminant quadratic form on O by
disc: O - R

a — trd(a)? — 4nrd(a).
We define similarly discp: O,) — Ry for each prime p.

(6.5)

Lemma 6.6. Let p C R be prime with S(p) = Rp)[ap] an integrally closed qua-
dratic order. Let f € Z>q be such that p?/ | discy(ay). Then there exists a submod-
ule M C O such that
(i) disc(B) € p?/ for all B € M;
(ii) Mgy = Oq) for q # p; and
(iii) S(p) € My).

Proof. First, we have that O, contains S(p), which is necessarily integrally closed.
Then, O,y ~ S(p)+S(p)v is an S(p)-module. Moreover, pR(,) = 7R ) is principal.
Define M (p) := S(p) + S(p)w/v. For any 3 € M(p), we have disc(ﬂ) € p*' Ry,

Then, we define M := M(p) N O C O. Since (7! R,y N R)q) = R(q) for all q # p,
we have M(q) = O(q), and (M (p)) ) = M(p). Also, S(p) € M(p), so in particular,
we have S(p) C M. O

Lemma 6.7. Suppose Oy, is basic for all primes p. Then there exists an R-lattice
M C O, a totally negative a € R, and for every prime p elements a, € My, such
that Ry [ay] is integrally closed and the following conditions hold:
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(i) a=tdisc|ar: M — R is a positive definite quadratic form;
(i) (a~'discp)(ayp) € Ry is squarefree for every prime p; and

(ili) disc(ay) € RE;) for all but finitely many p.

Proof. For p | 2R, let o, € O, be such that vy(ay) is minimal and let f, be the
largest integer such that p2/» | discy(«y,). Similarly, for p | 2R, let M®) C O be as
in Lemma 6.6 with disc(3) € p2/» Ry for all 8 € M®) . Define

b:= H p2f".

pI2R

By the Chebotarev density theorem applied to the narrow class field, there exists
a prime q 1 2discrd(O) such that bqg = aR is principal and « is totally negative.
Since q { discrd(0), we have O() =~ Ma(R(q)), so there exists aq € O, with
vq(disc(aq)) = 1. Let ¢ be a uniformizer for R(q), define M(q) € O(q to be the
Rq)-suborder with basis

(-6 5)-G o6 )

all of whose discriminants are divisible by g. Define M(®) := M(q) N O. Then
disc(M @) C q. We also have that (M (), ~ O(py for all p # q since O C M@,

For the remaining primes p { 2aR, let o, € O, be such that vy (a,) is minimal
and let M®) := ©. Define

M=\ MP.
p

By construction we have oy, € My for all p. Checking locally we have a | disc(3)
for all # € M. We also have that My, = M® for all p | aR and M) = O, for
all pf aR. Now, a~!disc|pr: M — R is positive definite (because disc was negative
definite and a was totally negative), so (i) holds.

To conclude, we check (ii) and (iii). Let e, = vp(a™" discp(ay)) for a prime p. If
p | 2R, then p | b so e, <1 by construction (we removed the square part). If p = q,
by construction eq = 0. Otherwise, since Oy, is basic and p { 2aR, we have e, < 1.
In particular, e, = 0 for all but finitely many p, so (iii) holds. O

We give a final lemma before proving the theorem.

Lemma 6.8. Suppose B is T-definite and that Conjecture 6.1 holds over R. Let
O C B an R-order such that Oy is basic for every prime p of R. Then O contains
infinitely many nonisomorphic integrally closed free quadratic R-orders.

Proof. By Lemma 6.7, we obtain the following: an R-lattice M C O, a totally
negative a € R, and for every prime p elements a, € M, such that R, [ay] is
integrally closed and the conditions (i)—(iii) hold.

For each p, let d, := disc(ay) and ey := vy(dy). Define 2 := [[, p. Note that if
p° | aR then p° | dp, so p° | 0. Therefore, aR | 0.

By the Chebotarev density theorem applied to the narrow Hilbert class field,
there exists a prime ¢ 1 20 such that 99 = mR is principal and m is totally negative.
In particular, a | m. Define ¢, asin (5.2) and n as in (5.3). Applying the Chebotarev
density theorem again, this time to the ray class field with conductor n, there exist
totally positive prime elements 7 + m with arbitrarily large absolute norm such that
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m =m 'dy (mod p'*) for all p | 20. Let d := mm. Then a~'d is totally positive
and squarefree by construction, and there are infinitely many such choices.

Let d be such a discriminant. We claim that d is locally represented by disc |-
Indeed, we have a, € M) for all p by construction. For p # q,7R, we have
d=u3d, € R(Xp) for some u, € R(Xp)7 so discy (upay) = d € R(p)/R(Xf). Forp = q,7R,
we have p t 2discrd(0), so M,y = Oy =~ Ma(Ryy), so discy: Oy — Ry is
surjective; in particular disc, represents d.

Therefore a~'d is locally represented by a~! disc |ar. Therefore, if the conclusion
of Conjecture 6.1 holds, taking d to be of sufficiently large norm, there is an element
a € M C O with a~ ! disc(a) = a~d, so disc(a) = d.

Finally, let Sq := R[a] € O. For p | discrd(O), we have that (Sq) ) = R(p)la] =
Rpy[oy] is maximal in its field of fractions by construction. For p { discrd(O),
we have v, (d) < 1, so again (Sq)p) = R[] is maximal in its field of fractions.
Therefore, S; is maximal in its field of fractions and so O is basic. O

We now prove Theorem 1.2 in the definite case for R the ring of integers of a
number field.

Proof of Theorem 1.2, B definite, R the ring of integers of a number field. For part
(a), if Oy is basic for every prime p of R, then O contains an integrally closed
quadratic R-order by Lemma 6.8 using Theorem 6.2. The converse is exactly as in
the proof of Theorem 1.2 in the indefinite case, as given in Section 5.

Being Bass is a local property, and local orders are basic if and only if they are
Bass by Theorem 3.12, so (b) follows from (a). O

Corollary 6.9. Suppose that B is T-definite and let O C B be an R-order. If O
is basic, then O contains infinitely many nonisomorphic integrally closed quadratic
R-orders.

Proof. Combine Theorem 1.2 in the definite case with Lemma 6.8. (]

7. LOCALIZATIONS

We conclude the proof of Theorem 1.2 by deducing the basic property of an
order over a Dedekind domain from that of its localizations. Throughout, let R be
a Dedekind domain with F' = Frac R and let O be a quaternion R-order.

Lemma 7.1. Let R’ C R be Dedekind domains such that F := Frac(R) = Frac(R')
s a global field. Let O be an R-order. Then there is an R'-order O' C O such that
O=0R and

. Ozp) = Oy for every prime p of R" with pR # R,

° Ozp) is a maximal order for every prime p of R’ with pR = R.
In particular, if O Bass, then O’ is Bass.

Proof. Since R and R’ are necessarily overrings of a global ring, their class groups
are finite. It follows that there exists a multiplicative set S C R’ such that R =

SR’ [9, Theorem 5.5]. Let vy, ..., oy, be generators for the R-module O. There
exists (a common denominator) d € S such that

(7.2) dojoj € Rag+ -+ Ray, foralli,j=1,...,m.

This implies (da;)(dey) € R'day + - - -+ R'day,. Thus dag, ..., da,, generate an

R'-order O” C O with RO” = O. In particular, Oé’p) = O for every prime p
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of R' with pNS = 0. Let P be the set of prime ideals p of R’ with p NS # 0
for which Of) is not maximal. Since any p € P has p | discrd(0"), the set P is
finite. By the local-global dictionary for lattices, there exists an R’-order O’ with
0" C O' such that O,y = O,y for all p ¢ P and OZP) is maximal for p € P. Since
Oy = Oy € Oy for all primes p of R with p NS = (), we still have O’ C O.

Since being Bass is a local property, and at all p of R we have either Ozp) maximal
or equal to Oy, the order O is Bass.

Lemma 7.3. Suppose F' = Frac(R) is a global field, and let T be the (nonempty)
set of places of F' such that R = R(ry. Suppose #1 = co. If O is Bass, there exist
infinitely many nonisomorphic mazimal quadratic R-orders S that embed into O.

Proof. Since T is infinite, there exists a place v € T such that B, is unramified.
Let T be a finite set of places containing v and all archimedean places of F'. By
Lemma 7.1 there exists an Rpsy-order O’ such that O'R = O and O’ is Bass. Thus
' is locally Bass and hence locally basic by Theorem 1.1. Since O’ is T-indefinite,
Lemma 5.5 implies that there are infinitely many nonisomorphic maximal quadratic
R'-orders S’ — (', with each S := RS’ a maximal, quadratic R-order that embeds
in @. Thus there are infinitely many nonisomorphic such orders S. ]

Lemma 7.4. Let R’ C R be Dedekind domains with Frac(R') = Frac(R) a global
field. Suppose that every R'-order that is Bass is basic. Then every R-order that is
Bass is basic.

Proof. As in Lemma 7.3. O

Theorem 7.5. Suppose that F = Frac(R) is a global field. Let T be the nonempty
(possibly infinite) set of places such that R = R(ry. Let O be an R-order. Suppose
that one of the following conditions holds:
(i) F is a number field;
(ii) #T < oo and B is T-indefinite; or
(iii) #T = oo.
Then the following statements hold.

(a) O is basic if and only if the localization Oy is basic for all primes p of R.
(b) O is Bass if and only if O is basic.

Proof. Being Bass is a local property, and local orders are basic if and only if they
are Bass by Theorem 3.12. Thus it suffices to show (b). Basic orders are Bass by
Proposition 3.4, and we are left to show that an R-order O that is Bass is basic.

Suppose first that #71 < co. If B is T-indefinite, the claim follows from Theo-
rem 1.2 in the indefinite case, as proved in Section 5. Suppose that F' is a number
field and B is T-definite. Let T” be the set of all archimedean places of F. Then
Ry is the ring of integers of F', and the claim holds by the proof of Theorem 1.2
for the definite case in Section 6 together with Theorem 6.2. Lemma 7.4 shows that
the result also holds for R(r.

Finally, if #1T = oo, apply Lemma 7.3. (]

Proof of Theorem 1.2. Restrict Theorem 7.5 to the case F' is a number field. [

Corollary 7.6. If one of the conditions in Theorem 7.5(i)—(iii) holds, and O is
basic, then O contains infinitely many nonisomorphic integrally closed free quadratic
R-orders.



ON BASIC AND BASS QUATERNION ORDERS 15

Proof. Corollaries 5.6 and 6.9 for #71 < co and Lemma 7.3 for #7T = co. O

[1

[2
3

4
5
6
[7
8

9

10
(11
(12
(13
(14
15

(16

[17

REFERENCES

] Salim Altug and Jacob Tsimerman, Metaplectic Ramanujan conjecture over function fields
with applications to quadratic forms, Int. Math. Res. Not. (IMRN) 2014, no. 13, 3465-3558.

| Hyman Bass, On the ubiquity of Gorenstein rings, Math. Z. 82 (1963), 8-28.

| V. Blomer and G. Harcos, Twisted L-functions over number fields and Hilbert’s eleventh
problem, Geom. Funct. Anal. 20 (2010), 1-52.

] J. Brzezinski, A characterization of Gorenstein orders in quaternion algebras, Math. Scand.
50 (1982), no. 1, 19-24.

| J. Brzezinski, On automorphisms of quaternion orders, J. Reine Angew. Math. 403 (1990),
166-186.

| James W. Cogdell, On sums of three squares, Les XXIIemes Journées Arithmetiques (Lille,
2001), J. Théor. Nombres Bordeaux 15 (2003), no. 1, 33—44.

] Ju. A. Drozd, V. V. Kiricenko, A. V. Roiter. Hereditary and Bass orders (Russian), Izv. Akad.
Nauk SSSR Ser. Mat. 31 (1967), 1415-1436.

| M. Eichler, Untersuchungen in der Zahlentheorie der rationalen Quaternionenalgebren, J.
Reine Angew. Math. 174 (1936), 129-159.

| Stefania Gabelli, Generalized Dedekind domains, Multiplicative ideal theory in commutative
algebra, eds. J. W. Brewer, S. Glaz, W. J. Heinzer, and B. M. Olberding, Springer, New York,
2006, 189-206.

| Benedict H. Gross, Mark W. Lucianovic, On cubic rings and quaternion rings, J. Number
Theory 129 (2009), no. 6, 1468-1478.

| Hiroaki Hijikata, Arnold K. Pizer, and Thomas R. Shemanske, The basis problem for modular
forms on T'g(N), Mem. Amer. Math. Soc. 82 (1989), no. 418.

| H. Hijikata, A. Pizer, and T. Shemanske, Orders in quaternion algebras, J. Reine Angew.
Math. 394 (1989), 59-106.

| Sungtae Jun, On the certain primitive orders, J. Korean Math. Soc. 34 (1997), no. 4, 791-807.

] Arnold Pizer, The action of the canonical involution on modular forms of weight 2 on T'o(M),
Math. Ann. 226 (1977), 99-116.

| Rainer Schulze-Pillot, Representation by integral quadratic forms—a survey, Algebraic and
arithmetic theory of quadratic forms, Contemp. Math., vol. 344, Amer. Math. Soc., Provi-
dence, RI, 2004, 303-321.

| John Voight, Identifying the matriz ring: algorithms for quaternion algebras and quadratic
forms, Quadratic and higher degree forms, eds. K. Alladi, M. Bhargava, D. Savitt, and P.H.
Tiep, Developments in Math., vol. 31, Springer, New York, 2013, 255-298.

] John Voight, Quaternion algebras, Grad. Texts. in Math., vol. 288, Springer-Verlag, New
York, 2020.

DEPARTMENT OF MATHEMATICS, DARTMOUTH COLLEGE, 6188 KEMENY HALL, HANOVER, NH

03755

N2

Email address: schari0301@gmail.com
URL: https://www.math.dartmouth.edu/~schari/

DEPARTMENT OF PURE MATHEMATICS, UNIVERSITY OF WATERLOO, WATERLOO, ON, CANADA
L 3G1

Email address: dsmertni@uwaterloo.ca

URL: https://www.math.uwaterloo.ca/~dsmertni/

DEPARTMENT OF MATHEMATICS, DARTMOUTH COLLEGE, 6188 KEMENY HALL, HANOVER, NH

03755

Email address: jvoight@gmail.com
URL: http://www.math.dartmouth.edu/~jvoight/


https://www.math.dartmouth.edu/~schari/
https://www.math.uwaterloo.ca/~dsmertni/
http://www.math.dartmouth.edu/~jvoight/

	1. Introduction
	Setup
	Results
	Outline
	Acknowledgements

	2. Background
	Properties of quaternion orders
	Local properties
	Ternary quadratic forms

	3. Locally Bass orders are basic
	4. A second proof for local Bass orders being basic
	5. Basic orders under strong approximation
	Setup
	Building global quadratic orders
	Selectivity conditions
	Proof of theorem

	6. Basic orders and definite ternary theta series
	Ternary representations
	Discriminants

	7. Localizations
	References

