
MATH 1A: CALCULUSHOMEWORK #8JOHN VOIGHTx4.2: The Mean Value TheoremProblem 2. We ompute that f(0) = 5 = 23 � 3(22) + 2(2) + 5 = f(2), so the starting and ending valuesare the same. The funtion f is ontinuous on [0; 2℄ (in fat, on all real numbers) beause it is a polynomial.It is di�erentiable on (0; 2) also beause it is a polynomial: to hek this, we see thatf 0(x) = 3x2 � 6x+ 2whih has domain all real numbers.We want to �nd all values  suh that f 0() = 0:f 0() = 33 � 6+ 2 = 0;by the quadrati formula, we get  = 6�p36� 246 = 1� p33 :In terms of Rolle's theorem, for the onlusion we onsider only values in the open interval (0; 2), and bothof these values lie in this interval (sine p3=3 = 1=p3 < 1).Problem 4. We see that f(�6) = 0 = f(0);the funtion f is ontinuous on the interval [�6; 0℄ sine it is the produt of a root funtion and a polynomial;and that f 0(x) = (x(x + 6)1=2)0 = 12x(x + 6)�1=2 + (x+ 6)1=2 = x2px+ 6 +px+ 6whih has domain x > �6 so f is di�erentiable on (�6; 0). Therefore f satis�es the onditions of Rolle'stheorem, and f 0(x) = x+ 2(x+ 6)2px+ 6 = 03x+ 12 = 0so  = �4, whih is indeed in (�6; 0).Problem 6. We ompute that f 0(x) = �2(x � 1)�3 = �2=(x � 1)3, whih is never zero. This does notontradit Rolle's theorem beause the funtion f is disontinuous at x = 1, so Rolle's theorem does notapply to the funtion f on the interval [0; 2℄.Problem 8. We see that f(1) = 5 and f(7) = 2, so we look for values  suh thatf 0() = f(7)� f(1)7� 1 = 2� 56 = �12 :Looking at the graph, we see that the slope is about �1=2 and we have the values � 1:2; 2:8; 4:7; 5:8:Date: Marh 16, 2004.x4.2: 2, 4, 6, 8, 10, 12, 14, 16, 18, 19, 21(a), 24, 30, 31, 32; x4.3: 2, 6, 8, 12, 14, 20, 22, 32, 34, 38, 42; Updated Marh 17,2004. 1



2 JOHN VOIGHTProblem 10(a). By plotting points, we have:
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From the graph, we estimate that the x oordinates are �1:1; 1:1.Problem 10(b). On the interval [�2; 2℄, we omputef(b)� f(a)b� a = 4� (�4)2� (�2) = 2:So we want to solve f 0(x) = 3x2 � 2 = 2whih has the roots x2 = 4=3 or x = �2=p3 = �(2p3)=3 � �1:15. These ompare well with the valueestimated in (a).Problem 12. The funtion f(x) = x3 + x � 1 is ontinuous on [0; 2℄ and di�erentiable on (0; 2) beause itis a polynomial, therefore it satis�es the hypotheses of the Mean Value Theorem.We ompute that f(2)� f(0)2� 0 = 9 + 12 = 5and f 0(x) = 3x2 + 1 = 5x2 = 4=3x = �2=p3 = �(2p3)=3:In the interval (0; 2), we have only  = (2p3)=3 satisfying the onditions of the theorem.Problem 14. The funtion f(x) = x=(x + 2) is ontinuous on [1; 4℄ beause this is a rational funtion onits domain (x 6= �2). It is di�erentiable on (1; 4) beausef 0(x) = (x + 2)� x(x+ 2)2 = 2(x+ 2)2is also a rational funtion with domain x 6= �2. Therefore it satis�es the onditions of the Mean ValueTheorem.We ompute that f(4)� f(1)4� 1 = 2=3� 1=33 = 19



1A: HOMEWORK #3 3and f 0(x) = 2(x + 2)2 = 1918 = (x + 2)2�3p2 = x+ 2x = �2� 3p2In the interval (1; 4), we take only  = �2 + 3p2 � 2:2 satisfying the onditions of the theorem.Problem 16. We see that f(2)� f(0) = 3 + 1 = 4and f 0(x) = (x� 1)� (x+ 1)(x� 1)2 = �2(x� 1)2so we look for  suh that 4 = f 0()(2) or f 0() = 2, i.e.�2(� 1)2 = 2�1 = (� 1)2This equation has no solution, sine the square of a real number is never negative. Therefore no suh satisfying the Mean Value Theorem exists.This does not ontradit the Mean Value Theorem beause the funtion f is disontinuous at x = 1, sothe Mean Value Theorem does not apply to the funtion f on the interval [0; 2℄.Problem 18. First, we show that 2x� 1� sinx = 0 has at least one real root. Let f(x) = 2x� 1� sinx.Then f(0) = �1 and f(�) = 2� � 1 > 0. The funtion f is ontinuous on the interval [0; �℄ (in fat, allreal numbers) beause it is the di�erene of a polynomial and a trigonometri funtion. Therefore by theIntermediate Value Theorem, it has a root.Suppose the equation has two real roots. The funtion f is ontinuous and di�erentiable for all realnumbers (sine f 0(x) = 2 � osx arises from a trigonometri funtion). Therefore if f(a) = f(b) = 0, fsatis�es the onditions of Rolle's theorem on the interval [a; b℄; butf 0(x) = 2� osx = 0has no solution, sine osx � 1. This is a ontradition, so f has at most one real root. Hene f has exatlyone real root.Problem 19. Suppose that f has more than one real root in the interval [�2; 2℄. The funtion f is ontinuousand di�erentiable on this interval (it is a polynomial), so by Rolle's theorem, f 0(x) = 0 somewhere in thisinterval. But f 0(x) = 3x2 � 15 = 3(x2 � 5) = 0has only the roots x = �p5 � 2:23, whih do not lie in the interval (�2; 2). This is a ontradition, so fhas at most one real root.Problem 21(a). Suppose that the ubi polynomial f has at least 4 roots. A polynomial is ontinuous anddi�erentiable for all real numbers, therefore by Rolle's theorem, the derivative f 0(x) must take on the value0 at least 3 times, in eah of the three onseutive intervals with endpoints among the 4 roots. But sine fhas degree 3, we know that f 0 has degree 2, whih by the quadrati formula an have at most 2 roots. Thisis a ontradition, therefore f has at most 3 real roots.Problem 24. If we an apply the Mean Value Theorem (whih we must be able to, see Example 5), we willonlude that there exists a  in (a; b) suh thatf 0()(b� a) = f(b)� f(a):



4 JOHN VOIGHTThis looks like the inequality 18 � f(8)� f(2) � 30if we take b = 8 and a = 2.Therefore, let a = 2 and b = 8, i.e. look at f on the interval [2; 8℄. By the Mean Value Theorem, there isa  in (2; 8) suh that 6f 0() = f(8)� f(2)But now we are given that 3 � f 0() � 5;whih multiplying by 6 gives 18 � 6f 0() � 30whih by the previous equality is just 18 � f(8)� f(2) � 30as desired.Problem 30. Let g(x) = x. Then g0(x) = , so f 0(x) = g0(x) for all real numbers. Therefore by Corollary7, f � g is a onstant, whih we all d. That is,f(x) = g(x) + d = x+ d:Problem 31. We see indeed that f 0(x) = �1=x2 and that in both ases x > 0 and x < 0, g0(x) = �1=x2.We an onlude from Corollary 7 that f � g is onstant on the interval (0;1), and separately that f � gis also onstant on the interval (�1; 0), but these onstants may very well be di�erent, sine neither f norg is de�ned for x = 0.Problem 32. Let f(x) = 2 sin�1 xand g(x) = os�1(1� 2x2):for x � 0. By trig formulas, we have f 0(x) = 2p1� x2 :By the hain rule, with u = 1� 2x2 we ompute thatg0(x) = � 1p1� u2u0 = � 1p1� (1� 2x2)2 (�4x) = 4xp1� (1� 4x2 + 4x4)= 4xp4x2 � 4x4 = 4xp4x2(1� x2) = 4x2xp1� x2 = 2p1� x2 :Sine f 0(x) = g0(x), i.e. f 0(x) � g0(x) = 0, by Corollary 7, we see that f(x) � g(x) is onstant, orf(x) = g(x) + . Now f(0) = 2 sin�1(0) = 0and g(0) = os�1(1) = 0 = 0so in fat  = 0, i.e. 2 sin�1 x = os�1(1� 2x2):



1A: HOMEWORK #3 5x4.3: How derivatives affet the shape of a graphProblem 2(a). f is inreasing on (1; 3:9) and (5; 6:5), approximately. (Note they ask for open intervals!)Problem 2(b). f is dereasing on (0; 1), (3:9; 5), (6:5; 9), approximately.Problem 2(). f is onave upward on (0; 3) and (8; 9).Problem 2(d). f is onave downward on (3; 8).Problem 2(e). f has only the inetion point x = 3. At x = 5, it stays from onave down to onavedown; at x = 8, it is not ontinuous.Problem 6(a). f is inreasing if f 0 > 0 (inluding appropriate endpoints); therefore f is inreasing on [0; 1℄and [3; 5℄.f is dereasing if f 0 < 0 (inluding appropriate endpoints); therefore f is dereasing on [1; 3℄ and [5; 6℄.Problem 6(b). f has a loal maximum or minimum only if f 0(x) = 0, i.e. x = 1; 3; 5. At x = 1 and x = 5,f 0 goes from + to � so it is a loal maximum; at x = 3 it goes from � to + so it is a loal minimum.Problem 8(a). f is inreasing if f 0 > 0, inluding appropriate endpoints; therefore f is inreasing on [2; 4℄and [6; 9℄. (By default, if there is no dot at x = 0 or x = 9, we assume it is de�ned there, i.e. it is a soliddot.)Problem 8(b). At x = 2 and x = 6, f 0 goes from � to +, so f has a loal minimum there; at x = 4, f 0goes from + to �, so f has a loal maximum there.Problem 8(). f is onave upward if f 00 > 0 and onave downward if f 00 < 0. Looking at the graph off 0, we see that the slope of f 0 is positive on (1; 3), (5; 7), and (8; 9) so the funtion is onave upward onthese intervals, and f 0 has negative slope on (0; 1), (3; 5), and (7; 8), so f is onave downward there.Problem 8(d). The inetion points are where f 00(x) = 0 and hanges sign; these are the points x =1; 3; 5; 7; 8.Problem 12(a). We ompute that f 0(x) = �6x+ 3x2 = 3x(x� 2):Therefore f 0(x) > 0 and f is inreasing when 3x > 0 and x�2 > 0, i.e. x > 2, or when 3x < 0 and x�2 < 0,i.e. x < 0. Similarly, f 0(x) < 0 and f is dereasing when 3x > 0 and x� 2 < 0, i.e. 0 < x < 2, or 3x < 0 andx� 2 > 0, whih annot happen.f is inreasing on the intervals (�1; 0℄ and [2;1) and f is dereasing on the interval [0; 2℄.Problem 12(b). We see that f 0(x) = 0 for x = 0; 2. Here,f 00(x) = �6 + 6x = 6x� 6so f 00(0) = �6 < 0 and x = 0 is a loal maximum, and f 00(2) = 6 > 0 so x = 2 is a loal minimum.Problem 12(). We have f 00(x) = 6x � 6 = 0 for x = 1. Sine from (b) f 00(0) < 0 and f 00(2) > 0, we seethat on the interval (�1; 1), f is onave downward, and on the interval (1;1), f is onave upward. f hasan inetion point at x = 1.Problem 14(a). We ompute thatf 0(x) = (x2 + 3)(2x)� x2(2x)(x2 + 3)2 = 6x(x2 + 3)2 :Sine (x2 + 3)2 > 0 for all x, we see that f 0(x) > 0 and f is inreasing for x > 0 and f 0(x) < 0 and f isdereasing for x < 0. Therefore f is dereasing on the interval (�1; 0℄ and is inreasing on the interval[0;1).Problem 14(b). Sine f hanges from dereasing to inreasing at x = 0, we see that it is a loal minimum.



6 JOHN VOIGHTProblem 14(). We ompute thatf 00(x) = (x2 + 3)2(6)� (6x)(2(x2 + 3)(2x))(x2 + 3)4= 6(x2 + 3)2 � 24x2(x2 + 3)(x2 + 3)4= (x2 + 3)(6(x2 + 3)� 24x2)(x2 + 3)4= �18x2 + 18(x2 + 3)3 = �18(x2 � 1)(x2 + 3)3 :Therefore f 00(x) = 0 for x = �1; 1. We saw that f 00(0) > 0, so f is onave upward on that interval. On theinterval (�1;�1) we see e.g. f 00(�2) = �18(3)=73 < 0 so f is onave downward, and similarly f 00(2) > 0so f is also onave downward there.In sum, f is onave upward on (�1; 1) and f is onave downward on (�1;�1) and (1;1). f hasinetion points at x = �1.Problem 20(a). The domain of the funtion, sine lnx is de�ned only for x > 0, is x > 0. We havef 0(x) = x(1=x) + lnx = 1 + lnxso f 0(x) < 0 and f is dereasing for 1 + lnx < 0, i.e. lnx < �1 or x < e�1 = 1=e, and f 0(x) > 0 and f isinreasing for x > 1=e.In sum, f is dereasing on (0; 1=e℄ and is inreasing on [1=e;1).Problem 20(b). Now f 00(x) = 1=xso f 00(1=e) = e > 0, so x = 1=e is a loal minimum.Problem 20(). Sine f 00(x) = 1=x is never zero, and f is de�ned only for x > 0, we onlude that f isalways onave upward, and has no inetion point.Problem 22(a). For f(x) = x=(x2 + 4), we havef 0(x) = (x2 + 4)� x(2x)(x2 + 4)2 = �x2 + 4(x2 + 4)2 :This is zero only when �x2 + 4 = 0, i.e. x = �2.Sine f 0(�3) = (�9 + 4)=(9 + 4)2 < 0 and f 0(�1) = (�1 + 4)=(1 + 4)2 > 0, by the First Derivative Test,x = �2 is a loal minimum. Sine f 0(1) = (�1 + 4)=(1 + 4)2 > 0 and f 0(3) = (�9 + 4)=(9 + 4)2 < 0, x = 2is a loal maximum.For the Seond Derivative Test, we ompute thatf 00(x) = (x2 + 4)2(�2x)� (�x2 + 4)(2(x2 + 4)(2x))(x2 + 4)4= �2x(x2 + 4)� 4x(�x2 + 4)(x2 + 4)(x2 + 4)4so f 00(�2) = (4(8)�0)=(4+4)4 > 0, and again x = �2 is a loal minimum, and f 00(2) = (�4(8)�0)=(4+4)4 <0, so x = 2 is a loal maximum.Problem 32(a). f is inreasing when f 0 > 0, i.e. on [1; 6℄ and [8; 9℄, and dereasing when f 0 < 0, i.e. on[0; 1℄ and [6; 8℄.Problem 32(b). x has a loal maximum or minimum possibly only when f 0 = 0, when x = 1; 6; 8. We seethat f 00(1) > 0 (the slope of the graph of f 0 at x = 1 is positive), so x = 1 is a loal minimum, and similarlyf 00(6) < 0 so x = 6 is a loal maximum and f 00(8) > 0 so x = 8 is a loal minimum.



1A: HOMEWORK #3 7Problem 32(). f is onave upward where f 00 > 0, on the intervals (0; 2), (3; 5), and (7; 9). f is onavedownward where f 00 < 0, on (2; 3) and (5; 7).Problem 32(d). The points of inetion are where f 00 = 0 and f 00 hanges sign. These are the valuesx = 2; 3; 5; 7.Problem 32(e). We use the data from (a){(d): �rst, we loate the loal maximum at x = 1 and loalminima at x = 6 and x = 8; then we note it is onave upward on [0; 2), (3; 5), and (7; 9℄ and onavedownward on (2; 3) and (5; 7). Sine f is inreasing on [1; 6℄ and [8; 9℄ and dereasing on [0; 1℄ and [6; 8℄,starting at the origin we an draw the following graph:
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2 4 6 8xProblem 34(a). We have f 0(x) = 3 � 3x2 = 3(1 � x2) = 3(1 � x)(1 + x), so f 0 > 0 and f is inreasingwhen 1�x > 0 and 1+x > 0, i.e. when x < 1 and x > �1 or on the interval (�1; 1), or when 1�x < 0 and1 + x < 0, i.e. x > 1 and x < �1 whih annot happen.We see then that f is dereasing on (�1;�1℄ and [1;1), and inreasing on [�1; 1℄.Problem 34(b). We have f 0(x) = 0 for x = �1; 1. Sine f 00(x) = �6x, f 00(�1) = 6 so x = �1 is a loalminimum and f 00(1) = �6 so x = 1 is a loal maximum.Problem 34(). We have f 00(x) = �6x = 0 for x = 0, the only inetion point. For x < 0 f 00(x) > 0 so fis onave upward; for x > 0, f 00(x) < 0 so f is onave downward.Problem 34(d). We graph using the data in (a){(d).
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–2 –1 1 2xProblem 38(a). We have h0(x) = 3(x2 � 1)(2x) = 6x(x2 � 1)2. Sine (x2 � 1)2 > 0, we see that h0 > 0and h is inreasing for x > 0 and h0 < 0 and h is dereasing for x < 0, i.e. h is inreasing on [0;1) anddereasing on (�1; 0℄.Problem 38(b). The solutions to h0(x) = 6x(x2 � 1)2 = 0 are x = 0;�1; 1. We haveh00(x) = 6(x2 � 1)2 + 6x(2)(x2 � 1)(2x) = 6(x2 � 1)2 + 24x2(x2 � 1)



8 JOHN VOIGHTand h00(0) = 6 > 0 so x = 0 is a loal minimum. However, h00(�1) = 0 whih is inonlusive. So we test thath0(�1=2) = �3(1=4� 1)2 < 0 and h0(�3=2) = �9(9=4� 1)2 < 0, so x = �1 is neither a loal minimum nora loal maximum. Similary, we see that h0(1=2) = 3(1=4� 1) > 0 and h0(3=2) = 9(9=4� 1)2 > 0, so x = 1 isneither a loal minimum nor a loal maximum.Problem 38(). We fatorh00(x) = (x2 � 1)(6(x2 � 1)� 24x2) = (x2 � 1)(30x2 � 6) = 6(x2 � 1)(5x2 � 1) = 0:This gives the roots x = �1;�1=p5. We test the valuesh00(�2) = 6(4� 1)(12 + 1) > 0and h00(�2=3) = 6(4=9� 1)(5(4=9)� 1)) < 0and h00(0) = 6(�1)(1) > 0so x = �1;�1=p5 are both inetion points. The same alulation shows that x = 1; 1=p5 are also inetionpoints.The funtion is onave upward on (�1;�1), (�1=p5; 1=p5) and (1;1) and is onave downward on(�1;�1=p5) and (1=p5; 1). The inetion points are at x = �1;�1=p5.Problem 38(d). Using the data from (a){(), we have the following graph:
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–1.5 –1 –0.5 0.5 1 1.5xProblem 42(a). We have f 0(x) = 4x3x4 + 27so sine x4 + 27 > 0 always, we have f 0 > 0 and f is inreasing for x > 0 and f 0 < 0 and f is dereasing forx < 0.Problem 42(b). We have f 0(x) = 0 only for x = 0. We see f 0(�1) = �4=28 < 0 and f 0(1) = 4=28 > 0 sox = 0 is a loal minimum.Problem 42(). We ompute f 00(x) = (x4 + 27)(12x2)� (4x3)(4x3)(x4 + 27)2= �4x6 + 324x2(x4 + 27)2This has f 00(x) = �4x6 + 324x2 = �4x2(x4 � 81) = �4x2(x2 � 9)(x2 + 9)= �4x2(x� 3)(x+ 3)(x2 + 9)



1A: HOMEWORK #3 9so we must onsider the possible values x = 0; 3;�3. We see thatf 00(�4) = �4(16)(�7)(�1)(16 + 9) < 0f 00(�1) = �4(1)(�4)(2)(16 + 9) > 0f 00(1) = �4(1)(�2)(4)(1 + 9) > 0f 00(4) = �4(16)(1)(7)(16 + 9) < 0So x = �3; 3 are inetion points and x = 0 is not. The funtion f is onave downward on (�1;�3) and(3;1) and onave upward on the interval (�3; 3).Problem 42(d). Using (a){(d), we have:
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