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The p-adic integers

The ring Zp is a local ring, with unique maximal ideal pZp and units

Z∗p = Zp\zZp = {a0 + a1 p + · · · ∈ Zp : a0 6= 0}.

If a ∈ Zp is not a unit, then

a = ak pk + ak+1 pk+1 + · · ·
= pk(ak + ak+1 p + · · ·)
= pk u, for some u ∈ Z∗p,

so there’s a disjoint union

Zp\{0} =
∞⋃

k=0

pkZ∗p.



Absolute Value (Norm)
Definition 1.

|a|p =

{
p−vp(a) if a 6= 0
0 if a = 0

,

where

vp(a) =

{
min(av : av 6= 0) if a 6= 0
∞ if a = 0

,

is called the valuation of a = a0 + a1 p + a2 p2 + · · ·.

The p-adic absolute value has all the properties any absolute value should

and more,

|ab|p = |a|p |b|p ,

|a + b|p ≤ max(|a|p , |b|p).

The ring Zp with | · |p is a compact metric space, in fact, a compact

topological group.



Integration

Theorem. Let G be a compact topological group, then there exists a

unique Haar measure (integral) on G, i.e. a map∫
G

: C(G,R) → R,

such that

• it’s normalized :
∫
G 1 = 1

• positive: f > 0 ⇒
∫
G f > 0

• continuous in the sup-norm topology of C(G,R)

• linear

• translation invariant:
∫
G f(x + a) =

∫
G f(x).



Example. We will integrate the continuous function x 7→ |x|p : Zp → R.
First, by the decomposition of the p-adic integers,∫

Zp

|x|p =
∞∑

k=0

∫
pk Z∗

p

|x|p =
∞∑

k=0

∫
pk Z∗

p

∣∣∣pk u
∣∣∣
p
=

∞∑
k=0

1

pk

∫
pk Z∗

p

1.

Now note that we have the disjoint union

Zp =
p−1⋃
r=0

(r + pZp) ,

of sets which are all translates, so they all have the same volume, namely
1/p, thus we have ∫

Z∗
p

1 =
p− 1

p
,

and by similar arguments, ∫
pk Z∗

p

1 =
1

pk

p− 1

p
.

Continuing on, we have∫
Zp

|x|p =
∞∑

k=0

1

pk

∫
pk Z∗

p

1 =
∞∑

k=0

1

pk

1

pk

p− 1

p
=

p− 1

p

1

1− 1
p2

=
p

p + 1
.



The quadratic case

Consider the map parametrizing the split quadratic polynomials,

ϕ : Z2
p → Splitp(2) ⊂ Zp[x]

(a, b) 7→ (x− a)(x− b) = x2 − (a + b)x + ab.

It’s a surjective (almost everywhere) 2-to-1 map. We have an isomorphism

of topological groups

Zp[x]2
∼→ Z2

p

x2 − cx + d 7→ (c, d),

and so the composition

ϕ̃ : Z2
p → Z2

p

(a, b) 7→ (a + b, ab).

So now we just need to compute the integral,

sp(2) =
∫
Splitp(2)

1 =
∫
ϕ(Z2

p)
1 =

1

2

∫
Z2

p

|det(Jϕ̃)|p .



sp(2) =
1

2

∫
Z2

p

|a− b|p da db

=
1

2

∫
b∈Zp

(∫
a∈Zp

|a− b|p da

)
db

=
1

2

∫
Zp

|a|p da

=
1

2

p

p + 1
.

So in particular

s2(2) =
1

3
.

Also note that

lim
p→∞ sp(2) =

1

2
.



The general split case

Now define a map

ϕn : Zn
p → Splitp(n) ⊂ Zp[x]

a = (a1, . . . , an) 7→
n∏

j=1

(x− aj)

Then ϕn is a (almost everywhere) n!-to-1 mapping Again, by the standard

isomorphism of topological groups,

ϕ̃n : Zn
p → Zp[x]

∼→ Zn
p

(a1, . . . , an) 7→ (a1 + · · ·+ an, . . . , a1 · · · an).

So we have to compute

sp(n) = vol(Splitp(n) = ϕ̃n(Zp))1 =
1

n!

∫
Zn

p

|det(Jϕ̃n)|p

=
1

n!

∫
Zn

p

∏
i<j

∣∣∣ai − aj

∣∣∣
p

da.



Theorem. Let p be a prime. Denote by sp(n) the probability that a

monic polynomial of degree n with p-adic integer coefficients will split

completely, then we have the following recursion

sp(n) =
∑
λ

p−1∏
k=0

p−(λk+1
2 )Iλk

,

where the sum is taken over all λ = (λ0, λ1, . . . , λp−1) ∈ Np such that

λ0 + · · ·+ λp−1 = n. I define I0 = 1, and I1 = 1 is obvious.

Corollary. With the above notation,

lim
p→∞ sp(n) =

1

n!
.



For p = 2 the recursion is

s2(n) =
∑

r+s=n

2−(r+1
2 )−(s+1

2 )s2(r)s2(s),

where the sum is taken over all non-negative integers r and s with r+s = n.

Setting

rn := 2−(n+1
2 ) s2(n),

we can write this recursion as

2(n+1
2 )rn =

n∑
i=0

rirr−i.





Extension to Extensions

The p-adic integers Zp are the ring of integers of the field of p-adic num-
bers Qp. One extension of this problem is to ask

“What is the probability that a polynomial will have roots in a given
algebraic extension of Qp?”

There are in fact only a finite number of extensions of a given degree over
Qp. For example, over Q2, there are 7 different quadratic extensions.
Below I give a list of these extensions and the probability that a monic
irreducible quadratic polynomial has roots in that extension:

Q2(ζ3) Q2(
√

3) Q2(
√

7) Q2(
√

2) Q2(
√

6) Q2(
√

10) Q2(
√

14)
1
3

1
12

1
12

1
24

1
24

1
24

1
24

As we computed, the completely splitting polynomials have probability
1/3, as these are the only ways that the polynomials can factor, the sum
of these probabilities is

1

3
+

1

3
+

1

12
+

1

12
+

1

24
+

1

24
+

1

24
+

1

24
= 1.










