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CLIFFORD INVARIANTS OF
LINE BUNDLE-VALUED QUADRATIC FORMS

ASHER AUEL

ABSTRACT. We construct an extension of the Clifford (also known as the Hasse-Witt or 2nd Stiefel—
Whitney) invariant to similarity classes of line bundle-valued quadratic forms of even rank n = 2m
and fixed discriminant § on a scheme X (where 2 is invertible). This invariant resides in the étale
cohomology group Hgt (X, ky") with coefficients in a twisted group scheme of order four and it
“interpolates” between the classical étale cohomological Clifford invariant of (0x-valued) quadratic
forms and the 1st Chern class (modulo 2) of the value line bundle. We further relate this invariant to
natural classes in the “involutive” Brauer group arising from the even Clifford algebra and Clifford
bimodule. In rank < 6, we use the classification of line bundle-valued quadratic forms in terms
of twisted norm and pfaffian forms to explicitly compute this invariant and give necessary and
sufficient conditions for its vanishing.
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INTRODUCTION

For a line bundle . on a space X, the notion of a quadratic (or symmetric bilinear) form on X
with values in .Z dates back to the early 1970s. Geyer—Harder—Knebusch—Scharlau [44] introduced
the notion of symmetric bilinear forms with values in the module of Kahler differentials over a
global function field. This notion enabled a consistent choice of local traces in order to generalize
residue theorems to nonrational function fields. For a smooth complete algebraic curve X, Mumford
[77] introduced the notion of locally free &x-modules with pairings taking values in the sheaf of
differentials wx to study theta characteristics. For a commutative ring R, Kanzaki [56] introduced
the notion of a Witt group W (I) of quadratic forms with values in an invertible R-module I.

Implicit in these early developments are generalizations to algebraic varieties of the classical transfer
(or trace) maps from the theory of quadratic forms over fields. The general context in which such
transfer maps exist has recently been established by the work of Gille [45], Nenashev [78], [79],
Calmes—Hornbostel [25], [26], and Balmer—Calmes [10]. If f : X — Y is a proper morphism of relative
dimension d between connected, noetherian, regular Spec Z[%]-schemes of finite Krull dimension, then
the total derived direct image functor gives rise to a transfer map,

fo: GWH(X wp) — GW(Y, Oy ),

between the shifted derived (or coherent) Grothendieck—Witt groups introduced by Balmer [6], [7],
[8], and Walter [96]. Here, wy is the relative dualizing sheaf from Grothendieck duality theory.
In particular, in order to define the transfer along a proper morphism f : X — Y, one is forced
to consider wy-valued forms on X. It’s in this setting that Balmer [9, §1.4] and Walter [96, §10]
considered the existence of cohomological invariants defined on general shifted and line bundle-valued
Witt and Grothendieck-Witt groups.

Date: May 29, 2011.
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Line bundle-valued forms have also emerged in the context of involutions on Azumaya algebras,
initially to generalize theorems of Albert [1, Thm. 10.19] on the existence of involutions on central
simple algebras. Saltman [88, Thm. 4.2] and Knus—Parimala—Srinivas [67, §3] showed that involutions
on endomorphism algebras are adjoint to symmetric bilinear forms with valued in line bundles. This
paved the way for a version of Jacobson’s [52] (see also Tits [93, §4]) even Clifford algebra of an
Azumaya algebra with orthogonal involution. In his thesis, Bichsel [18] (reported in Bichsel-Knus
[17]) constructs an even Clifford algebra of a line bundle-valued form over an affine scheme, then
Parimala—Sridharan [84] use étale descent to construct an even Clifford algebra of an Azumaya algebra
with orthogonal involution. These constructions enable much of the theory in [69] to be generalized
(with some care) to arbitrary base schemes. In this context, line bundle-valued forms should be
viewed as intermediary objects between quadratic forms and algebras with orthogonal involution:
they are “unsplit” versions of quadratic forms, yet they still represent orthogonal involutions on
“split” algebras.

Kapranov [57, §4.1] also considered the homogeneous Clifford algebra of a quadratic form—the same
as the generalized Clifford algebra (in the sense Bichsel-Knus [17]) or the graded Clifford algebra (in
the sense of Caenepeel-van Oystaeyen [23])—to study the derived category of projective quadrics
and quadric fibrations. This theme was later taken up and developed by Bondal-Orlov [20, §2], [19],
Kuznetsov [71], and Bolognesi-Bernardara [12]. These authors consider line bundle-valued quadratic
forms with possible degeneration.

Over Dedekind domains, regular line bundle-valued bilinear forms (so called modular lattices) have
been studied by Bushnell [21], [22], generalizing results of Frohlich [38]. Recent number theoretic
developments have also seen the appearance of line bundle-valued forms. Bhargava’s [13], [14], [15]
classification of “rings of low rank” over Z is used in his work [16] on the distribution of discriminants
of number fields of fixed low degree. An approach to this classification over arbitrary base rings is
initiated in Wood’s thesis [97], where line bundle-valued forms (of higher degree) were essential to
the generalization of Bhargava’s results. Also see Ho’s thesis [49]. In related developments, Venkata
Balaji [5] and independently Voight [94], used Clifford algebras of (possibly degenerate) ternary line
bundle-valued forms to classify “degenerate” quaternion algebras over arbitrary bases.

In a topological context, Holla—Nitsure [50], [51] study characteristic classes (i.e. cohomological
invariants in singular cohomology) for possibly mildly degenerate line bundle-valued quadratic forms
(on complex vector bundles) by computing the cohomology of the relevant classifying space.

While the cohomological invariant theory of quadratic forms is well developed, the theory for line
bundle-valued forms is substantially less so. When £ is the trivial line bundle, one can use the
work of Delzant [32], Laborde [72], or Jardine [53] to define invariants in étale cohomology analogous
to the Stiefel-Whitney (or higher Hasse-Witt) invariants for quadratic forms over fields (see [91],
for example). These invariants have been intensively studied by many people in various contexts,
including Serre [89], Knus-Ojanguren [70], Parimala—Srinivas [85], Ojanguren—Parimala—Sridharan
[80], Knus—Parimala—Sridharan [66], Esnault-Kahn—Viehweg [34], Jardine [54], Cassou-Nogues—Erez—
Taylor [27], and Esnault-Kahn-Levine—Viehweg [35]. In these approaches, invariants are constructed
is several ways: directly, in the case of the classical invariants; & la Grothendieck, using the étale
cohomology ring of a grassmannian bundle of anisotropic vectors; or as characteristic classes, using
the étale cohomology groups of the simplicial classifying scheme (or topos) of a standard orthogonal
group. The étale cohomology of the anisotropic grassmannian can be computed because it’s an
inner form of projective space with a standard subvariety of isotropic lines removed. The étale
cohomology of the classifying space can be computed by analogy with the topological case because
the standard orthogonal group is the base change of a smooth affine group scheme on Spec Z[%] (even
on SpecZ). When % is nontrivial, these approaches break down. When £ is not a square in the
Picard group, there are no known calculations of the étale cohomology rings of the required spaces;
the calculations of Holla—Nitsure [50] in the topological case indicate that this might be a daunting
task. The orthogonal group of such an .Z-valued form is not a twist of the standard orthogonal group
by a cocycle representing a class in the image of the natural map HZ (X, 0,) — H(X,PO,). As
Serre famously points out, the torsors for a group have in general no relation to the torsors for such
a form of the group.!

In this work, we employ a different approach. While isometry classes of Z-valued forms are
associated to torsors for a twisted form of the orthogonal group, their similarity classes are associated
to torsors for a standard group GO, of orthogonal similitudes. One complication is the nonexistence
of a natural “pin” double covering of GOs,, (this is even true in the topological context). Our

L Serre [90, 1, §5.5, Remarque] warns, “Par contre, H'(G,,A) n’a en général aucune relation avec H' (G, A).”
Then later in [90, I, §5.7, Remarque 1], Serre feels the need to reiterate himself, “Ici encore, il est faux en général que
H'(G, .B) soit en correspondance bijective avec H'(G, B).” This is indeed an important point.
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essential contribution is the realization that, while there is no natural double covering, there is a
natural four-fold covering of GOs,, by the Clifford group I's,, that becomes a central isogeny when
restricted to the subgroup of proper similitudes, and which “interpolates” between the Kummer
double covering of the multiplicative group and the classical pin covering of the orthogonal group (see
§2.4). Such a central isogeny does not seem to exist in the literature (though see Joshi [55] for an ad
hoc construction in rank 2). The kernel of this covering is the group scheme k7' mentioned in the
abstract. The appearance of invariants with values in cohomology with coefficients in a group scheme
of order 4 is perhaps natural in light of Berhuy’s theory [11, Prop. 9] of descent of cohomological
invariants. An example of this is the cohomology class of the Tits algebra of a central simple algebra
with orthogonal involution, see [69, VII §31.11].

Finally, since our methods are mostly torsorial in nature, we restrict ourselves to the case where
2 is invertible. This eliminates the consideration of nonsmooth algebraic group schemes and allows
us to work purely in the étale site. The consideration of characteristic 2 phenomena will appear
elsewhere.

Main results. Let X be a noetherian separated scheme on which 2 is invertible. A line bundle-valued
quadratic form on X consists of a locally free Ox-module & of finite rank, an invertible &'x-module
%, and a quadratic map ¢ : & — £. Since we assume that 2 is invertible on X, we will not concern
ourselves with the difference between line-bundle valued quadratic and symmetric bilinear forms.
Consult §1 for a review of these notions.

When ¥ = Ox, the generalization to étale cohomology of the (signed) discriminant d (&, ¢) and
classical Clifford invariant ¢(&,q) yield important invariants of quadratic forms (&, q) on schemes.
When .Z # Ox, the discriminant immediately yields a generalization to line bundle-valued forms of
even rank (see Parimala—Sridharan [84]), while the Clifford invariant—due to the nonexistence of a
“full” Clifford algebra—does not. The main construction of this current work is an extension of the
Clifford invariant to similarity classes of line bundle-valued quadratic forms.

Forn > 1and f: Z — X an étale quadratic morphism with isomorphism class § € H}, (X, Z/27) =
H} (X, p2), denote by GQfL(X ) the set of similarity classes of regular line bundle-valued quadratic
forms of rank n and discriminant §. In §2.3, we construct a group scheme kZ on X together with
canonical isomorphisms

n

s RIZ/XN4 ifn=0,1mod 4
B RZ/XN2 if n = 2,3 mod 4

where R, /X and R}, /X denote the Weil restriction functor and subfunctor of norm one elements (see
§2.2), respectively. There is also a canonical exact sequence

Z

75— 1

(1) 1ok
of group schemes on X. For the relationship between xZ and the center of the spin group, see §3.4.

Theorem 1 (Theorem 2.10). Let X be a scheme with 2 invertible. For eachn > 1 and étale quadratic
[:Z — X with class § € H} (X, 7Z/27), there exists a map, called the similarity Clifford invariant,
ge: GQ(X) — HE(X,KY)
which “interpolates” between the classical étale cohomological Clifford invariant and the 1st Chern
class (modulo 2) of the value line bundle. More precisely, via the exact sequence of étale cohomology
groups
7:2 2
T Hézt(Xv p2) — HéQt(Xv “5) £ Hgt(X7H2) —
arising from (1), we have
izc(ga Q) - gC((g, q, ﬁX)a p2gc(é3’ q,f) = (37 u?)a
for every isometry class of Ox -valued quadratic form (&,q) and every similarity class of line bundle-

valued quadratic form (&,q,£) of rank n and discriminant ¢.

The similarity Clifford invariant is constructed as the coboundary map in nonabelian étale coho-
mology associated to a short exact sequence of sheaves of groups

1%&5%82[‘5%@:805%1

where SI‘,ZL and GSO,ZL are the even Clifford group and group of proper orthogonal similitudes of
a fixed choice of @x-valued form of rank n and discriminant ¢ (see §2.4). This particular central
isogeny does not seems to have a place in the existing literature, except in small ranks (see Joshi [55],
for example). Here we use étale descent to identify the category of GSO,ZL -torsors on the étale site
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Xt with the category of regular oriented (see §1.10) line bundle-valued quadratic forms of rank n
and discriminant § on X.

We prove that the invariant respects Grothendieck—Witt equivalence, and so defines an étale
cohomological invariant on the second part of the “fundamental” filtration of the total quadratic
Grothendieck-Witt group (see §2.7). Let GW(X,.Z) denote the Grothendieck-Witt group of .£-
valued quadratic forms on X and GW*™*(X) = & »,GW (X, ) denote the total quadratic Grothendieck-
Witt group (which is actually a group fibered over the Picard groupoid of X). The signed discriminant
defines a (surjective) cohomological invariant

di s GW'(X) — HY(X, o).

Define GI}**(X) = ® 2 GI5(X, %) as the subgroup of GW ™! (X) of classes of quadratic forms of rank
n = 0 mod 4 and trivial discriminant.

Theorem 2 (Theorem 2.11). Let X be a scheme with 2 invertible. The similarity Clifford invariant
respects Grothendieck—Witt equivalence and so defines an invariant

ge: GIEY(X) — HZ(X, pa).

Furthermore, if (£,q,) is a quadratic form of rank n = 0 mod 4 and trivial discriminant on X,
then

gC((g, Q7°2p) 1 H;'f(/j/)) = 0(57 q, -ﬁ/ﬂ) + 7;261 (7/7 N2)
for any Z£-valued hyperbolic form Ho (V) with lagrangian ¥ of even rank.

In §3 we relate the similarity Clifford invariant to “Brauer classes” associated to the even Clifford
algebra of line bundle-valued form defined in Bichsel [18] and Bichsel-Knus [17]. Parimala—Srinivas
[85] define an “involutive” Brauer group Br*(X) of Azumaya Ox-algebras with involution of the
first kind as well as a “Z/X-unitary involutive” Brauer group Br*(Z/X) of Azumaya Oz-algebras
with Z/X-unitary involution for f : Z — X étale quadratic (see §3.3). If (&,¢,-%) is a regular line
bundle-valued quadratic form of even rank n, then its even Clifford algebra 6, (&, ¢, £ )—together
with its canonical Clifford involution 7o—defines a class [o(&, q, %), To] in Br*(Z) if n = 0 mod 4 or
in Br*(Z/X) if n = 2 mod 4 (see 3.4). Here, the étale quadratic f : Z — X is the given by the center
of the even Clifford algebra.

Theorem 3 (Theorems 3.13, 3.17). Let X be a scheme with 2 invertible, (&,q,£) a regular line
bundle-valued quadratic form of even rank n and étale quadratic f : Z — X given by the center of its
even Clifford algebra.

a) If n =0 mod 4, then
@290(607 q7$) = 12[%(57 q, ,ﬁ/ﬂ)’ TO] + Cl(f*ogyu'll)

in H2(Z, pa), where i* : Br*(Z) — HZ(Z,p4) and ©* : HZ(X,kZ) — HZ(Z, p4) are certain
canonical comparison maps.

b) If n =2 mod 4, then
¢2gc(éaa q7$) = [%O(gv q, f)]
in H2(Z,G,,), where ¢* : H2(X,kZ) — HZ(Z,G,,) is a certain canonical comparison map.

In §4 we proceed to exactly calculate the similarity Clifford invariant in terms of “involutive”
cohomology classes arising from what we call Clifford data. A Clifford datum mixes the canonical
involution of the even Clifford algebra together with so-called torsion data arising from the Clifford
bimodule. One should think of a torsion datum as a generalization of an involution. A Clifford datum
(Z/X, o 0,2, ¢) combines an Azumaya algebra with involution (<7, 0) of the first kind (resp. of
unitary type) together with a torsion datum (7, &2, ¢) of unitary type (resp. of the first kind). The
interaction of both these structures enables the explicit calculation of the similarity Clifford invariant.

A torsion datum (&7, 2, ) on X gives rise to a cohomology class [/, 2, ¢] in HZ (Z, p2) or in
HZ(X,R} / +Gm), depending on whether it is of the first type or of unitary type, respectively.

Theorem 4. Let X be a scheme with 2 invertible and (&, q,Z) a regular line bundle-valued quadratic
form of even rank n and Clifford datum (Z/X, o/ ,0, P, p).

a) If n=2mod 4 then gco(&,q, L) = (o, P, p| in HE(X,kZ) =2 HZ(Z, p2)

b) If n =0mod 4 then i’gc(&,q,L) = [, P, o] in H (X, Rlz/XGm).
where i? : HZ (X, k%) — HA (X, Rlz/XGm) is a certain canonical comparison map.
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In the case where m is even, we also have an exact formula (see Theorem 4.12) expressing the
similarity Clifford invariant in terms of Clifford data. To achieve this, we establish a concrete presen-
tation for the cohomology group HZ (X,R}, / M4), generalizing Colliot-Thélene-Gille-Parimala [28,
Prop. 2.10], as a certain fibered product of involutive Brauer groups.

The results in §3 and §4 indicate that the (refined) Tits algebra captures the even Clifford algebra
with it’s canonical involution while the similarity Clifford invariant constructed here captures the
Clifford bimodule and its associated involutive structures.

Finally, in §5 we use the classification of line bundle-valued quadratic forms of rank 2, 4, and 6
in terms of twisted norm and pfaffian functors to explicitly compute the similarity Clifford invariant
and give necessary and sufficient conditions as to its vanishing. The classification of regular quadratic
forms of low rank over rings was initiated by Kneser, Knus, Ojanguren, Parimala, Paques, and
Sridharan [60], [62], [63], [61], [64], [65]. Bichsel [18] and Bichsel-Knus [17] provide an extension of
this theory to line bundle-valued forms of trivial discriminant over rings. In the context of quadratic
forms over schemes, low rank usually means of rank < 6. In this interval, the exceptional isomorphisms
of Dynkin diagrams A; = B; = C;, Dy = A2, By = Cy, and A3z = D3, have beautiful reverberations
in the theory of quadratic forms of rank 3, 4, 5, and 6, respectively. Now, a standard reference on
this work is Knus [68, Ch. V]. Over fields, a wonderful reference is [69, IV §15]. Much of the work
in §5 can be viewed as generalization, from fields to schemes, of facts from [69]. While much of the
existing theory over rings can be globalized, a unified treatment using the category of Clifford data
(see §4.3) appears in Auel [4].

Theorem 5 (Corollaries 5.6, 5.10, 5.14). Let X be a scheme with 2 invertible and (&, q,-%) a regular
line bundle-valued quadratic form of even rank n and étale quadratic f : Z — X arising from the
center of the even Clifford algebra with v the nontrivial element of the Galois group of Z/X.

o Ifn =2 then (&,q,-%) has trivial discriminant if and only if it’s similar to a hyperbolic form
Hy (V) for some invertible Ox-module V. Furthermore, gc(&,q, %) is trivial if and only if
both &£ and ¥ are squares in Pic(X).

o Ifn =4 then ge(&,q, L) is trivial if and only if there exists a locally free Oz-module ¥ of rank
2 satisfying det ¥ = 1* det ¥ such that (&,q, L) is similar to the norm Nz;x (¥, A, det ¥) of

the canomnical skew-symmetric form ¥V ® ¥V L det ¥ . Furthermore, if (&,q,°£) has trivial

discriminant, then it’s similar to the canonical quadratic form W @ W' L8N det W @ det W
for locally free Ox-modules W and W' of rank 2 with det W = det #'.

o Ifn =26 then gc(&,q, L) is trivial if and only if there exists a regular line bundle-valued Z /X -
hermitian form (S, h, #) of rank 4 with trivial hermitian discriminant such that f*(&,q,L)

is similar (with the pullback Z /X -hermitian structure) to the canonical quadratic form /\2.%” AN
det 5. Furthermore, if (&,q,.%) has trivial discriminant, then it’s similar to the canonical

quadratic form /\27/ L detw for a locally free Ox-module W of rank 4 with det #" a square
in Pic(X).

While much of the motivation to construct such a theory of cohomological invariants for line
bundle-valued quadratic forms (and eventually Azumaya algebras with orthogonal involution) comes
from classification problems, there are many other potential applications. As a complement to a
series of papers by Parimala, Scharlau, and Sridharan [82], [83], [81], the author [2] uses the similar-
ity Clifford invariant to prove the validity of Merkurjev’s theorem for line bundle-valued quadratic
forms, where it was known to fail for (€x-valued) quadratic forms. There are also applications to
the “orthogonal Riemann-Roch” problem on computing cohomological invariants of pushforwards in
derived Grothendieck—Witt groups. Finally, a version of the four-fold covering of the orthogonal
similitude group can be adapted to Galois representations—analogously to Deligne’s [31] use of the
spin group—to investigate obstructions to embedding problems and local constants associated to
essentially self-dual Galois representations of orthogonal type.
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1. TORSORIAL THEORY OF LINE BUNDLE-VALUED FORMS

Let X be a scheme and £ and invertible Ox-module. An (Z-valued) bilinear form on X is a
triple (&, b,.%), where & is a locally free &x-module of finite rank and b: T?& = & @ & — & is an
Ox-module morphism, equivalently, b is a global section of J#om(T%&,.%). An £-valued bilinear
form is symmetric if b factors through the canonical epimorphism 72 — S2&, equivalently, b is a
section of S#om(S?&, L) C Hom(T?&,L). An £L-valued bilinear form is skew-symmetric if b factors
through the canonical epimorphism 728 — /\2@‘?, equivalently, b is a section of %ﬁom(/\%”,f) C
Hom(T?E,L). An (L-valued) quadratic form on X is a triple (&,q,.%), where & is a locally
free Ox-module and q : So& — £ is an Ox-module morphism, equivalently, ¢ is a global section
of Hom(S28, %) = S*(&V) @ £. Here S?& and S2& denote the second symmetric power and
submodule of symmetric second tensors of &, respectively.

Conventions. Denote by Xg the (large) étale site of X. We consider many sheaves of groups on X,
such as GL(&) and O(&, ¢,.%), that depend on a regular line bundle-valued bilinear form (&, q,.%).
When writing exact sequences and commutative diagrams of such groups, we will often suppress this
dependence. We will also suppress the dependence on the base X, when writing common sheaves of
groups, such as Gy, and p,, that are defined over SpecZ.

If « : G — G is a homomorphism of sheaves of groups on X, then denote by o' : H, (X, G) —
Hét (X, G’) the induced map on étale cohomology, where we assume G and G’ are abelian for i > 2.

All algebras and sheaves of algebras will be unital and associative. The sheaf of algebra automor-
phisms of an Ox-algebra o/ will be denoted by Aut(/). For a commutative &x-algebra 2, and
a Z-module (resp. algebra) .#, we will denote by .# the associated €z-module (resp. algebra) on
7 = Spec Z. A finite étale morphism f: Z — X of degree 2 will be called étale quadratic.

1.1. Quadratic and symmetric bilinear forms. Over an arbitrary scheme, the above notion of
quadratic form agrees with the “classical” notion. See also Swan [92, Lemma 2.1] and Wood [97,
§2.6).

Lemma 1.1. Let Quad(&,L) be the Zariski sheaf associated with the presheaf assigning to U — X
the abelian group of maps q : 8|y — L|u that satisfy

e g(av) = a?q(v) on local sections a of Oy and v of &y, and
o the map by : &y x &y — ZL|u, defined locally on sections by b(v, w) = q(v+w) —q(v) — g(w),
is Oy -bilinear.

Then there is a canonical isomorphism of Ox-modules Quad(&,L) — Hom(S:8,.L).

There’s also a canonical Ox-module morphism I'?6 — S»& from the module of second divided
powers, which is an isomorphism is & is locally free, see Deligne [30, 5.5.2.5]. Composing the
isomorphism constructed in Lemma 1.1 with the dual of this isomorphism yields an isomorphism
Duad(&,L) — #Hom(I?&,.L), yielding an additional general tensorial interpretation of quadratic
forms. Also, there’s a canonical isomorphism S?(&V) ® & — S#om(S:&,.Z).

As in the classical case, if 2 is invertible on X, then every quadratic form is the associated quadratic
form of a (symmetric) bilinear form on X, i.e. the canonical &x-module morphism #om(S?&, %) —
Hom(S28, %) is an isomorphism. Note that this morphism is not in general equivariant with respect
to the natural GL(&) x GL(.%) actions.

1.2. Adjoint morphism. An .#Z-valued bilinear form b : 72 — £ has an Ox-module adjoint
morphism ¥y, : & — Hom(&, L) defined on sections by v — (w — b(v ® w)). A bilinear form b is
called regular if v, is an isomorphism of &x-modules. An Z-valued quadratic form ¢ : & — £ is
called regular if its associated bilinear form b, is regular.

On the category of coherent @x-modules, denote by (—)Y< the exact (contravariant) functor
FHom(—,.Z). There is a canonical evaluation morphism of functors

ev? 1id — ((=)V)V,

which is an isomorphism on the subcategory VB(X) of locally free &x-modules of finite rank. The
triple (VB(X), (—)V<,ev?) forms an evact category with duality in the language of Balmer [6].

1.3. Similarities and isometries. A similarity (transformation) or similitude between bilinear
forms (£,b,%) and (&7,0,%’) is a pair (p,\) of Ox-module isomorphisms ¢ : & — &’ and
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A: ¥ — £ such that either of the following (equivalent) diagrams,

26 > @ &~ Hom(&,2)
(2) T%pl \LA <pl \LAlwvy
T & s Aom (&', 1)

of Ox-modules commute, where A\~!¢V< (1)) = A~!orhoyp on sections. Note that the commutativity of
the left-hand diagram (2) takes on the familiar formula &' (p(v), p(w)) = Aob(v, w) on sections, and can
be adapted to define similarity transformations between quadratic forms. A similarity transformation
(¢, A) is an isometry if £ = %’ and A is the identity map.

Denote by Sim(&,b,.Z) (resp. Iso(&,b,.Z)) the presheaf of similitudes (resp. isometries) of a
regular Z-valued quadratic or bilinear form (&,b,.%). In fact, these presheaves are sheaves on Xg;
and are representable by smooth affine reductive group schemes over X (see Demazure—Gabriel [33, 11T
§5.2.3]). When b is quadratic or symmetric, we denote this group by GO(&,b,.Z) (resp. O(&,b,.Z))
and call them the orthogonal similitudes group (resp. orthogonal group) of (£,b,.%£). When b is skew-
symmetric, we denote these groups by GSp(&,b,.%) (resp. Sp(&, b, %)). For € € HY, (X, p2) we will
say that an #-valued bilinear form is e-symmetric if on each connected component X’ of X, it is
either symmetric and €| x» = 1 or skew-symmetric and €| x, = —1. We will often omit the dependence
of the groups of similitudes and isometries on the form (&, ¢q,.#) when no confusion may arise. Even
when these sheaves of groups are representable by schemes over X, we will still think of them as
sheaves of groups on Xgt.

1.4. Torsor interpretations. For the abstract notion of a (right) torsor for a sheaf of groups on a
site, see Giraud [47].

Proposition 1.2. Let X be a scheme. Let (&,b,.L) be a fized £ -valued e-symmetric bilinear form
of rank n on X.

a) The groupoid of Iso(&,b, L )-torsors is equivalent to the groupoid whose objects are regular
L-valued e-symmetric bilinear forms of rank n and whose morphisms are isometries.

b) The groupoid of Sim(&,b, £ )-torsors is equivalent to the groupoid whose objects are reqular
line bundle-valued e-symmetric bilinear forms of rank n and whose morphisms are similarity
transformations.

Proof. For a), the statement is a twist of [33, ITI, §5.2.1]. For further details, and for b), see Auel [3,
Appendix A]. O

Remark 1.3. If & is a locally free Ox-module of rank n, we will denote by GL(&) its general linear
group on Xg. The sheaves of groups GL(&) and GL(&”) are isomorphic on Xy if and only if
&' =~ &® Y for some invertible &x-module .. For any invertible &'x-module %, there’s a canonical
isomorphism G,, = GL(.Z), through which we shall identify these groups. A subtlety inherent in
this identification arises when considering the pointed set of isomorphism classes of GL(.Z)-torsors,
for which the distinguished point is canonically associated to the isomorphism class of .Z. A similar
remark should be made for the identification py = O(&,b,.¥) where (&,b,.%) is a regular form of
rank 1. In what follows, we will keep track of these identifications, if not in our notation, then in any
statement concerning torsors.

1.5. The multiplier sequence. The map assigning (¢, A) — X on sections defines the multiplier
coefficient homomorphism p : Sim(&,b,.Z) — GL(.Y) = Gp.

Proposition 1.4. For any scheme X with 2 invertible, the sequence of sheaves of groups,
1 — Iso(&,b,.%) — Sim(&,b, %) & G, — 1,
is exact on Xgy and is called the multiplier sequence.

Proof. The only part needing an argument is that p is an epimorphism. This follows from the fact that
w restricted to the central subgroup of homotheties is the squaring map, i.e. there’s a commutative
diagram

2

1 12 G, G, 1
| I
1 Iso Sim Gn 1

of sheaves of groups on X¢ with exact rows. Of course, the (top horizontal) Kummer sequence in
exact on Xg; if 2 is invertible. O
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Remark 1.5. The interpretation of the multiplier sequence on cohomology is as follows. If (&,b,.%)
is a fixed .Z-valued e-symmetric bilinear form of rank n on X, then the map

HL(X,Iso(&,b,.2)) — HL(X,Sim(&,b, .2))

takes the isometry class of a regular Z-valued e-symmetric bilinear form of rank n on X to its
similarity class. Under the identification GL(.¥¢) = G, the map

H (X, Sim(&,b,.2)) — Hi(X,Gp) = Pic(X)

takes the similarity class of a regular #’-valued symmetric bilinear form of rank n on X to the class
of Z'" in Pic(X).

1.6. Forms of odd rank. The theory of regular line bundle-valued bilinear forms of odd rank
essentially reduces to the study of regular &'x-valued bilinear forms.

Lemma 1.6. If ¥ is not a square in the Picard group Pic(X), then any regular £ -valued bilinear
form has even rank.

Proof. Let (&,b,%) be a regular bilinear form of rank n. Comparing determinants yields an isomor-
phism det(F)®? & 2®" of line bundles. Thus we see that either n must be even or .# is a square
in Pic(X) (up to an n-torsion element, which is itself a square). An alternate proof in the symmetric
case, using the even Clifford algebra (see §1.8), can be found in [17, Theorem 3.7]. O

Thus every regular line bundle-valued bilinear form of odd rank has values in the square of some
line bundle. In fact, for symmetric forms, there is even a way to take a canonical square root of
the value bundle, see Auel [3, §1.3]. This can also be seen as a consequence of the direct product
structures Gy, X SO(&,b,.Z) — GO(&,b,. L) of orthogonal similitude groups in odd rank. In view
of this fact, we will only consider regular line bundle-valued forms of even rank.

1.7. Metabolic forms. The notion of a metabolic form—the correct generalization to schemes of the
notion of hyperbolic form—is necessary to the construction of the Grothendieck—Witt and Witt groups
of schemes. The formalism of &'x-valued metabolic forms over arbitrary schemes was first introduced
by Knebusch [58, I §3] and then extended to the context of triangulated and exact categories with
duality by Balmer [6], [7], and [8]. We will summarize the formalism of metabolic forms in the context
of line bundle-valued symmetric bilinear forms.

Definition 1.7. Let (&,b,¢) be a line bundle-valued symmetric bilinear form on X and ¥ ENY
a locally free Ox-submodule with locally free quotient. The (Z-valued) orthogonal complement

i ,4VZO
1 IL, £ is the kernel of the composition & EMSLLN Hom(V,L).
Note that the restriction of the adjoint map yields an isomorphism ¥+ Yelye HHom(E |V, L).

Definition 1.8. Let (&,b,.Z) be a line bundle-valued symmetric bilinear form on X and ¥ Le
a locally free Ox-submodule. Then ¥ is an (Z-valued) lagrangian if ¥ = ¥~ i.e. if there’s an
isomorphism of short exact sequences,

j:jL jvffowb

0 4 & HHom(V, L) —=0

lcanﬁf wbl
(G S own) VL i
0 —— Hom(Hom(V, L), L) —— Hom(E, L) —= Hom(V,¥L) —=0

of locally free &'x-modules. An .Z-valued symmetric bilinear form on X is called metabolic if it has
an Z-valued lagrangian. An Z-valued quadratic form on X is called metabolic if it’s associated
bilinear form is metabolic. Any metabolic form is regular.

The Z-valued hyperbolic quadratic form H () with lagrangian ¥ is the quadratic form (¥ @
Hom(V,. L), h, L) where h is the canonical evaluation pairing h(v, f) = f(v) on sections. We will
often consider the associated .Z-valued hyperbolic symmetric bilinear form as well.

We call an .Z-valued metabolic form (&,b,. %) a split metabolic form if some lagrangian ¥ — &
is a direct summand. If 2 is invertible on X, then any split metabolic form (&,b,.¢) with direct
summand lagrangian ¥ is isometric to the hyperbolic form Hg(¥), see [58, §3 Prop. 1].
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Splitting principle for metabolic forms. Over an affine scheme, every (line bundle-valued) metabolic
form is split. This follows by an adaptation of Knebusch [58, T §3, Corollary 1]. Over a general scheme,
this is no longer the case. However, there’s a splitting principle for metabolic forms, in analogy with
the classical splitting principle for locally free sheaves.

Theorem 1.9. Let X be a scheme and let (&,b,.L) be a metabolic form on X with lagrangian
yie

a) There exists a morphism of schemes f :Y — X such that f* : Hi (X, p2) — H} (X, p2) is
injective and f*(&,b, %) is a split metabolic form with lagrangian f*¥ .

b) If 2 is invertible on X, then there exists a morphism of schemes [ :' Y — X such that f* :
Hi (X, o) — HE (Y, p2) is injective and f*(&,b,.%) is isometric to an orthogonal sum of
hyperbolic planes

Hpegp(N) Lo LHpe 2(Vin)s

for invertible Ox-modules V1,..., Vm on'Y.

Proof. As for a), this is a classical construction. Following Fulton [40, §2], let ¥ £ & be a lagrangian
and let &2 C s#om(&,7) be the subbundle whose sections over U — X are &y-module morphisms
v : &y — ¥|u such that jly o ¢ = idy. Let Y = V(&) be the corresponding affine bundle, and
f Y — X the natural projection. Then f*& has a tautological projection to f*¥’, which is a section
of f*j, hence f*(&,b,. L) is a split metabolic form with lagrangian f*¥. It is a standard fact that
f* is an injection on cohomology for a Zariski locally trivial affine bundle.

Now b) is a direct result of a) and the classical splitting principle for locally free sheaves. Also see
Fulton [40, §2] for a proof using the isotropic flag bundle of a metabolic bundle. Pulling back to this
flag variety yields the required splitting. Also see Esnault-Kahn—Viehweg [34, §5] for a proof using
iterated projective bundles. O

1.8. Even Clifford algebra. In his thesis, Bichsel [18] constructed an even Clifford algebra of a line
bundle-valued quadratic form on an affine scheme. Bichsel-Knus [17], Caenepeel-van Oystaeyen [23]
and Parimala—Sridharan [84, §4] gave alternate constructions, all of which we shall recall below. Let
(&,q,Z) be a line bundle-valued quadratic form on X, not necessarily assumed to be regular.

Splitting construction. Let LY = @nezL%™ (called the Laurent polynomial algebra or generalized
Rees ring in the literature) and define Y = Spec L.Z. Then p : Y — X is identified with the total
space of the line bundle . on X with the zero section removed. There is a canonical identification
p*.¥ = Oy defined using the multiplication in the Rees ring, with respect to which, p*(&, q,-%) has
a natural structure of (Oy-valued) quadratic form on Y. The quasi-coherent sheaf of &x-algebras
C¢'(8,q,Z) = pCp*(8,q, %)), where € is the standard Clifford algebra functor, is called the
generalized Clifford algebra in [17]. As an L.Z-algebra, €'(&,q, %) inherits a natural Z-graded Ox-
algebra structure. The even Clifford algebra 6,(&,b,.Z) is defined to be its Oth degree submodule.
This construction is due to Caenepeel-van Oystaeyen [23].

Tensorial construction. Let TE = @,>06®" be the tensor algebra on &. Define an ideal S C
TE ®py LL, locally generated by v ® v ® 11, — 17e ® ¢(v) for sections v of &. Define a Z-grading
on T€ ®p, LL by putting & in degree 1 and £ in degree 2. Then _# is a 2Z-graded ideal and
€¢'(6,q, %) =TE ®py LL) J is a Z-graded (as well as a Z/2Z-graded) Ox-algebra, defining the
generalized Clifford algebra. The even Clifford algebra is defined to be its Oth degree submodule.
This construction is due to Bichsel-Knus [17, §3].

Alternatively, following [69, IT Lemma 8.1], we can directly define ideals #; and # of T(£® & ®
ZV) locally generated by

vV f—flgv), and uRVfRVRWERI-—URWE f(q(v)) g,
respectively, for sections u, v, w of & and f, g of £Y. Then 6,(&,q,. L) =T(ERERLY)/( F1+ F2).
Gluing construction. Choose a Zariski affine open cover, % = {U,}icr, of X trivializing .Z via
©; - ﬁUi o $|U, Then Q5 = gOl'l'il pij € Gm(UU) for (Z,]) e I? (Where Uij =U; xXx Uj and
Yij = Piluy, etc.) is a Cech 1-cocycle representing .£. For each i € I, the composition,

(P'_l © ble : gle - $|Uz - ﬁUﬁ

2

defines an Oy, -valued quadratic form on U;, and for each (i,5) € I?, one checks that the identity map
on &y, defines a similarity transformation,

(id|Uij7aij) : (éa|Uij7(pj_1 © q‘Uu’ ﬁUij) - (g‘UU’(pi_l 0 quij’ ﬁUij)'
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These similarities lift to Oy, ;-algebra isomorphisms of the standard even Clifford algebras (see Knus
[68, IV Prop. 7.1.1]),

(go(idhjij ) aij) : %O(g|Uua<pj_1 © q|Uij) - %O(éahjij ) (pi_l © q|U1',j)7
yielding a gluing datum constructing the even Clifford algebra €,(&, ¢,-%). This construction is due

to Parimala—Sridharan [84, §4]. The original construction in Bichsel [18], in the affine case, uses
faithfully flat descent.

Remark 1.10. For a regular (€x-valued) quadratic form (5, b) of rank n and trivial Clifford algebra,
the homomorphism of sheaves of groups, GO(5,b) — Aut(%o(57,b)) defined by lifting similarities
to automorphisms of the even Clifford algebra, induces a map

Hi (X, GO(H,b)) — HL (X, Aut(Go(s2,b)))

with the following interpretation: the class associated (by Proposition 1.2 and Proposition 3.3) to
the similarity class of a line bundle-valued quadratic form of rank n maps to the isomorphism class
of its even Clifford algebra.

Functorial properties. Some consequence of the splitting construction and the classical properties of
the even Clifford algebra are (assuming that (&, q,.%) is regular and of rank n on X):

a) If n is odd, € (&, q, %) is a central Ox-algebra. If n = 2m is even, the center 2 (&, q,.%) of
%0(&,q,%L) is an étale quadratic Ox-algebra (i.e. the morphism f : Spec & = Z — X is étale
quadratic).

b) If nis odd, 65(&, q,-Z) is an Azumaya Ox-algebra of rank 2"~ 1; if n is even, 6,(&, q, &) gives
rise to an Azumaya Oz-algebra of rank 272

¢) There is a canonical embedding of locally free &'x-modules

i ERERLY — 6(8,q, L)
and a unique canonical involution 1o of 6y(&, q, L) that restricts to the naive switch map on
(the first two tensor factors of) & ® & ® £V.
d) Any similarity transformation (p,\) : (&,q, %) — (&’,q¢',%") induces an Ox-algebra isomor-
phism
%0(905 A) : %O(ga Q7$) - Cgo(g/a qla gl)
e) Any regular bilinear form (.4, n, #®2) of rank 1, induces an Ox-algebra isomorphism
Go(n®id) : 6(&,¢, L) — Go(N @E,n®q, N2 .L).
f) For any morphism of schemes g : X’ — X, there’s a canonical &x-module isomorphism

G°60(6,q4,2) = 6o(9° (6,4, 2)).

1.9. The discriminant and Arf invariant. The classical signed discriminant of a quadratic form
generalizes to line bundle-valued bilinear forms of even rank, see Parimala—Srinivas [85, §2.2] and
Parimala—Sridharan [84, §4]. We will review this construction here.

By a discriminant module (.4 ,b) on X we mean a regular €x-valued bilinear form b : T2.4" — Ox
of rank 1. The group (under tensor product and with identity (1) : T?0x — Ox given by multi-
plication) of isometry classes of discriminant modules on X is canonically isomorphic to Hélt(X , 2),
see Milne [76, III §4]. Given an étale quadratic f : Z — X, let .4 be the kernel of the trace

map f.Oyz LR 'x. Then the multiplication in the Ox-algebra f,.0; induces a bilinear form
m|y : T2/ — O, yielding a discriminant module on X, see Knus [68, ITI §4.2]. The X-isomorphism
classes of étale quadratic f : Z — X is canonically isomorphic to the group H}, (X, Z/2Z), and we've
just defined a map x* : H} (X,Z/2Z) — H} (X, n2). This map is the homomorphism induced on co-
homology from the canonical homomorphism of group schemes x : Z/2Z — po and is an isomorphism
if 2 is invertible on X, see [68, IIT Prop. 4.2.4].

Let (&,b,-Z) be a regular Z-valued bilinear form of rank n on X. Applying the determinant
functor to the adjoint morphism yields an &'x-module isomorphism

det & LY dot AHom(E,.L) < Hom(det &, L%,

of 0x-modules, where the canonical isomorphism at right given by
(3) iAo A fo= (01 A Avy = det(fi(v5))i5)

on sections. Write det b for the £®"-valued bilinear form of rank 1 on X whose adjoint morphism is
the composition can o det ¢,. Note that under the above identification, det b is given by

det & © det ok, gen
VIA AUy @ wi A Aw, —— det(b(vi, w;))i;
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on sections.

Definition 1.11. Let (&, ¢,.%) be a regular .Z-valued bilinear form of even rank n = 2m on X. The
unsigned discriminant form of (£,b, %) is the discriminant module d(&, b, ) = (LY @det &, d(b))
given by the composition

d(b) : T2($\/®m ® det @@) —, pVen ®T2 det & M) PVen o gpan ev, Ox,

The signed discriminant form is the discriminant module d (&, b, %) = (LV®™ @det &, (—1)™d(b)).
The signed discriminant invariant is the isometry class of the signed discriminant form in H, ét(X s 42).

Definition 1.12. The Arf covering of a line bundle-valued quadratic form (&, ¢, ) will refer to the
morphism f : Spec Z(&,q,-¥) = Z — X. The Arf covering is étale quadratic if and only if (&, ¢, %)
is regular (see [68, IV Prop. 4.8.9]), and then its isomorphism class [Z/X] in H} (X,Z/2Z) is called
the Arf invariant.

Proposition 1.13. Let X be a scheme and (&,q, %) be a regular line bundle-valued quadratic form
of even rank on X with Arf covering f: Z — X. Then x'[Z/X] = d+(&,q,.Z).

Proof. The statement holds on any Zariski open cover of X trivializing .Z by [68, IV Prop. 4.6.3].
Since the transition functions are similarity transformations, the statement glues via Knus [68, IV
Prop. 7.1.2]. O

Any similitude (o, A) : (6,0,Z) — (&',V,%") between forms of even rank on X induces an
isometry d(p,A) : d(&,b, L) — d(&',V, L") between discriminant forms and an Ox-algebra iso-
morphism Z (¢, A) : Z(&,q,-L) — Z(&',¢,L") between even Clifford algebra centers. These give
rise to homomorphisms det /p™ : GO(&,b,.L) — O(d(&,b,.L)) = pe and A : GO(&,¢,.L) —
Aut(Z(8,q9, %)) = Z/2Z, respectively. The induced maps

(det //J“m)l : Hélt(X7 GO(@@7 b, f)) - Hét(Xﬂ ll’2)
Al Hi(X,GO(8,q,2)) — HY(X,Z/27)
then have the following interpretation: (&',0, . Z") +— di (&', &) —di(&,q,L) and (8',V, L") —
Z (&, L — Z(8,q, L), respectively.

Define the group of proper similitudes GSO(&, ¢, %) to be the sheaf kernel of the homomorphism
A. Then xoA = det /u™, so that when 2 is invertible on X, GSO(&, b, %) is also equal to the sheaf
kernel of det /u™.

When 2 is invertible on X, there’s a short exact sequence of sheaves of groups

(4) 1 - GSO(&,b, %) — GO(&,b, 2) 2/,

called the similitude discriminant sequence fitting into a commutative diagram with exact rows and
columns,

w2 — 1

(5) 1 0 GO =G 1
det det /u™
H2 H2
1 1

of sheaves of groups on Xg;.

Lemma 1.14. Any Z-valued metabolic quadratic form (&,b, L) of rank n = 2m on X has trivial

Arf invariant. Moreover, any choice of lagrangian ¥ 2 & induces an Ox-algebra isomorphism
g«;/ :O0x X Ox — ,ﬁf(é",q,f).

Proof. In the case that 2 is invertible on X, we can appeal to Proposition 1.13, then use a straight-
forward adaptation of Knebusch [58, IV Proposition 3.2] or [59, Satz 4.1.2] to line bundle-valued
metabolic forms.

O
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1.10. Proper torsor interpretation. Let Z be an étale quadratic Ox-algebra. An 2 -orientation
on a line bundle-valued quadratic form (&”, ¢, £’) is an Ox-algebra isomorphism ' : & — Z(&’,¢',.¢").
If f: Z — X is étale quadratic, we also say use the term Z/X-orientation to mean an f.0z-
orientation. When 2 is invertible on X and & = Z(&, q,-%), then a % -orientation on (&”,¢',.¢") is
equivalent to an isometry ¢’ : di(&,q, %) — d+ (&', ¢, %) of discriminant modules, by Proposition
1.13.

Proposition 1.15. Let X be a scheme and (&,b,L) a regular £ -valued quadratic form of even rank
n on X.

a) The groupoid of SO(&, b, L)-torsors is equivalent to the category whose objects are % (&, q, L)-
oriented reqular £ -valued quadratic forms ((&7,b', %), (') of rank n, and whose morphisms be-
tween objects ((&',b', L), (") and (8",b",L),(") are isometries p : (8,0, L) — ("0, %)
such that " = Z(p)o (.

b) The groupoid of GSO(&,b, £)-torsors is equivalent to the category whose objects are Z(&,q, L )-
oriented reqular line bundle-valued quadratic forms ((&',b',£"),(’) of rank n, and whose mor-
phisms between objects (8,0, L"), ) and ((&",b",L"),¢") are similarities p : (8',V/, %) —
(&0, L") such that ¢ = Z(p)o (.

Proof. This is a straightforward adaptation of Proposition 1.2. O

2. CLIFFORD INVARIANTS OF LINE BUNDLE-VALUED FORMS

In this section, after reviewing étale cohomological invariants related to 1st Chern classes (in §2.1),
we will construct the four-fold covering of the orthogonal similitude group (in §2.3) that gives rise
to an étale cohomological invariant of line bundle-valued quadratic forms extending the classical
Clifford invariant. We then show that our invariant respects Grothendieck-Witt equivalence of line
bundle-valued forms (in §2.7).

2.1. Chern classes. Let | > 2 be such that [ is invertible on X. Recall Grothendieck’s [48] con-
struction of Chern classes modulo | in étale cohomology, ¢;(&, ;) € HZ(X, uP"), of a locally free
Ox-module & of finite rank. If & is invertible, define ¢1(&, p;) € HZ (X, p) to be the image of the
isomorphism class of & under the coboundary map Pic(X) & H} (X, Gy) — HZ (X, p) arising from
the Kummer sequence,

1= — Gy 5 Gy — 1,

on Xg. For a general locally free 0 x-module, the construction is reduced to the case of invertible
modules by the splitting principle. In particular, c1(&, ;) = ci1(det &, u;) € HZ (X, ). Note that
in view of the long exact sequence in étale cohomology associated to the Kummer sequence, ¢1 (&, ;)
is trivial if and only if det & is an Ith power in the Picard group Pic(X).

For the rest of this section we will assume that 2 is invertible on X. The scalar multiplication
homomorphism m : GL(.Z) x O(&,q,.£) — GO(&, q,.%), given by (), ) — (Ao p, \?) on sections,
yields a commutative diagram of sheaves of groups with exact rows

| — M2 —> G x02>GO—1
©) H ! /|
1 M2 Gn ———> Gn 1

on Xg, where po — Gy, X O(&,¢q,.%) is the diagonal inclusion and the center vertical map is the
projection onto the first factor. The commutativity of diagram (6) implies that the coboundary map
of the first row H}, (X, GO(&,q,-L)) — HZ (X, u2) has the following interpretation (via Proposition
1.2): the class associated to (&”,b',.Z") is mapped to ¢1 (L', p2) — c1(ZL, p2).

Remark 2.1. What about the 1st Chern class ¢1(&, o) of the underlying locally free module? For
regular line bundle-valued symmetric bilinear forms of even rank n = 2m, the discriminant and 1st
Chern class (modulo 2) of the value line bundle determine the 1st Chern class of &. Indeed, we have
the equations det & = £™ @ d(&,b,.Z) in Pic(X) (see the proof of Lemma 1.6), and also

a(d(&,b,.2), pe) =d(&,b, L) (d(&,b,L) + (—1))

in HZ (X, po) = HZ (X, u$?) due to Esnault-Kahn-Viehweg [34, Lemma 5.3].
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2.2. Welil restriction. Let f : Z — X be finite étale and G a sheaf of groups on Zg represented by
a Z-scheme, which by abuse of notation, we shall also denote by G. Then f,G is a sheaf of groups on
Xet represented by an X-scheme R, / G, called the Weil restriction or corestriction of G through
f: Z — X. By further abuse of notation, we often write RZ/XG for the sheaf of groups f,G. A
general reference on Weil restriction is [33, I §1.6.6].

The counit of adjunction provides a canonical morphism eg : f _1RZ / xG — G of sheaves of
groups on Zg (or of Z-schemes), and the Weil restriction is universal for this property: given any
sheaf of groups on Xg (or X-scheme) T and a morphism ¢ : f~'T — G, there exists a unique
morphism ¢ : T' — R, G of sheaves of groups on X (or X-schemes) such that eq o f~1p = ¢.

If G is a sheaf of groups on Xy representable by an X-scheme, then f~'G is a sheaf of groups on
Z¢ representable by the Z-scheme Z X x G, and the unit of adjunction provides a canonical morphism
of sheaves of groups on X4 (or X-schemes) ng : G — RZ/Xf_lG.

When G is abelian, there’s a norm homomorphism N = Ny, x : RZ/Xf*IG — @ of sheaves of
groups on X¢;. The sheaf kernel of the norm homomorphism is denoted by Rlz /X f~'G, and there’s
an exact sequence

(7) 1_’Rlz/xf_lcf—’RZ/Xf_lGi’G—> 1

of sheaves of abelian groups on Xgt.
Now let f: Z — X be étale quadratic with nontrivial automorphism ¢. Then the cokernel of the
counit of adjunction can be identified with Rlz /X G, and we have an exact sequence
id
(8) 1-G "% Ry/xf7'G = Ryxf7'G—1
of sheaves of abelian groups on Xg;, where we can identify the cokernel map with z — z/i(z) for
sections x of RZ/Xf_lG.

2.3. Finite coverings of orthogonal similitude groups. We now construct the four-fold covering
of the orthogonal similitude group by the Clifford group that will be used in defining the similarity
Clifford invariant. Fixing a regular Ox-valued quadratic form (J#,b) of even rank n = 2m, let
% = Z(s,b) with associated étale quadratic Arf covering f : Z = Spec & — X.

Let T' = T'(.52, b) be the Clifford group of (7, b) (see [34, §1.9]) and recall the vector representation
r: I' = O and the Clifford norm N : T' — Gy,. The cartesian product of the Clifford norm and the
vector representation yields an exact sequence,

9) 1—>ug—>I‘M>Gm><O—>17

of sheaves of groups on Xg, where pus — I denotes the canonical inclusion of constants. The
exactness at right may be checked locally in the étale topology. Finally, the composite homomorphism
s=mo (N xr): T — GO is an epimorphism of sheaves of groups on Xgt.

Definition 2.2. Define k = k(5,b) to be the sheaf kernel of the homomorphism s : I' — GO.
Equivalently, thinking of po — O as the subgroup of homotheties,  is the sheaf defined by

k(U) ={z € D(h)(U) : N(x) € p2(U), r(z) € p2(U), N(z) =r(x)}
on Xg;. The resulting exact sequence,
(10) l1-k—-T35G0O -1,
on Xy is called the similitude Clifford sequence.

By construction, the similitude Clifford sequence is an extension of the Kummer sequence by the
pinor sequence, forming a fundamental Clifford diagram

1 1 1

RN

1—= M2 —Pin —>= 0 —1

R,

S

(11) 1 K r—>GO—1

P oowl

1— M2 —G, —>G, —1

Voo

1 1 1
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of sheaves of groups with exact rows and columns on X¢;. In particular, k is a étale group scheme of
order 4, which we shall now identify.

Proposition 2.3. Let (,b) be a reqular Ox -valued quadratic form of even rank n and Arf covering
f:Z — X. Then there’s a group scheme isomorphism

- Rlz/Xu4 if n=0mod 4
"7\ Ryxpe ifn=2mod4

Proof. Every symmetric bilinear form over a scheme with 2 invertible is locally diagonalizable in the
Zariski topology. We can assume, without loss of generality, that X is connected. Let % = {U; —
X }ier be a Zariski open cover of X diagonalizing the symmetric bilinear form (.7,b) via isometries

P; : (ﬁ&v(bzlvvb?» - (%‘Uwh Ui)

for b},...,b" € G (U;) corresponding to orthogonal bases e}, ... ,e? € O%(U;). Let d; = b} ---b' €
G (U;), so that there are isometries

det ®; : (Oy,, (d;)) — det(S2,b)
For each i,j € I, there are isometries
Gij = <I>;l.1 0@y (OF, , (b), ..., b})) = (OF,., (b, .., b))

Ui+

and
det p;; = det ;' o det 35 : (Ou,,, (d;)) — (Ou,,, (di))

yielding the equality
(12) (det pi;)3d; = d;
in G (U;j). B
Now let p: X — X be the étale quadratic covering defined by the class of
§ = —(—1)"" D25 € H (X, o).
For each i € I, fix an isomorphism of p~!(U;) with U, =U; X Spec Ox (U;) SPeC Ox (U;)[v/—d;]. Then

U = {(72}16 7 is a Zariski open cover of X and also can be considered as an étale cover of X. We'll
identify Uij = Ul Xx Uj with Ul‘j XSpcc Ox (Uijz) Spec ﬁx(Uij)[\/—di, \/_djL where Uij = (]z N Uj.

Then ~

(5;-]' = —det oy d;l ®\/did; € p,g(Uij)
defines a Cech 1-cocycle representing ¢’. Clearly, any étale cover of X splitting # and ¢ is a
refinement of such a cover. Finally, for each i € I, define

: .
=Ll oo @ /=d € Tu(T))

d;
where T; is the Clifford group of the diagonal form (O, (b}, ..., b")). We'll argue that
(13) N(ei) = -1 € Gu(Uy), r(e;) = —id € 04(T7),

so that €¢; € k;(U;), where O; and k; are associated to the diagonal form. Recalling that in the
Clifford algebra,

ek 1 di lf k = l

PEET —elel ifk AL

we now compute

1
N(e) =€ 0(e) = ﬁe} e el ®@—di=—-1®1.

Also, for each k =1,...,n, we have

1

ciel=—el el @/ —d = (—1)"tef e,
so that
re)(el) = I(e) b 7L = (—1) ek el = (—1) (1) ek e = —e,

hence r(e;) = —id.

Thus —1 and €; generate x;(U;). Using the identity o(e) = (—1)"(~1/2 and equation (13), we
find that
62 — _(_1)n(n—1)/2’

so that

1

i (T75) YA if n=0,1mod 4
nee Z)27. x Z./27 ifn=2,3mod4 ’
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via either ¢; — 1 or ¢; — (0,1) and —1 — (1,0), depending on the rank modulo 4.
The isometry ®; induces an algebra isomorphism % (®;) of Clifford algebras, hence commutes with
N and r and induces group scheme isomorphisms k; =% “|l7i and O; =~ O|(7i. We have deduced

that  is a form of the corresponding constant group of order 4, which is split by the étale cover x.

We'll now argue that k is split by p : X — X by showing that the sections €' (®;)(e;) € k(U) glue to
a section € € k(X).

Lemma 2.4. Let S be a free Ox-module of rank n on X, (A,b1) and (H,bs) be regular quadratic
forms with orthogonal bases el,... et and e}, ... €%, and ¢ : (H,b1) — (H,b2) an isometry. Then
C(p)(e1---ef) = pler) - p(ef) = detpey--- 5.

in the Clifford algebra of (A, bs).

Now using equation (12) and Lemma 2.4, compute
1

C(pij)(eij) = I@ij(eb)"'wij(ez})(@ —d;
]
1 n
= Gy et e © (e,
1 n
— ey =

so that we have the equality
(Rij)(€ij) = € (Pij) (€(0i5)(€5)) = € (Piz)(ei;)

of sections in I'(U;;). Thus the sections € (®;)(¢;) € k(U;) glue to a section € € k(X) which splits

the group scheme k over the étale quadratic covering p : X — X. Clearly, the Galois action on the
section € € Ii(jz ) is trivial if and only if the class ¢’ is trivial. Since any étale quadratic extension
splits a unique nontrivial form of Z/47Z or Z /27 x 7./27, the proposition follows. On the étale cover
?,Z the isomorphism of group schemes constructed above descends.
Alternatively, we can also view the above equality as
C(Pij)(ei5) = (det ij d' ® digdy) G (®ij)(eij) = 0;C (Piz)(ei;)

so that & is identified with the twist of Z/47Z or Z/27 x 7,/2Z by the the Cech 1-cocyle d;; on the
étale cover % on X. O

Remark 2.5. For regular &x-valued quadratic forms of odd rank, we have

e Rlz/Xu4 if n =1 mod 4
o RZ/X/,LQ if n =3 mod 4

see Auel [3, Thm. 2.11]. This formula in the odd rank case depends on our convention for the Clifford
norm N. We take the convention of Frohlich [39, Appendix I]. The other convention, taken by Knus
[68, IV §6.1], defines N via the standard Clifford involution induced by negation on JZ.

Example 2.6. We continue to assume, without loss of generality, that X is connected. For certain
standard quadratic forms, we now make the isomorphism in Proposition 2.3. Let (#,b) = Hp, (OF)
be the hyperbolic quadratic form on X with trivial lagrangian, and ey, ..., e, f1,..., fm a choice
of global sections forming a hyperbolic basis, i.e. h(f;,ex) = djx. An explicit representation of kK =
K(Hg, (07%)) is as follows.

For m odd, a straightforward calculation shows that the global section € = []}", (1 —2¢;f;) € T'(X)
of the Clifford group generates, together with —1 € I'(X), the group scheme k. This yields a global
isomorphism po X pg = (—1) X (€) = K of group schemes on Xy, depending on our particular choice
of e.

For m even, the section € = (—1)™/2 [, (1 — 2¢,f;) ® v/—1 € T'(X) of the Clifford group over the
étale double covering X = X XSpec 0x (x) SPec Ox (X)[v/—1] — X generates k|g. By descent there’s
an isomorphism g4 = Kk of group schemes on Xg;. This isomorphism also depends on our particular
choice of e.

More generally, for each even n = 2m > 2 and each étale quadratic f : Z — X, define (J¢,b) =
hZ = (f.Oz,h?) L Hg, (0F™"), where h? is the norm form associated to f : Z — X (see §5.1).
Then hZ has rank n, Arf invariant canonically isomorphic to f : Z — X, and trivial classical Clifford
invariant (see [68, V §2.3]). There’s a canonical isometry f*hZ — Hg,(0%) (indeed, for m = 1
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the canonical &z-algebra isomorphism f*f.0, — Oz x Oz is an isometry of the quadratic forms
f*(f«0z,h?) — Hp,(O7), which extends, for general m, to the remaining hyperbolic factors by the
identity). Hence we have isomorphisms f1k(hZ) = k(f*hZ) = k(He,(OF)).

For m odd, we compose with the projection onto the subgroup k(Hg,(0F)) = pe X g2 — (—1)
(this depends on our choice of €, as above), yielding a morphism f~'k(h?) — po, and hence by
adjunction, a morphism k(hZ) — R, /x M2, which we can check, locally using Proposition 2.3, is an
isomorphism.

For m even, we have an isomorphism f~'k(hZ) — p4, which by adjunction yields a morphism
k(hZ) — RZ/X;L47 which is seen to be in the kernel of the norm map RZ/Xu4 — p4. Thus we have

a map k(h?) — R}, /x M4, which again we can check is an isomorphism locally. Thus for the form
hZ, we have an explicit choice of isomorphism in Proposition 2.3.

2.4. The similarity Clifford invariant. By the calculations in the proof of Proposition 2.3, we see
that any section of k not in the canonical subgroup ps < & has degree (in the Clifford group) the

parity n. The structure theory of the center of the Clifford algebra then implies that the similitude
Clifford sequence (10) is central for n odd. For n even, its restriction to the even Clifford group,

(14) l1—-k—SI' 35 GSO —1,
is central and we consider the restriction of the fundamental diagram (11) to the even Clifford group:
1 1 1

Lo

1 — M2 — Spin —= SO —= 1

.

(15) 1 K S —>GSO — 1

R

1—> Mo G, —2>G,, 1

oo

1 1 1

Definition 2.7. For each n = 2m, étale quadratic f : Z — X, and each sheaf of groups G depending
on a quadratic form, write GZ = G(h?%).

Now, we are ready to define the cohomological invariant we’ll primarily be concerned with.

Definition 2.8. Let f : Z — X be étale quadratic. For a regular line bundle-valued quadratic
form (&,q,.%) of rank n = 2m and Arf invariant [Z/X], define the similarity Clifford invari-
ant ge(q) = go(&,q,L) € HA(X,KkZ) to be the image of (£,q,.%,() under the coboundary map
H}(X,GSO0Z) — H2(X,kZ) arising from the even Clifford sequence (14), for any choice of Z/X-
orientation ¢. By Lemma 5.15, gc(q) does not depend on the choice of orientation (.

Remark 2.9. An analogous similarity Clifford invariant can also be defined for line bundle-valued
quadratic forms of odd rank. By Lemma 1.6, the value line bundle is a square, and in fact, has a
canonical square root. This can be used to compute the invariants odd rank forms in terms of classical
invariants, see Auel [3, §2.2.1].

2.5. Interpolation property. The similarity Clifford invariant “interpolates” between the classi-
cal étale cohomological Clifford invariant (see Parimala—Srinivas [85, Lemma 6] or Knus—Parimala—
Sridharan [66, §3]) and the 1st Chern class (modulo 2) (see §2.1) of the value line bundle.

Theorem 2.10. Let X be a scheme with 2 invertible. Let (&,q,L) be a regular £ -valued quadratic
form of rank n = 2m and Arf invariant [Z/X]. We have an exact sequence

o HE(X, iz) 5 HE(X, 1) 2 HE(X i) —
of étale cohomology groups.
a) Then p?gc(&,q, L) = c1(ZL, p2), i.e. the similarity Clifford invariant maps to the 1st Chern
class (modulo 2) of £ .
b) If & = Ox then gc(&,q,0x) = i%c(&,q), i.e. the classical Clifford invariant of a quadratic
form maps to the similarity Clifford invariant of its similarity class.

Proof. In light of the cohomology interpretation of Remark 1.5, one needs only to consider the impli-
cations on étale cohomology of the fundamental diagram (15). For b), it remains to be verified that
the coboundary map H} (X,SO0Z) — HZ (X, pu2) agrees with the Clifford invariant of a quadratic
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form (&, q) (together with an irrelevant choice of orientation) with Arf invariant [Z/X]. This is veri-
fied using a generalization to X of formulas from Lam [73, V Prop. 3.20] and Serre [90, ITIT App. 2,
§2.2]. O

2.6. Functoriality. Let f : Y — X be a morphism of schemes. If (&, ¢, %) is an .Z-valued quadratic
form of rank n on X, then there’s a canonical f*.Z-valued quadratic form f*(&,¢q,.Z) of rank n on
Y. By the functoriality of the Clifford group, there’s also a canonical isomorphism of group schemes
kY *xZ oo, f=1Z where f~1 is the pullback in the category of sheaves of groups on Xg; (see Milne
[76, II §2]). Finally, we have

ge(f*q) = frgelq)

in Hézt(Y7 R?xXZ/Y) = Hézt(Y7 fﬁlHTZL)'

2.7. Grothendieck—Witt equivalence. Now let f : Z — X be split, so that hZ = He, (O%).
Write G, instead of GZ for any sheaf of groups depending on a quadratic form. If n is divisible
by four then gc(q) € HZ (X, pa) via the identification py =% k of Remark 2.6.

Theorem 2.11. Let X be a scheme with 2 invertible. Let (&,q,Z) be a regular quadratic form of
rank n = 2m divisible by four and trivial Arf invariant on X.

a) If ¥ is a locally free Ox-module of even rank, then
gela L He (V) = ge(q) + i (¥, pa).
b) If (&,q,%) is metabolic with lagrangian ¥ — &, then
g9e(q) = c(Hgz (V) = e1(ZL, pa) + Per (Y, pa).
Proof. Consider the homomorphism H : G, x GL,, — GSO,, ,, defined by

mto) = (5 1)

Lemma 2.12. The induced mapping H* : H} (X, Gy, X GL,,) — H} (X, GSO,,.m) is interpreted
as (L, V) (Hg(V),Cy), where Cy is the orientation from Lemma 1.14.

Proof. Let % = {U;}iecr be a Zariski open cover of X splitting .Z and ¥ via €y,-module isomorphisms
Xi: Oy, = Ly, ¢i: Oy =V
for each 7 € I. The 0y,-module morphism
Vit Hoy (Ov,) — Hg(V)|u,
(W, f) = (¢i(v), Ao foer)
is a proper similarity transformation with similarity factor \;. For each (i,j) € I?, the collections

lij = )\;l‘l o Aij € G (Uij), Pij = ¢;l-1 0 ¢y € GLy, (Usj),

Uis

and
by = U7 o € GO (Ui,

form Cech étale 1-cocycles representing the classes associated to .2, ¥, and He(¥) in H (%, Gy,
H} (% ,GLy,), and H} (% ,GO,, ), respectively. With respect to the decomposition Hg, (OF) =
0% @ OV, the cocycle b;; is represented by the matrices

_ (% 0 )
H(lij, ¢ij) = -
( J ‘PJ) ( 0 I (%jl)v
proving the claim. Thus we’ve shown that H}, (X, Gy x GL,,) — H} (X, GOy, ) is interpreted by

(Z,Y) — Hep(?). All that remains is the verification of the orientation statement. If 2 is invertible
on X, this is equivalent to the equality

(det /u™)(H (Lij, i) © G|y, = Srlo,, = Ovyy = dx(Hoy, (O7))) = d+(Hoy, (Vu,;))-
This is a straightforward process of unwinding the definition of (» from Lemma 1.14. O
Furthermore, consider the restriction of H to the maximal torus Gy X GX™ — GSO,, ,,, which

similarly to Lemma 2.12, is interpreted as (£, %1, ..., ¥m) — He(¥1®- - -®¥;), where the orientation
from Lemma 2.12 is understood. We now construct a commutative diagram with exact rows

1 — g X pS™ —> Gy X G ——> Gy x GX™ —— 1

(16) Hl Hi H\L
1 i ST\ GSO,pm — 1
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lifting H to the even Clifford group: the top row is the product of appropriate Kummer sequences, the
bottom row is the even Clifford sequence (14) for the split similitude group, I7 is the homomorphism
given by multiplying a tuple of the elements together, and

Al a1, ... ap) = I+ ﬁ a;l(l (- (l‘laj)2)€jfj)
j=1

on sections, where e, ..., em, f1,..., fm are global sections of Hg, (OF) forming a hyperbolic basis,
ie. h(e;,e;) =0, h(fi, fj) =0, and h(e;, f;) = d;j, where §;; is the Kronecker d-function.

To verify the commutativity of diagram (16), we will decompose H into a product of homomor-
phisms. Calculations in the Clifford algebra show that for each 1 < 5 < m, themap x; : Gin — STy m
defined on sections by

Xj(x) =1—-(1—x)e;f;
forms a one parameter subgroup of ST',, ,,, satisfying

R N Tt

In particular,

N(ﬁ(l,al, cay)) =12 r(f{(l,al, conap)) =12H(14 43, ... d2)

s Ym

so that H is a homomorphism and the rightmost square of diagram (16) is commutative. The fact
that the leftmost square is commutative results from the identity

H(V-1,1,...,1) = (-1)™/?/=1 ﬁ(l —eif})

and the identification py =% k(h) of Remark 2.6.

Finally, by the splitting principle for metabolic forms (see Theorem 1.9) and the fact that the
formulas of Theorem 2.11 all commute with pullbacks, to prove b) we can reduce to the case where
(&,q,-%) is a hyperbolic form H (%) with lagrangian ¥ = ¥, @ - - @ ¥}, a sum of invertible modules.
The coboundary map of the top sequence of diagram (16), composed with the map [1? induced from
the leftmost vertical map, yields

(9%7 %7 R a//m) = (61(9%7“4)3 Cl(%v /'1'2)7 LR Cl(ly/ma /1’2)) — Cl(ga lj/4) + 7:261(7/5 "'/2)
and thus Hey (V) — c1(Z, pa) +1i%c1 (¥, po) under the coboundary map of the Clifford sequence for
the similitude group, verifying the formula in b).
As for a), let m’ be even and consider the commutative diagram with exact rows
1] — py x p™ — STy, 0 x GZ™ ——> GSO,, . x GZ —— 1
(17) HJ/ H'J( H’\L

1 M4 SijLm/’erm/ _— GSOm+m’,m+m” —1

where H'((¢,1),a1,...,am) = (p,1) L H(l,a1,...,am, ) and

(w01, apw) = N@)" 2z [] a7 x; (N (z) " a?).
j=1

The commutativity of the diagram is checked as above. Finally, H'! is interpreted as
(8.0, L), %, ... V) — (E,4, L) LH@(W & & Vo),
while the coboundary map of the top sequence is interpreted as
(€0, L), M, Vo) = ((€,¢, L), c1(V, 2), - - - 1 (Vs 112))
so that in total gc(g L He (%)) = c(q) + i%c1 (¥, po), verifying the formula in a). O

Corollary 2.13. Let (&y,q0,-%), (61,q1,L), and (63,92, L) be L-valued quadratic forms of rank
divisible by 4 and trivial Arf invariant. If there’s an isometry qo L q1 = qo L qa then ge(qr) = ge(qz).

Proof. If g0 L g1 = qo L g2 then (—qo L q0) L ¢1 = (—q0 L qo) L g2. But (&b, —q0,-Z) L (b, q0,-2L)
is Z-valued metabolic with lagrangian &y, so that by Theorem 2.11,

ge(qr) + ic1 (o, o) = ge(go) + iPcr (o, pa)
in H2 (X, p4), proving the corollary. O
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Let GW (X, .Z) be the Grothendieck—Witt group of .#-valued quadratic forms on X and GW*'*'(X) =
®GW (X,.Z) the total quadratic Grothendieck-Witt group. Letting GI}°*(X) = &Gl (X, .Z) be
the subgroup of quadratic forms of even rank, the signed discriminant defines a (surjective) cohomo-
logical invariant (in a sense generalizing Garibaldi-Merkurjev—Serre [43])

di : GI*(X) — Hy (X, pa).
Letting GI**(X) = ®¢GI(X, %) be the subgroup of quadratic forms of rank n = 0 mod 4 and

trivial discriminant, we may interpret Theorem 2.11 as the statement that the similarity Clifford
invariant descends to a cohomological invariant

gc: GI'*(X) — Hézt(X, ).

2.8. Oriented invariants. We now restrict our attention to line bundle-valued quadratic forms with
trivial Arf invariant. As noted in Definition 2.8, the invariant gc(&, ¢, %) € HZ (X, Km,m) does not
depend on an orientation of (&, q,-%). In this section, we construct related invariants in HZ (X, o),
but which are orientation dependent.

Definition 2.14. Let (J#,b) be a regular quadratic form of even rank n = 2m on X. Denote by
z = z(J, ) be the subgroup scheme of ST'(J7,b) defined by

z(U) = {x € ST(42,b)(U) : N(z) =1, r(z) € ua(U)}.
Equivalently, z is the kernel in the short exact sequence of sheaves of groups
(18) 1—z— Spin - PSO — 1

on X (here PSO = SO/ o, see §3.1). In fact, z is the center of the simply connected affine algebraic
group Spin. It’s a classical fact, see [69, VI.26.A] for example, that there are isomorphisms of group
schemes
= {RZ/lelz if n=0mod 4
RIZ/X,u4 if n =2mod 4
where Z — X is the Arf cover of (J2,0).

We retain the notation of §2.7 and assume, for simplicity of exposition, that X is connected.
For each m > 1, the choice of global section ¢ = []" (1 — 2e;f;) of ST, ,, fixes a group scheme
isomorphism po X g =% Z, », for m even and po X g °% Ky, for m odd. Indeed, if m is even, then
€ is a global section of Spin which together with —1, generate z,, ,,. If m is odd, see Example
2.6.

For m even, define I}, = Gy, x Spin,, ,, and 7,f ,, to be the subgroupscheme generated by
the global section (—1,¢). For m odd, define I}, ,, = ST, ,, and =}, ,,, to be the subgroupscheme
generated by the global section €.

m,m?

Definition 2.15. For m > 1, define GrSpin;’m = T/ Yhm- Replacing ¢ by —e yields an

analogous subgroup 7, ,, and quotient GSpin,,, ...
Remark 2.16. For m odd, G‘:Spinf[mm is precisely the image of SI'y, ,, under the “half-spin” rep-
resentations p* : STy, — GLg2m-1). In the literature, GSpin(q) is often another name for the

even Clifford group SI'(g) of a quadratic form. Our notation is somewhat justified since GSpinfn’m

m—1

becomes isomorphic to STy, ., upon replacing & by (—1) in the definition.

The compositions Gy, x Spin ., G 2, Gy, and ST, 1, N, G, 2, G, descend to homo-
morphisms pt : GSpinfmm — Gnp,. The kernel of x* is isomorphic to Spin,, ,,,, as seen by the Nine

Lemma 5.16 applied to the commutative diagram

m,m

1 —> 7$,m | - GSpin,, ,, —>1
T

1 H2 G, G, 1
) J
1 1

of sheaves of groups on X, with exact columns and bottom rows.
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Also, the homomorphisms G, x Spin,, ,, — GSOy, , given by (a,z) — (ar(x),a®) and s :
+

m,m

ST, — GSO,, p, from §2.4) factor through homomorphisms st : GSpin
short exact sequences

— GSO,,, n, yielding

+
(19) 1 — py — GSping, ,, = GSO,,,, — 1
fitting into commutative diagrams with exact rows and columns
1 1
1—>H2 —— Spinmﬂn — SOm,m —1
R
(20) 1 —> p2 —> GSpiny, ,, == GSO,,  —> 1
) |
Gn Gnm
1 1

of sheaves of groups on Xg;.

Definition 2.17. For an oriented regular line bundle-valued quadratic form (&,q,-%,¢) of rank
n = 2m and trivial Arf invariant, define a pair of invariants gc*(q, ) = gc*(&,q,Z,¢) € HZ (X, po)
to be the images of (&, ¢,.Z, ¢) under the coboundary maps Hj (X, GSpinfhm) — HZ (X, p2) arising
from sequence (19).

Proposition 2.18. Let (&,q,-%£) be a regular line bundle-valued quadratic form of rank n = 2m and
trivial Arf invariant. Let  be any orientation of (&,q,-%). Then we have:

a) gc*(q,¢) = clq) if £ = Ox,

b) gc+ q, C) + gci(qv C) = Cl(gv “2)7

C) gci(% _4) = gC:F (qa C):

d) gct(q,Cy) = c1(V,m2), if ¥V — & is a lagrangian of (&, q, L) and Cy is the induced orientation
from Lemma 1.14.

Proof. For a), we simply consider the interpretation on cohomology of the top rows of diagram (20).

For b), denote by vy, m the subgroupscheme of I', ,, generated by "y;;)m and v, ,,. Note that
when m is odd, Ym,m = Km,m. We have a fixed isomorphism po X po 2% 7,,,, and a labeling
'y,?%m and 'ygL’m of the three subgroupschemes of v, .. For ¢ € {—,0,+}, denote by p*® the quotient
homomorphism in the exact sequence

1 A"Yr.n,m — Ym,m £ p2 — 1.

For each m > 1 and each e € {—,0,+}, it’s a straightforward verification that the diagram

1 1
.i’ .\L
Ym,m Ym,m
i
(21) 1 ——=Ymm I‘;mm GSOmJn —1

’ S

11— 4o ——— GSpin. B GSOm,m — 1]

m,m

1 1
of sheaves of groups on Xg is commutative with exact rows and columns. Here we’ve used the
following notation: for e € {#}, the map ¢* : T, ,, — GSpin;, ,, is the quotient homomorphism; for

e =0, we set s° = s as defined in Definition 2.2, GSpin?n’m =GuxSOmm,and¢* = Nxr: T}, =
ST..m — Gm X SOy, when m is odd while ¢ = id x r : T}, ., = Gn x Spin — Gy, X SOy
when m is even.

For each m > 1, denote by 8,, : H} (X, GSO,,m) — HZ (X, ¥m,m) the coboundary map associated
to the central row of diagram (21). Note that for m odd, d,, = gc, by Definition 2.8.

m,m
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Consider the split exact sequence of group schemes,

C oo+
P~ Xp° Xp x3 1
1= Ymm Mo > o — 1,

uniquely defined up to ordering, where [] is the total multiplication homomorphism. On étale coho-
mology, there are thus (split) exact sequences,

i 7,1@ O,i@ 4+,
(22) 0 — Hi (X, Yimm) T

of abelian groups for each ¢ > 0.

By the commutativity of the bottom rows of diagram (21), we have
gc*(£,q,Z,C) for e € {4}
(X, po) for e =0

Hét(Xv HZ)GBB - Hét(X, m2) — 0.

o0, (&,q, 2, C) :{

by the definition of gc* for @ € {£} and by the commutativity of diagram (6) for = 0. Note that
for m odd and e = 0, this is a restatement of Theorem 2.10a). In particular, by exact sequence (22)
of cohomology groups (for i = 2),

gc+<é&7 q7$) + gc_(éo7Qa$) = p_726m((g)7 ba$7 C) +p+726m<g7 b7$7 C) =0 (ga “2)

in HZ (X, po).
Part ¢) follows immediately from the definition of GSpini,m. For d), we can adapt the proof of
Theorem 2.11 (]

Remark 2.19. By Proposition 2.18¢), if . is not a square in Pic(X), then gw®(q,() depends on
the orientation ¢. In particular, if Pic(X) is not 2-divisible, then the invariants gc* are in general
orientation dependent and hence do not descend to GIS**(X).

Example 2.20. If m = 3, then G:Spingi’3 >~ GL, and exact sequence (19) is isomorphic to the
familiar sequence

2
1 — py — GLy 25 GSO33 — 1,

for an appropriate choice of & and e, see §5.4 for more details.

As an application of Example 2.20, we can give a characterization of locally free &'x-modules of
rank 6 that are exterior squares, i.e. isomorphic to /\2“// for a locally free &x-module ¥ of rank 4.

Proposition 2.21. Let X be a scheme with 2 invertible. Then a locally free Ox-module & of rank 6
is an exterior square if and only if & supports a regular line bundle-valued quadratic form (&,q, L)
with trivial Arf invariant and trivial gct (&, q, £, ) for some orientation .

Proof. 1If & = /\2”// , then & supports a regular line bundle-valued quadratic form via the canonical
“wedging” form /\2”// L5 det v ). That such a form has trivial Arf invariant follows from its inter-
pretation as a reduced pfaffian and the explicit calculation of the even Clifford algebra of a reduced
pfaffian, see §5.4 and [17, Prop. 4.8]. Since 2 is invertible on X we can argue directly, by showing
that the associated symmetric bilinear form has trivial discriminant. Indeed, when ¥ is free with
basis eq, ..., e4, an Ox-module morphism ( : det(/\z”f/) — (det #)®3 can be given by

/\ (ei/\ej) — (61/\"'/\64)®3.
1<i<j<4

A standard computation (compute the similarity factor on the standard middle exterior power of the
fundamental representation of GL,.) shows that this morphism does not depend on the choice of basis.
Hence for a general locally free ¥, this morphism patches over a Zariski open cover of X splitting 7.
Finally, scaling ¢ by (det ”//V)®3 yields an @x-module morphism Cy : di(A>¥, A, det ¥) —< —1>,
which can be checked to be an isometry.

Now the map GL4 /\—2> GSO3 3 can be reinterpreted as the homomorphism of automorphism
sheaves (when applied to ¥ = €% ) induced from the functor ¥ — (A*¥, A, det ¥). Hence, the exact
sequence of cohomology sets

HL(X,GLy) L2 g o
st\ A 1) — He (X, GS033) — Hg (X, p2)
has the following interpretation: (A%)! takes the isomorphism class of a locally free Ox-module ¥
of rank 4 to (A®¥, A, det ¥) with the above orientation Cy. In particular, gt (A2¥, A, det ¥, () is
trivial.

Now suppose that & supports a regular line bundle-valued quadratic form (&, ¢,.¢) with trivial

Arf invariant. Then the similarity class of (&,q,.%) defines a class in H}, (X, GSO33) and by the
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exactness of the above sequence, gc™ (&, q, %, () is trivial for some ( if and only if (&, q,.%,() is in
the image of (A%)!. In particular, & = /\2”// for some locally free &'x-module ¥ of rank 4. O

3. RELATIONSHIP TO THE EVEN CLIFFORD ALGEBRA

In this section we relate the similarity Clifford invariant to classes in étale cohomology arising from
the (generalized) even Clifford algebra construction of Bichsel-Knus [17].

3.1. Involutions on endomorphism algebras and projective similarity. An antiautomorphism
of an Ox-algebra o is defined to be a Ox-algebra isomorphism o : &/ — @/°P, where &/°P is the
opposite algebra. An antiautomorphism o is called an involution (of the first kind) if 0°P 0 0 = id
identifying & = (27°P)°P. A morphism ¢ : (&/,0) — (&', 0') between Ox-algebras with involution
consists of an Ox-algebra homomorphism ¢ : & — &’ such that ¢ o0/ = g0 ¢°P. If (£,b,.%) is a
regular #-valued bilinear form, the 'x-algebra anti-automorphism defined by

op 2 End (&) — End(&)°P
o, o oy

is an involution (called the adjoint involution) if and only if b is e-symmetric (see 1.3), for some
€ € HY (X, p2). Conversely, any involution (of the first kind) on &nd (&) arises this way.

Proposition 3.1 (Saltman [88, Thm. 4.2a], Knus—Parimala—Srinivas [67]). Let X be a scheme and
& a locally free Ox-module of finite rank. If o is an involution (of the first kind) of &nd(&) then
there exists a reqular e-symmetric bilinear form (&,b, %) such that o = op,. Moreover, the similarity
class of (8,b, %) is uniquely determined by & and o.

Remark 3.2. Note however, that the &x-algebras &nd(A ® &) and &nd(&) are isomorphic for any
invertible &x-module .4/ (see Remark 1.3). Thus an involution o on &nd(&) that corresponds to
a bilinear form (&,b,.¢) will give rise be an involution on &nd(A4 ® &) that corresponds to the
bilinear form (A ® &,V , 4 ®% ® #). Thus the isomorphism class (as Ox-algebras with involution)
of (&nd(&),0p) only determines the projective similarity class of the bilinear form (&,b,.%), i.e. the
set of similarity classes of bilinear forms (A ® &, n®b, /%% ® .¥), where (A, n, A ®2) is a bilinear
form of rank 1.

If (£,b,.2) is a regular e-symmetric bilinear form, the projective similitude group PSim(&, b, %) is
defined as the sheaf of automorphism (as algebras with involution) groups Aut(&nd(&), 0p). There’s
a natural homomorphism GO(&,q,.¢) — PSim(&, ¢,.%) of sheaves of groups on Xg;, with kernel
the central embedding Gy, — Sim(&,b,.%) given by homotheties There is an exact sequence

(23) 1 — Gy — Sim(&,b,.%) — PSim(&,b, ) — 1.

of sheaves of groups on Xg. The embedding of homotheties restricts to a central embedding po —
Isom(&,b,.Z), the sheaf cokernel of which defines the projective orthogonal group PIsom(&,b,.%).
In total, we have a commutative diagram with exact columns and rows

1 1
l b
1 2 Gn Gn 1
| o
(24) 1 ——Isom Sim G 1

l !

Plsom — PSim

i !

1 1

of sheaves of groups on Xy by the Nine Lemma 5.16.
A locally free Ox-algebra 7 of finite rank is an Azumaya Ox -algebra if the canonical &x-algebra
homomorphism
g @ AP — End(A)
a®b — c— acb

is an isomorphism, where &nd (/) is the algebra of &'x-module endomorphisms of 7. Every Azumaya
algebra is locally isomorphic on X¢; to an endomorphism algebra of a locally free sheaf, see Milne
[76, IV Proposition 2.3]. In particular, locally on X, an Azumaya algebra has rank n? for some n,
giving rise to a global section deg(&/) € HY (X, Z) called the degree of <.
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An involution of the first kind o on an Azumaya Ox-algebra &7 is locally isomorphic on X,
by Proposition 3.1, to an adjoint involution associated to an e-symmetric bilinear form for some
€ € HY (X, uo), called the type of the involution. On each connected component, the type is called
orthogonal or symplectic depending on the sign of e.

Proposition 3.3. Let X be a scheme with 2 invertible and (&, q, %) be a regular e-symmetric bilinear
form of rank n on X. Then the groupoid of PSim(&,b, . L)-torsors is equivalent to the category of
Azumaya Ox-algebras of degree n with involution of type € together with isomorphisms of algebras
with involution.

Remark 3.4. The map on cohomology
H} (X, Sim(&,b,.2)) — H(X,PSim(&,b,.2))

associated to sequence (23) has the following interpretation: the similarity class of a line bundle-
valued e-symmetric bilinear form is mapped to the adjoint involution on its endomorphism algebra.
The coboundary map

H (X, PSim(&,b,.2)) — H%(X,Gp)

takes an Azumaya algebra with with involution of type e to the Brauer equivalence class of the
algebra. The Brauer class of any Azumaya Ox-algebra &/ supporting an involution of the first kind
is 2-torsion. A refinement of this coboundary map is given via the involutive Brauer group, see 3.3.

3.2. Unitary involutions and hermitian forms. Let f : Z — X be étale quadratic and ¢ the
nontrivial X-automorphism of Z. Since ¢ is an automorphism of order 2, (' = 1, and .* are
isomorphic functors on the category of &z-modules. Indeed, for any &z-module #, a canonical
isomorphism a e : 1* 5 — 1,7 is given by adjunction applied to the identity map 7 — 141,57 .

For any Ox-module .#, the unit of adjunction defines an &z-module isomorphism f*¥ %
L f*L = 1, f*%, which we shall (by abuse of notation) also denote by f : f*Z — 1, f*Z.
Note that this also coincides with the composition

idjx @1t
_—

PFLE L0, [ L @107 1 (O L@ O7) =0, f* 2L,

where the third isomorphism is from the projection formula.

Hermitian forms. A line bundle-valued Z /X -hermitian form is a triple (4, h, %), where S is a
locally free &z-module of finite rank, . is an invertible &x-module, and h : 7 ® 1,5 — f*L is
an 0 z-module morphism such that the following diagram of &z-modules commute

H QA —" s

(25) l lbu

(@0 H) e

where the left vertical map is the composition

HD A — 1, R H— 1, (@) DA @0, )

of canonical & z-module morphisms: nalve tensor switch, projection formula, and induced from «. The
commutativity of diagram (25) represents the usual formula “h(z,y) = h(y,x)” defining a hermitian
form.

As in the bilinear form case, a Z/X-hermitian form (., h,.Z) has an €z-module adjoint mor-
phism ¢y, : H — Hom(u. I, f*L). Tt is called regular if 1y, is an Oz-module isomorphism. The

commutativity of diagram (25) is equivalent to ¢y, = 1/);2, where w;rl is defined as the composition

2
Yh

Wl L Hom (v Hom (A, [ L), fF L) L Hom(n A, [ L),

Here, (—)*Z is the contravariant functor JZom(i.(—), f*.£) and

eV*‘f s id — ((_)*Z)*Z

is the canonical morphism of functors on the category of coherent &z-modules, which is an isomor-
phism on the subcategory VB(Z) of locally free &z-modules. The triple (VB(Z), (—)*%,ev*¥) forms
an exact category with duality, the Witt group of which is studied in Gille [46]. This definition of

hermitian form is equivalent to the one found in [67, §3] and (upon taking ¢,) [85, §1.2].
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Unitary groups. A similarity (transformation) or similitude between line bundle-valued Z/X-hermitian
forms (A, h, L) and (', W', L") is a pair (p,\), where ¢ : H# — ' is an Oz-module isomor-
phism and A : £ — ¥’ is an Ox-module isomorphism such that either of the following (equivalent)
diagrams,

H@ 1 H—L s " Hom(u A, f* L)
(26) anwi J{f*,\ gal lf*)\lw*y
H @ 1A A A e Hom (18", f*2")

of 0z-modules commute, where f*\~1o*Z (1) = f*A~loyoy on sections. A similarity transformation
(p,A) is an isometry if £ = £ and X is the identity map.

For U — X, denote by (J,h, Z)|y the Z xx U/U-hermitian form (J|s-1 (v, hlg—10), ZLv)-
Denote by GU(H, h,.L) (resp. U(s#, h,.Z)) the presheaf on Xg; of similarities (resp. isometries)

U +— {similarities (resp. isometries) (¢, A) : (J€, h, L)y — (A, h, L)|v}

of the regular Z-valued Z/X-hermitian form (42, h, ). In fact, these presheaves are sheaves on Xg;
and are representable by smooth affine reductive group schemes over X, called the general unitary
(resp. unitary) group of the line bundle-valued Z/X-hermitian form (', h,.Z). We will often omit
the dependence of these groups on the form (47, h,.#) when no confusion may arise. Even though
these sheaves of groups are representable by schemes over X, we will still think of them as sheaves of
groups on Xgt.

The map assigning (¢, A) — A on sections defines the multiplier coefficient homomorphism g :
GU(#,h, %) - GL(Z) = Gy. As in Proposition 1.4, for any scheme X with 2 invertible, the
sequence of sheaves of groups,

1 - U, h L) — GUH L) G — 1,
is exact on Xg; and is called the multiplier sequence.

Proposition 3.5. Let X be a scheme, [ : Z — X étale quadratic, and (€, h, L) a fized regular
Z-valued Z/X -hermitian form of rank n.

a) The groupoid of U(S, h, L)-torsors is equivalent to the groupoid whose objects are regular
Z-valued Z| X -hermitian forms of rank n and whose morphisms are isometries.

b) The groupoid of GU(&,b, £)-torsors is equivalent to the groupoid whose objects are reqular
line bundle-valued Z/ X -hermitian forms of rank n and whose morphisms are similarity trans-
formations.

Remark 3.6. The multiplier sequence has a cohomological interpretation in analogy with Remark 1.5.
If (A, h, L) is a fixed Z-valued Z/X-hermitian form of rank n, then the map

HL(X,U(A h, &) — HL(X,GU(A, h, Z))

takes the isometry class of a regular .#-valued Z/X-hermitian form of rank n to its similarity class.
Under the identification GL(.Z) = Gy, the map

HL(X,GU(A, b, Z)) — HL (X, Gp) = Pic(X)
takes the similarity class of a regular .£”-valued of rank n to the class of .’ in Pic(X).

Unitary involutions. If A is an Oz-algebra, then an t-semilinear antiautomorphism of % is defined
to be an z-algebra isomorphism o : & — 1, 2°P such that the restriction o|g, equals the canonical
sheaf isomorphism ¢! : 07 — 1,07. An t-semilinear antiautomorphism o is called a Z/X -unitary
involution if 1,0°° 0 0 = idg. An Oz-algebra isomorphism o : B — 1* %P specifies an i-semilinear
antiautomorphism agor 0 o of A.

A morphism ¢ : (B,0) — (#',0’) of Oz-algebras with Z/X-unitary involution consists of an
O z-algebra homomorphism ¢ :  — %’ such that ¢’ o o = 1,p°P 0 7.

Given a regular line bundle-valued Z/X-hermitian form, the t-semilinear antiautomorphism defined
by

op : End(H) — End (1. 5€)°° = 1, End(H)°P
P top ™ oy

is a Z/X-unitary involution called the adjoint involution of (S, h,£). Conversely, every Z/X-
unitary involution on &nd (%) arises this way.
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Proposition 3.7 (Saltman [88, Thm. 4.2b] or Knus—Parimala—Srinivas [67]). Let X be a scheme,
f:Z — X be étale quadratic, and F a locally free Oz-module of finite rank. If o is a Z/X -unitary
involution on End () then there exists a reqular Z /X -hermitian form (€, h, L) such that o = oy,.
Moreover, the similarity class of (H,h, ) is uniquely determined by S and o.

Remark 3.8. Similarly to Remark 3.2, the isomorphism class of the Z/ X -unitary involution (&nd(.5), o)
determines the projective similarity class of (J#, h, Z).

Let (2, h, Z) be aregular Z/X-hermitian form. For every étale U — X, denote by (&nd (), on)|u
the Oy-algebra with Z x x U /U-unitary involution (&nd (| -1 (1), onlg-1(uy). Denote by PGU(2, h, £)
the presheaf of automorphism groups

U — {Z xx U/U-unitary automorphisms ¢ : (&nd(), op)|v — (End(I), 01)|u}

on Xg. In fact, this presheaves is a sheaves on X, representable as an affine reductive alge-
braic group, called the projective unitary similitude group PGU(J, h, L) = Autz,/x (End(H), o).
There’s a natural homomorphism GU (5, h, ¥) — PGU(, q, ) of sheaves of groups on X,
with kernel the central embedding RZ/XGm — GU(&,b,Z) given by homotheties. There is an
exact sequence

1 = Ry/xGm — GU(H, h,L) — PGU(H b, L) — 1.

of sheaves of groups on Xg. The multiplier of a homothety is its norm, thus the inclusion of homo-
theties restricts to a central inclusion Rlz /X G — U(H, h, £), the sheaf cokernel of which defines

the projective unitary group PU(S h, £). In total, we have a commutative diagram with exact
columns and rows

1 1

! i

l | |

(27) 1 U GU —“>G, 1
T
PU— " > PGU
! !
1 1

of sheaves of groups on Xg;.

Finally, if the 0z-rank of J# is m, then N(det(y)) = A?™. Thus we have an induced homomor-
phism det /u™ : GU(, h, L) — Rlz/XGm, whose sheaf kernel is the proper general unitary group
SGU(H, h,Z). In analogy with (4), we have an exact sequence

(28) 1 - SGU(A#,h, £) — GU(A, b, &) L RY (G — 1.
Restricting det /u™ to the unitary group yields a homomorphism det : U(J, h, %) — Rlz/XGm,

whose sheaf kernel is the special unitary group SU(S2, h,£). In total, we have a commutative
diagram with exact columns and rows

1 1
| |
1 SU SGU G, 1
| L
1 U GU G, 1
dCt\L det/um\L

RlZ/X Gm — Rlz/x Gm

| |

1 1

of sheaves of groups on X, in analogy with (5).
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3.3. Involutive Brauer group. Parimala—Srinivas [85] construct an “involutive” Brauer group
Br*(X) of isomorphism classes [«7,0] of Azumaya Ox-algebras with involution of the first kind
modulo classes of adjoint involutions associated to &'x-valued symmetric bilinear forms. For an étale
quadratic f : Z — X, they also construct a “Z/X-unitary” Brauer group Br*(Z/X) of isomorphism
classes of Azumaya O'z-algebras with Z/X-unitary involution modulo classes of adjoint involutions as-
sociated to Ox-valued Z/X-hermitian forms. The following result shows that Br*(X) is a refinement
of the 2-torsion subgroup »2Br(X) and provides a new interpretation for HZ (X, p2).

We have canonical isomorphisms H, (X, R, xGm) = H! (Z,Gy,) from the degeneration of the
Leray spectral sequence associated to the étale morphism f : Z — X. Combined with the long exact
sequence of étale cohomology groups associated to (7) and the canonical identification HZ (X, Gy,) =
Pic(X), we have the exact sequence

- = H}(X, Ry x Gu) — Pic(Z) 5 Pie(X) — H (X, RY)x Gn) = HZ(Z,Gn) — -+
which defines, for every invertible &x-module .Z a class ¢1 (%, Rlz/XGm) € HZ(X, Rlz/XGm).

Theorem 3.9 (Parimala—Srinivas [85, Th. 1, Th. 2]). Let X be a scheme with 2 invertible.
a) There is a canonical homomorphism ¥ : Br*(X) — HZ(X,u2) fitting into a commutative

diagram

Br*(X) —> HZ,(X, o)

i i

QBT(X) — QH?t(X, Gm)

€

where the vertical maps are the natural forgetful maps. If (£,b,L) is a regular line bundle-
valued (skew-)symmetric bilinear form on X, then U[&nd(&), op] = ¢1(L, p2).

b) If f: Z — X is étale quadratic, then there is a canonical homomorphism ¥z, x : Br*(Z/X) —
HZ (X, Rlz/XGm) fitting into a commutative diagram

* Vz/x 2 1
Br*(Z/X) —— Hg (X, Ry, xGm)

l i

Br(Z) HE(Z,Gw)

where the left vertical map is the natural forgetful map and the right vertical map is induced
from cohomology applied to (7). If (€, h, L) is a regular line bundle-valued Z/X -hermitian
form, then Wz, x [End(H),on] = —cl(.,f,RlZ/XGm).

Remark 3.10. The forgetful maps Br*(X) — »Br(X) and Br*(Z/X) — ker(HZ (Y, Gy,) N, H2 (X, Gu))
are surjective, since every 2-torsion (resp. trivial norm) Brauer class is represented by an Azumaya
algebra with involution of the first kind (resp. unitary involution). This follows from the construction
in Knus-Parimala—Srinivas [67], which generalize results of Saltman [88] and Albert [1, X.9 Thm. 19],
see also [69, 1.3].

Now suppose that the map 2Br(X) — gHé?t (X, Gy) is surjective, i.e. that every 2-torsion class in
the cohomological Brauer group is represented by an Azumaya algebra. This is the case when X is
a quasi-compact quasi-separated scheme admitting an ample invertible sheaf by de Jong’s extension
[29] (see also [74, Th. 2.2.2.1]) of a result of Gabber [41]. Then by the above remark and Theorem
3.9, Br*(X) — HZ (X, p2) is surjective. Furthermore, restricting Theorem 3.9 to the subgroup
Br(X) C Br*(X) consisting of classes of Azumaya algebras with orthogonal involution yields an
isomorphism Brt(X) = HZ (X, o).

One can reinterpret this in the language of twisted sheaves: while a torsion Gy,-twisted sheaf on a
sufficiently nice scheme is represented by an Azumaya algebra, a po-twisted sheaf is represented by
an Azumaya algebra with (orthogonal) involution.

Proof of Theorem 3.9. We will review details of the proof inasmuch as they are necessary for our
purposes. We will also provide new torsorial proofs of the statements concerning classes arising from
adjoint involutions. The sign discrepancy between the final formula of b) and the final formula of
Parimala—Srinivas [85, Thm. 2] (the proof of which was left to the reader) is most likely due to
different conventions for associating Gy,-torsors to invertible sheaves.

As for a), for each n > 1 and € € HY (X, p2), denote by Isom,,, the isometry group of the
form (1,...,1) on connected components where ¢ = 1 and the standard skew-symmetric hyperbolic
form of rank n (if n is even) on connected components where ¢ = —1. Similarly to Remark 3.4,
the map H},(X,Isom, ) — H} (X,PIsom, ) associated to (24) is interpreted as: the isometry
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class of a regular e-symmetric form (&,b) maps to the isomorphism class of its adjoint involution
(&nd(&),0p). In particular, the coboundary map ¥,, : H. (X, PIsom, ) — HZ (X, p2) vanishes on
adjoint algebras of @x-valued e-symmetric bilinear forms and so factors through Br*(X). The map
U : Br(X) — HZ (X, o) is defined to be the limit of these coboundary maps over classes of Azumaya
algebras with involution of fixed degree. The fact that the map is a group homomorphism is verified
in [85]. The commutativity of the diagram in a) follows from the interpretation on cohomology of
the commutative diagram with exact rows

11— p2 ——>Isom,,  —— PIsom,, . —— 1

| i l

1 Gm GL, PGL, ——1

of sheaves of groups on Xg;.

As for the final statement of a), first note that since ¢; () = ¢1 (A ®? @ £), the 1st Chern class
of the value line bundle is an invariant of the projective similarity class (see §3.1) of a line bundle-
valued bilinear form, and is therefore an invariant of the &x-algebra isomorphism class of its adjoint
involution. Now we apply the Roman IX Lemma 5.17 to the Roman IX rearrangement (Remark 5.18)
of diagram (24), which yields the (anti)commutative pentagon

Hét(XvPSimn,e) o > HéQt(XaHZ)
/
Hélt (X, Sim,, )

\

H, (X, Gm)

C1

Hé%c (Xa IJ‘Q)
of cohomology sets. Following the similarity class of a line bundle-valued e-symmetric bilinear form
(&,b,Z) around the (anti)commuting pentagon yields

U, [End(&), 03] = —1(L, ) = e1( L, p2) € HE (X, pa).

A similar technique has been used in Caldararu [24, Prop. 5.2.4].
As for b), the same argument carries over upon replacing Isom,, . by UZ, the unitary group of the
standard Z/X-hermitian form of &z-rank n. In this case, short exact sequence (23) is replaced by

1—>R12/XGm—>U7ZL—>PUg—>1

whose coboundary map ¥Z : HL(X,PUZ?) — HZ(X, R}/ xGm) factor through Br*(Z/X). We
define ¥z, x : Br'(Z/X) — HL (X, RIZ/XGm) as a limit of the maps WZ. Diagram (24) is replaced
by the corresponding diagram (27), and the the Roman IX Lemma 5.17 and rearrangement (Remark
5.18) yields the anticommutative pentagon

\IJZ
HL(X,PGU?) —% HZ (X,R}/xGn)
/
H}(X,GUY)

\

Hélt(X7 Gm) = Hé2t(Xv 1%1Z/XG'IH)

of cohomology sets. Then following the similarity class of a regular line bundle-valued Z/X-hermitian
form (42, h,. %) around the anticommuting pentagon yields

Uy x[End(H),00) = —c1(ZL, Ry x Gm) € HE (X, Ry xGu).
Note that constructing a proof of 3.9b) was left to the reader in Parimala—Srinivas [85]. g

3.4. Involutive Brauer class of the even Clifford algebra. We present a generalization of results
of Parimala—Srinivas [85, §2] to even Clifford algebras of line bundle-valued quadratic forms. Given
a line bundle-valued quadratic form (&, q,-%), the type of the canonical involution (see 1.8) 7o on
%0(&,q,2) is given as in the classical case over fields.

Proposition 3.11. Let (&,q,-%) be a line bundle-valued quadratic form on X.
a) If n is odd, then €y(&,q,%) is an Azumaya Ox-algebra and
(a) if n=1,7 mod 8 then 1y is of orthogonal type, while
(b) if n = 3,5 mod 8 then 7y is of symplectic type.
b) If n is even, then ‘go(é‘), q,-%) is an Azumaya Oz-algebra, where Z — X is the Arf covering of
(€,q,2).



28 ASHER AUEL

(a) if n =0mod 8 then 79 is of orthogonal type on Z,
(b) if n =4 mod 8 then 1y is of symplectic type on Z, while
(¢) if n =2mod 4 then 19 is of Z/X -unitary type.

Proof. Since the type of an involution is local in the étale topology, we may reduce to the case of
symmetric bilinear forms on affine schemes, where we can appeal to [85, Lemma 2]. Of course, the
same proposition holds for even Clifford algebras of Azumaya algebras with orthogonal involution. [

Recall the notation of Example 2.6. For each even n = 2m > 2 and each étale quadratic f : Z — X,
let (#,b) = hZ = (f.07,h?) L Hg, (OF7"), where (f.0z,h%) is the norm form associated to
f:Z — X (see §5.1).

3.4.1. Canonical involutions of the first type. If n = 2m = 0 mod 4, the even Clifford algebra gives
rise, via the involutive Brauer group, to a class

[60(&,q, L), 70) € HE(Z, pa)

where Z — X is the Arf invariant of (&,¢,.¢). If Z — X is split, then any choice of global
splitting idempotent induces a decomposition of &x-algebras with involution (%5(&,q,-%),70) =
(C,H (8, q,2L),757) x (€5 (E,q,L), 7y ), where 75 are the restrictions of 75. Note that €5 (&, ¢,.Z)
are Azumaya Ox-algebras of degree 2™~ 1, where n = 2m.

Recall that there’s an isomorphism of group schemes zZ = R, /x M2 for m even, see [69, VI.26.A]
for example. For Z/X split, the choice of an isomorphism zZ = Zm,m = o X po (as in §2.8) yields a
fixed isomorphism zZ = RZ/X;LQ. We now provide a generalization of [69, VII.31.11] to our setting,
which can be viewed as an involutive refinement of the Tits algebra in the 'D,, and 2D,, cases, for
m even.

Proposition 3.12. Let X be a scheme with 2 invertible, f : Z — X étale quadratic, and n = 2m =
0 mod 4. Then the coboundary map

Hélt(X7PSOTZL) - Hgt(X, Z’I’ZL) = Hé2t(X’ RZ/X:“2) = Hé2t(27 H2)

has the following interpretation: a class associated to the adjoint involution of (&,q,-£) (for some
choice of orientation) maps to the involutive Brauer class [6o(&, ¢, L), o).

Proof. As in Remark 1.10, the natural homomorphism PSOZ — RZ/XPISO(‘gO (h?),7) induces a
map

H}(X,PSO?) — H}(Z,PIso(%y(h%), 1))

with the following interpretation: a class associated to the adjoint involution of (&, q,%) maps to
the Oz-isomorphism class of its even Clifford algebra %,(&, ¢,-¢). This homomorphism fits into a
commutative diagram

1 27 Spin? PSO? ————=1

l ! |

1 ——= Ry xts — =R, (Tso(%(h%), ) —= R, PIso(%o(hZ), 1) — 1

of sheaves of groups on X with exact rows. The proposition then follows from chasing the class of
(&nd(&),04) around the diagram

Hélc(vasof) Hézt(Xng)
Hét(Z7 PISO((KO(hrZz)v TO)) - Hézt(Za )

of coboundary maps. The statement (and proof) of the proposition hold, more generally, for even
Clifford algebras of Azumaya algebras of degree = 0 mod 4 with orthogonal involution. (]

Finally, we come the main result of this section. We will denote the following composition
Hézt(X7 K’TZI) = Hgt(Xv RlZ/XH"l) - HéQt(Xﬂ RZ/X/J’4) = Hézt(Z7 “4)

by ¢?, where the first isomorphism is induced from Example 2.6. Denote by i : po — g4 the canonical
homomorphism.
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Theorem 3.13. Let X be a scheme with 2 invertible, [ : Z — X étale quadratic, and n = 2m =
0mod 4. Let (&,q,L) be a regular quadratic form of rank n and Arf invariant [Z/X]. Then we have

@Qgc(éaa CLX) = 12[%(57(]’ f)7 TO] + Cl(f*g,llz;)
in H2(Z, pa).

Proof. This proof may be seen as a refinement of [69, VII Exer. 15a]. Let &2 be the subgroup scheme
of STZ defined by

RZ(U) = {z € STZ(U) : N(x),7(x) € pa(U)}.
Note that &7 is the kernel in the short exact sequence of group schemes
(29) 1 — &% - STZ - GSOZ /py — 1
on X¢. Restricting the homomorphisms N and s = N - r to &2 yields exact sequences

z 2z N
n_)nn%l‘m_)l
z

(7% ~ S
— K — p2 — 1

fitting into commutative diagrams with exact rows and columns

1 1 1 1
l % i |
1 Z K K2 1 1 K2
l | i | |
1 Spin ST G, 1 1 K ST GSO 1
(30) l | | b |
1—=PSO —=GSO/pu; — G, —>1 1 K ST GSO/pus —=1
| | | i |
1 1 1 K2 1
i
1

of sheaves of groups on Xg;. The existence of these diagrams is guaranteed by the Nine Lemma 5.16.

Proposition 3.14. Let X be a scheme with 2 invertible and (&, q,£) a reqular £ -valued quadratic
form of rank n on X. The groupoid of GO(&,q, L)/ ua-torsors is equivalent to the category of 2-
torsion data with involution, whose objects are tuples (o7, 0,V b, M , ), where (& ,0) is an Azumaya
Ox -algebra of degree n with orthogonal involution, (¥ ,b, #) is a reqular .# -valued quadratic form of
rank n?, and ¢ : (o,0) @ (,0) — (End(V),04) is an isomorphism of Ox -algebras with involution
and whose morphisms between objects (o7, 0,V b, M ,p) and (', o', V' b, M, ") are tuples (¢, g, \)
consisting of an isomorphism ¢ : (o ,0) — (&', 0') of Ox-algebras with involution and a similarity
(g, \) : (W b, ) — (V' 0, ") satisfying @' o (¢ @) = Adg op.

Proof. This is similar (but slightly more involved) to the description of GL,,/ps-torsors in terms of
2-torsion data, see 4.2 and Auel [4]. O

The map of pointed sets a : H}, (X, GO) — H} (X, GO/ ps2) induced from the quotient homomor-
phism has the following interpretation: the class of (&, ¢, Z) maps to the tuple (&nd(&), 04, ERE, ¢®
q, L%, 0g), where pg : End(&) @ End(E) — End(E @ &) is the canonical Ox-algebra isomorphism.

The map of pointed sets 3 : H (X,PGO) = H} (X,PO) — H}(X,GO/p2) has the following
interpretation: the class of (%7, ) maps to the tuple (&7, 0, %, Trd(y o), Ox, 9or), where Trd( ) is
the trace form

Trd(%)[,) A QA — Ox
a®b — Trdy(ao(b)).
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Consider the commutative diagram with exact rows and columns

1 1
i |
K2 M2
| l
1 Gn GO PGO —1

Lo |

1—> Gy —> GO/py —> PGO —> 1

i i

1 1

of sheaves of groups on Xg. There’s an induced action of Pic X = H} (X, Gy) on HY (X, GO/ o),
which is described by

Z'(Mﬂjvqi/vbv%v@) = (%7Ua$®yvid®b7$®2®M7¢)

where we consider ¢ : (&,0) @ (,0) — (End(¥),0p) = (End(L @ V), 0iawpy) via the canonical
identification &nd(¥ @ ¥) = &nd(V).

By Remark 3.4, the map of pointed sets H} (X,GO) — H} (X,PGO) = H} (X,PO) induced
from the quotient homomorphism has the following interpretation: the class (&, ¢,.Z) maps to its
adjoint involution (&nd(&),0,).

Claim 3.15. Let (&8,q,Z) be a regular symmetric bilinear form. We have the following formula
B(End(&),04) =LY - a(&,q,2L).

Proof. By a generalization of [69, IT Prop. 11.4], the composition of &'x-module isomorphisms

-1

cocos M s0eY L8, End (&)
is an isometry of the symmetric bilinear forms
(E@ELY,q0qidgv, Ox) = (End(8), Trd (gna(£),0,) Ox ),

where
(®qRidgy: (66 LY)R (E@ERLY) - L0 (L)% < o).

Through this isometry, the map 3 applied to the adjoint involution of (&,¢,.%) is identified with
(End(8),00, 6@ LY, qRqR1idgv, Ox, ps), where

Ve 1 ENd(E) @ End(E) — End(E R E) = End(E @ E LY.

But this is precisely a applied to (&, q,.Z) scaled by the class of .ZV. O

We leave it as an exercise to the reader to make the adjustments to Proposition 3.14, Claim 3.15,
and the above cohomological interpretations necessary to describe torsors corresponding to PGSO/ o
(all objects and morphisms are oriented, preserving the discriminant form or center of the Clifford
algebra).

Let ge(o, 0,V b, M ,p) € H(X,kZ) be the coboundary map arising from sequence (29) applied
to a choice of Z/X-orientation on the tuple (&7, 0, ¥ ,b,.#,¢). Similarly as in Definition 2.8, by
Lemma 5.15, the invariant gc is independent of the choice of orientation. Considering the central
rows of the right-hand diagram (30), we have gco a = 72 o ge. Hence, by Proposition 3.12 and the
commutativity two left columns of the left-hand diagram (30), we have

(31) ge(LY - a(&,4,.2)) = ge(B(End (&), 04)) = 15[60(&, 4, L), To]
in HZ(X,RZ).

Now we identify the effect of scaling by HZ (X, Gy) on the coboundary map of sequence (29).
Restricting the homomorphism r to &Z yields an exact sequence

iy ~ r
1—)/_1,444—)K‘,7ZL—)I,LQ—>1
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fitting into the commutative diagram with exact rows and columns

1 1
| i

1 22 K 2 1
| i

1 G Sr SO 1

| i l

1—>Gp—>GSO/puy —>PSO —> 1

l | l

1 1 1

of sheaves of groups on X¢. For € € HZ, (X, GSO/ps) and £ € H}, (X, Gp), we then have
ge(LY - €) = er(LY, pa) + ge(§)
in H2(X,kZ), by an application of Lemma 5.19 to the above diagram. Applying this to (31) yields

(32) 52401 (jvv /1’4) + .évc(a((g, q, f)) - iﬁ [CgO(@@a q, g)a TO]
in Hé2t(X, /7). This is, in fact, a refinement of the statement of the theorem. To finally finish
the proof, we construct an embedding j : &7 — RZ/X;L4, so that applying j2 : HéQt(X7 RZ) —
HZ (X, R, Ha) = HZ.(Z, pa) to (32) yields the statement of the theorem.

To this end, first note that the diagram

pg—)

is a pushout in the category of sheaves of abelian groups on Xg;. Indeed, the internal product of the
maps i, and 7, fits into an exact sequence

A7 Z Wla 7
l—py — Ky, Xz, — K; — 1

presenting &2 as the explicit pushout of the canonical inclusions of py < SI",ZL into kZ and z?Z.
Considering the homomorphisms K7 =2 RIZ/XIM — RZ/X“4 and zZ =~ RZ/X;LQ — RZ/X“’4’ the

universal property of the pushout supplies a unique homomorphism j : &2 — R, /x Ma-
Now denoting by N? the composition of homomorphisms R, /x M4 , o 2, 2, We can complete

the diagrams provided by the universal property of the pushout to the following commutative diagrams
with exact rows and columns

1 1 1 1
VA T \,L S z iz \,L N \L

1 Ky, K K2 1 1 z; K £2 1
/ y [ y l

1 —)Rlz/Xl—M —)RZ/XIJML l),u4 —1 1 ‘>R2/X“2 ‘>RZ/X/J’4 ‘2>RZ/XV’2 s

i]\ﬂ 2 \LN2 \LN
H2 M2 Mo ——= 2

i i i i

1 1 1 1
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of sheaves of abelian groups on Xg;. Similarly, we have the commutative diagram with exact rows
and columns

1 1
e !
1 22 K 2 1
H \Lj id/e i/
1—>ps—— Ry vps —— Rlz/XN4 —1

ks

M2 ———= M2
i !
1 1

of sheaves of abelian groups on Xg, the bottom square of which commutes since 2%4(x)? = (22/1(z)?)u(z)* =
22 /1(x)? for sections z of R xt4, where ¢ is the nontrivial automorphism of Z — X (see §2.2). In
particular, the compositions j o7, j 0 iz, and j o 7,, are identified with the canonical inclusions of

the respective subgroups into R, /x M As a consequence, we have identifications

2o =g ol =i j205,2L4:f*
of the respective maps after taking HZ. Finally, applying j? to (32) yields the statement of the
theorem. 0

3.4.2. Canonical involutions of the second type. If n = 2m = 2 mod 4, the even Clifford algebra gives
rise, via the Z/X-unitary involutive Brauer group, to a class

[(g(](éaa (]ag)ﬂ'o] € Hgt(X7 RIZ/XGm)

where Z — X is the Arf covering of (&, ¢, %). If Z — X is split (equivalently, d4 (&, ¢, L) is trivial),
then any choice of global splitting idempotent induces a decomposition of &x-algebras 6,(&, q, . £) =
CH(&,q, L) x €y (£,q,L). By a globalization of Bichsel [18, §5.3] (also see [68, IV Thm. 9.2.2] or
[69, T Prop. 2.14]), the canonical involution 7y induces an @x-algebra isomorphism €, (&£, ¢, .£)°P =
%y (&,q,2), and so 6p(&, q,.L) is a hyperbolic ring.

There’s an isomorphism of group schemes zZ = Rlz/Xu4 for m odd, see [69, VI.26.A]. In fact, for
Z/X split, the choice of an isomorphism zZ = Zm,m = pa (as in §2.8) yields a fixed isomorphism
zZ o~ Rlz/xu4 (using the method of Remark 2.6). We now provide a generalization of [69, VII.31.9]
to our setting, which can be viewed as a unitary involutive refinement of the Tits algebra in the 'D,,

and 2D,,, cases, for m odd.

Proposition 3.16. Let X be a scheme with 2 invertible, f : Z — X étale quadratic, and n = 2m =
2 mod 4. Then the composition of maps

HY (X, PSOY) — HE (X, 2/) = HZ (X, Ry xpa) — HE (X, Ry, Gy

has the following interpretation: a class associated to the adjoint involution of (&,q,£) maps to the
Z | X -unitary involutive Brauer class [6o(8,q,L), 0]

Proof. The argument is similar to the proof of Proposition 3.12. As in Remark 1.10, the natural
homomorphism PSOZ — PU(%y(hZ), 1) induces a map

H},(X,PSO/) — Hi (X, PU(%(h), 7))

with the following interpretation: a class associated to the adjoint involution of (&, q,.-%) maps to
the €z-algebra (65(&,q,-L), 7o) with Z/X-unitary involution.
This homomorphism fits into a commutative diagram

1 77 Spin? PSOZ

i i i

1—> Ry G —— U(%(h%), 1) —> PU(G(h%), ) —> 1
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of sheaves of groups on X with exact rows. The proposition then follows by chasing the class of
(&nd(&),04) around the diagram

H}(X,PSO;) ————> HE(X,z])

l |

H}(Z,PU(%(hf]),m0)) —= H& (X, Ry x Gim)

of coboundary maps. The statement (and proof) of the proposition hold, more generally, for even
Clifford algebras of Azumaya algebras of degree = 2 mod 4 with orthogonal involution. O

Finally, we come the main result of this section, which is analogous to, but weaker than, Theorem
3.13. We will denote the following composition

HéQt(X’ K”f) = Hé2t(Xa RZ/X""Q) = Hé2t(Z7 “’2) - HéQt(Z7 Gm)

by ¢?, where the first isomorphism is induced from Example 2.6. Denote by i : gy — Gy, the
canonical homomorphism.

Theorem 3.17. Let X be a scheme with 2 invertible, f : Z — X étale quadratic, and n = 2m =
2mod 4. Let (&,q,-L) be a reqular quadratic form of rank n and Arf invariant [Z/X]. Then we have

$?gc(E.q, L) = [€0(6,q,.2))]
in H2(Z, G ).

Proof. The proof is similar to that of Theorem 3.13. Let éf be the subgroup scheme of SI‘f defined
by

G/(U) = {x € STY(U) : r(x) € pa(U)}.
Note that (N}f is the kernel in the short exact sequence of group schemes
(33) 1— GZ - Sr? - PSO? -1
on Xg;. Restricting the homomorphisms N and s = N - r to éf yields exact sequences

W Nz N
1—2zZ % GZ =G, —1

7 = s
1—>f<;f—">Gf—>Gm—>1

fitting into commutative diagrams with exact rows and columns

1 1 1 1
P | i
1 z GZ Gm 1 1 K GZ Gm 1
o] | ]
(34) 1 —> Spin ST Gm 1 1 K ST GSO —=1
| i o
1 — PSO —— PSO PSO — PGSO
! ! ! !
1 1 1 1

of sheaves of groups on X¢. The inclusion of the scalar torus G, — C-},ZL can be completed to an
exact sequence

1HGHILGL(§7ZLH;L2H1
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which fits into the commutative diagram with exact rows and columns

|

S
l

n

of sheaves of groups on Xg;. The existence of these diagrams is guaranteed by the Nine Lemma 5.16.

Let t : HY (X,PSOZ) = H(X,PGO?) — H2(X,z%) be the coboundary map of (18). We will
write t(&, ¢, Z) = t(&nd(&),04). Now chasing the class of (&nd(£), 0,) through the upper rows of
the right-hand diagram and the left-most columns of the left-hand diagram (34), we have

(35) P2 9c(&,q, L) = t(8,q, L)

in HéQt(X7 éTZL) This is, in fact, a refinement of the statement of the theorem. To finally finish
the proof, we construct an embedding j : GZ — R/ xGu, so that applying 2 HZ (X, GZ) -
HZ (X, R xGm) = H?(Z,Gy,) to (35) yields the statement of the theorem.

To this end, first note that the diagram

is a pushout in the category of sheaves of abelian groups on Xg;. Indeed, the internal product of the
maps 2, and ig,, fits into an exact sequence

A T iGm X
1= py = KkZ x G =2 G2 -1

presenting éf as the explicit pushout of the canonical inclusions of pus — SI‘,ZL into k7 and Gp,.

Considering the homomorphisms k7 = RZ/Xug — RZ/XGm and G, — RZ/XGm7 the universal

property of the pushout supplies a unique homomorphism j : GZ — R, /X G-

Now denoting by (id/¢)? the composition of homomorphisms Rz/XGIn 1d/e, Rlz/XGm 2, Rlz/XGm,

we can complete the diagrams provided by the universal property of the pushout to the following
commutative diagrams with exact rows and columns

1 1 1 1
o l o L
1 kZ ——>GZ ——> Gy, 1 1—Gy—>GZ 2 1

I P | H L
1— Ry xm2 — Ry Gn - Ry xGm—1 1—G,—=Ry;/xGn = Ry xGm —1
|aaro? s \L(id/L)2 E

RlZ/X G — RlZ/XGm RlZ/x G =— RlZ/XGm

! i i i

1 1 1 1
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of sheaves of abelian groups on Xg;. Similarly, we have the commutative diagram with exact rows
and columns

1 Z,Zl G7ZL Gm 1
lz
Rlz/Xu4 J

Z/X Z/X Fm
i i
1 1

of sheaves of abelian groups on Xg¢;. In particular, the compositions j o 7., j oig,, and j o7, are
identified with the canonical inclusions of the respective subgroups into R.,, / +Gm. As a consequence,
we have identifications

JPoly=¢" jioig,=[" ei=4¢
of the respective maps after taking HZ . Here, ¢2 is the composition of maps HZ (X,zZ) = H2 (X, Ry xha) =

HZ (X, Rlz/XGm) from Proposition 3.16, which satisfies ¢2 (&, ¢, %) = [¢o(&, ¢, L), 7o) in HZ(Z,Gn).

Finally, applying j2 to (35) yields the statement of the theorem. O

4. RELATIONSHIP TO THE CLIFFORD BIMODULE

As usual, let X be a noetherian separated scheme with 2 invertible and let £ be a fixed invertible
Ox-module. While the results in §3 comparing the (refined) Tits algebra to (involutive Brauer classes
associated to) the even Clifford algebra were quite neat, the results comparing the similarity Clifford
invariant to the even Clifford algebra were less so. In this section, we shall see that the similarity
Clifford invariant much more elegantly reflects involutive structures arising from the Clifford bimodule.

4.1. Clifford bimodule. As in the case of central simple algebras with orthogonal involution, line
bundle-valued quadratic forms do not generally enjoy a “full” Clifford algebra, of which the even
Clifford algebra (see §1.8) is the even degree part. As a replacement, algebras with orthogonal
involution have a Clifford bimodule (see [69, IT §9]) while line bundle-valued quadratic forms enjoy a
refinement of this notion of Clifford bimodule. If (&£, ¢,.%) is a regular line bundle-valued quadratic
form, then there exists a locally free Ox-module €1(&,q,-¢) with the structure of an invertible
%o0(&, q,Z)-bimodule. The corresponding Clifford bimodule defined in [69] is then isomorphic to
ERC(E,q, 7).

Let (&, q,-%) be a quadratic form on X and ¢"(&, q,-Z) its generalized Clifford algebra (see §1.8).
Define the Clifford bimodule €1(&,q, L) of (&,q,Z) to be the degree 1 submodule of ¢'(&, ¢, %).
It’s also possible to construct the Clifford bimodule via a direct tensorial construction or by gluing
the odd degree parts of Clifford algebras over a Zariski cover trivializing .2, as in §1.8.

Functorial properties. The Clifford bimodule has the following functorial properties (assuming that
(&,q,2) is a regular quadratic form of rank n on X):

a) There is a canonical embedding of locally free &'x-modules
i: 88— 6(8,¢,%).

b) Via multiplication in the generalized Clifford algebra, €1(&, ¢,-%¢) is an invertible €, (&, q, £)-
bimodule and there’s a canonical isomorphism

m:61(E,q, L) Qgy(6.,q.2) €1(E,4, L) = 6(8,q, L) Qo L
of 6, (&, q,-£)-bimodules (with trivial action on ) satisfying
m(i(v) ®i(v)) =1 ® q(v)
for a section v of &. See [18, §2] or [17, Lemma 3.1].
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¢) Any similarity transformation (¢, \) : (&,q,-%) — (&',¢,Z") induces an &x-module isomor-
phism
C1(p,N) 61 (8,9, L) — (&8¢, L").

that is €5(¢, A)-semilinear according to the diagram
C(E, ¢, L) R4y(8,9,2) C1(E, ¢, L) "> 6(E,¢,. L) Roy L
l‘gl(%/\)@f@”l(%)\) l%(%/\)@)\
CUE, 4, L) R4y(8,9,2) CLE ¢, L) "> 6(8,¢,. L) Roy L

See [18, Prop. 2.6].

d) If n = 2m is even, and % is the center of 4p(&,q,-£) then € (&,q, %) is a Z-bimodule
satisfying x - z = 1(z) - « for sections z of 2 and x of €1(&,q,-£), where ¢ is the nontrivial
element of Gal(Z'/0x). See [68, IV Prop. 4.3.1(4)].

e) There is an €x-module isomorphism 7 : €1 (&, q,- %) — €1(&,q,-ZL) of order 2 satisfying

71 (axb) = 10(b)T1(2)10(a), (70 ®idg)(m(z@y)) =m(n(y) @ 1i(z)), 7(i(v)) =v

for sections a,b of 6o(&,q,L), x,y of €1(&,q,L), and v of &.
f) Any regular bilinear form (A", n, 4 ®?2) of rank 1, induces an @x-algebra isomorphism
C(n@idg) : €1(E,¢, L)@ N — CUN RE N q, NP0 D).
g) For any morphism of schemes g : X’ — X, there’s a canonical &x-module isomorphism
g*%l(éaa QV’g) = (gl(g*(@@a q?"g))

When a regular line bundle-valued quadratic form (&, q,- %) of rank n is fixed, we will write € for
the even Clifford algebra (as an Ox-algebra) and %7 for the Clifford bimodule (as an 0x-module).
When n is even, write Z = Spec 2 with structure morphism f : Z — X, and denote by ‘50 and &
the associated &z-algebra (see §1.8) and ‘50 bimodule, respectively. Note that %1 has a left and right
O z-module structure, which are interchanged by twisting by «¢.

Given Oz-bimodules & and &', take care that & ®¢, &’ stands for the tensor product with
respect to the right &z-action of &2 and the left 0z-action of &', and is again an &z-bimodule.

Given an étale quadratic f : Z — X with Galois group generated by ¢ and an &z-module 4,

consider the naive “switch” morphism sz : B ®p, Z — B ¢, # and the t-semilinear “switch”
morphism

S BRey, txPB — 1(B Reo, 1+ B)
a® b= 1, (b ® tia).
Furthermore, if §: 2 — % is an 0 z-module isomorphism, denote by Adg : End(#B) — End(A) the
induced @z-algebra isomorphism ¢ +— 7o ¢ o7~ !; if B is a t-semilinear isomorphism & — 1, %',
denote by
AdY : Endo, (B) 22 nd g, (1.B') = 1. End(B')

the induced t-semilinear & z-algebra automorphism.

4.2. Torsion data. The notion of a torsion datum on an Azumaya algebra is a way of rigidifying it’s
realizability as a torsion class in the Brauer group. This has many benefits when working in the groups
HZ (X, py,) as opposed to ,Br(X). A torsion datum should also be thought of as a “preinvolution.”

2-torsion data. Consider the cokernel of the exact sequence of sheaves of groups
(36) 1— ps — GL, — GL,,/p2 — 1,

on Xg. Since 2 is invertible on X, the sheaf of groups GL,,/us is representable by a smooth affine
reductive group scheme on X. Note that GL;/pe = Gy, via the Kummer sequence, but that in
general, GL,,/p2 is not isomorphic to GL,, for n > 2. The category of GL, /us-torsors on X is
equivalent to the category of 2-torsion data, see Knus [68, III §9.3].

Definition 4.1. A 2-torsion datum of degree n on X is a triple (&7, &, ), consisting of an Azumaya
Ox-algebra o/ of degree n, a locally free Ox-module & of rank n?, and an @x-algebra isomorphism
p: AR = End(S). In particular, the class of &7 in the Brauer group has period < 2. A morphism
of 2-torsion data is a pair (¢, 3) : (&, P, ) — (&', P, "), where ¢ : & — &' is an Ox-algebra
isomorphism and 3 : & — 2’ is an Ox-module isomorphism satisfying ¢’ o (¢ ® 1) = Adgop.
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To every locally free x-module ¥ of rank n, we associate a split datum (End(¥), ¥ @ ¥, oy ) of
degree n, where
oy 1 ENd(V) @ ENA(Y) 2 End(V @ V)

is the canonical Ox-algebra isomorphism.

Proposition 4.2. Let X be a scheme with 2 invertible. The category of 2-torsion data of degree n
on X is equivalent to the category of GL,,/pua-torsors for the étale topology.

Proof. The proof involves completing the exercise [69, VII Exer. 5] on Xg. See Auel [4]. O

The interpretation of exact sequence (36) on cohomology
Hi(X,GLy,) — Hey(X, GLy/p2) — HE (X, o)

is as follows: the class associated to a locally free &x-module ¥ of rank n maps to the class of the
associated split datum (&nd(¥),? & ¥, py); the class of 2-torsion datum (&7, £, ) maps (by the
2nd coboundary) to a class [«7, 2, | € HZ (X, p2), which we call the involutive class associated to
(o, P, p), and which we shall now describe.

Given a 2-torsion datum (&7, &, ¢), Knus—Parimala—Srinivas [67, Thm. 4.1] construct a canonical
involution o, of the first kind (in fact, of orthogonal type) on the &x-algebra &nd (o ® &), hence
an involutive Brauer class.

Lemma 4.3. We have an equality of classes [/, P, ] = U|[End o (F © P),0,] in HZ (X, pa).

Proof. Restricting the homomorphism H from the proof of Theorem 2.11 to GL,, yields GL,, — O,, ,,
fitting into a morphism of short exact sequences

1 po GL, GL,/ps —> 1
1 M2 On,n Pon,n 1

of sheaves of groups on X¢;. The map H (X, GLy/p2) — H (X, PO, ,) has the following interpre-
tation: the class associated to a 2-torsion datum (o, &, ¢) of rank n is mapped to the class of the
O'x-algebra with orthogonal involution (&nd(<f & &), 0,). This is stated, for example, in [69, VII
Exer. 6]. A comparison of the coboundary maps finishes the proof. O

Z/ X -torsion data. Now, let f : Z — X be étale quadratic. Via the central inclusion RZ/XGm —
R, / +GL,, consider the cokernel of the exact sequence of sheaves of groups

(37) 1 >Ry xGm — Ry xGL, = R,/ xGL, /Ry /G — 1,

on Xg. Note that RZ/XGLl/Rlz/XGm =~ G, via the norm map.

Recall the definition of the norm or corestriction Ox-module (resp. algebra) N, x (/) of an 0z-
module (resp. algebra) <. The norm is a functor from the category of &z-modules (resp. algebras)
to the category of Ox-modules (resp. algebras).

Definition 4.4 ([69, VII Exer. 7]). A Z/X-torsion datum of degree n on X is a triple (&, 2, ¢),
consisting of an Azumaya @z-algebra o/ of degree n, a locally free Ox-module & of rank n?, and
an Ox-algebra isomorphism ¢ : Nz /x(&/) =% &nd(#). A morphism of Z/X-torsion data is a
pair (¢,3) : (&, P,0) — (&', P '), where ¢y : o — & is an Oz-algebra isomorphism and
p: P — P is an Ox-module isomorphism satisfying ' o Nz, x (1) = Adg op.

To every locally free z-module ¥ of rank n, we associate a split datum (End(¥), Nz;x(V), ),
where

@y Nzyx(End(V)) 2% End(Nzx (V)

is the canonical Ox-algebra isomorphism.

Proposition 4.5. Let X be a scheme with 2 invertible and f : Z — X étale quadratic. The category
of Z/ X -torsion data of degree n is equivalent to the category of RZ/XGLn/Rlz/XGm-torsors on Xet.

Proof. The proof involves completing the exercise [69, VII Exer. 7] on Xg;. See Auel [4]. O

The interpretation of exact sequence (37) on cohomology
H¢(Z,GL,) — Hg (X, RZ/XGLn/Rlz/XGm) — HZ (X, RlZ/XGHI)

is as follows: the class associated to a locally free &x-module ¥ of rank n maps to the class of
the associated split datum (&nd(¥),? & ¥, py); the class of 2-torsion datum (&7, £, ) maps (by
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the 2nd coboundary) to a class [/, 2, ] € HZ (X, Rlz/XG ), which we call the involutive class
associated to (&7, &, ), and which we shall now describe.

Given a Z/X-torsion datum (&7, &, ¢), Knus—Parimala—Srinivas [67, Thm. 4.2] construct a canon-
ical Z/X-unitary involution o, on the 0z-algebra énd (o ® &), hence a Z/X-unitary involutive
Brauer class.

Lemma 4.6. We have an equality of classes [/, P, 0| =V 7, x[6nd o (B P), 0] in HZ (X, Rlz/XG ).

Proof. A Z/X-hermitian variant of the homomorphism H from the proof of Theorem 2.11 gives rise
to R, / +vGL;, — U, ,, which fits into a morphism of short exact sequences

1‘>R1Z/XGH1 HRZ/XGLn HRZ/XGLTL/RIZ/XGHI —1

H l |

| — R} G, U, PU,.,

1

of sheaves of groups on X, where U, ,, denotes the unitary group of the rank 2n hyperbolic Z/X-
hermitian form. The map Hj (X, Rlz/XGLn/RZ/X m) — HL(X,PU,,) has the following inter-
pretation: the class associated to a Z/X-torsion datum (&, &, ¢) of rank n is mapped to the class
of the 0z-algebra with Z/X-unitary involution (&nd(</ & &?),0,). This is stated, for example, in
[69, VII Exer. 7]. A comparison of the coboundary maps finishes the proof. O

Remark 4.7. Any 2-torsion datum (%, P, po) on X defines a Z/X-torsion datum (f*f, Py, o)
with respect to an isomorphism Nz, x (f*.%) = @ ®.2%. Conversely, it is not true that a Z/X-torsion
datum (&7, 2, ) with & = f*of is equivalent to a 2-torsion datum on X, see Knus—Parimala—
Srinivas [67].

4.3. Clifford data. Axiomatizing the properties of the even Clifford algebra and Clifford bimodule
of a line bundle-valued quadratic form lead to the notion of a Clifford datum, a mixture of having an
involution and a torsion datum.

Definition 4.8. Let n = 2m be even. A Clifford datum of rank n consists of a tuple (Z/X, o, o, 2, ¢),
where:
o (if m is odd) Z — X is étale quadratic, («7, o) is an Azumaya O z-algebra of degree 2! with
Z/X-unitary involution, and (&7, 2, ¢) is a 2-torsion datum of degree 2™~ on Z
o (if m is even) Z — X is étale quadratic, (&7, o) is an Azumaya O z-algebra of degree 2m~1
with involution of the first kind of type (—1)™/2, and (<7, 2, ¢) is a Z/X-torsion datum of
degree 2m~1,
A morphism of Clifford data of rank n = 2m is a tuple (g,v,8) : (Z/X, o, 0, P, ) — (Z'/X, &', o', P, '),
where g : Z — Z' is an X-isomorphism, ¢ : (&7,0) — g*(&/’,0') is an Oz-algebra isomorphism pre-
serving the involutions, and (¢, 8) : (&, 2, ¢) — g* (&', P, ¢") is a morphism of torsion data.

Given a regular line bundle-valued quadratic form (&,q,%) of rank n = 2m and Arf covering
f:Z — X, we construct an associated Clifford datum (Z/X, (5~07 To, 9371, v) of rank n as follows:

For m odd, by Proposition 3.11, (‘go,ro) is an Azumaya Oz-algebra with Z/X-unitary Clifford
involution; let %1 ‘51, then by the functorial properties in §4.1, ,@1 is an invertible %—bimodule
(m particular is locally free of rank 2™~ 2) with an z-module automorphism 7 @1 — z@l. The

‘KO bimodule structure on % yields a canonical map

v %0 Rey, Cgo — @@ndﬁz(%l)

a®b— z— 7(bm(ax)) = “ax 19(b)”

which is an &'z-algebra isomorphism (since its a nontrivial homomorphism between Azumaya algebras
of the same degree). Thus (Z/X, %0, 7o, 1, v) is a 2-torsion datum on Z of degree n.

For m even, by Proposition 3.11, (‘573,7’0) is an Azumaya Oz- algebra with Clifford involution of
the first kind of type (—1)™/2; by the functorial properties in §4.1, %, is an invertible %y-bimodule
(in particular is locally free of rank 2"~ 2) with an (t-semilinear) &z-module automorphism 71 : 4, —
L*%l The ‘fo bimodule structure on %1 yields a canonical map

P ‘50 ®6, L*%O — &ndg, (%1)

a® bz — 11(b7(ax)) = “ax9(b)”
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which is an &z-algebra isomorphism (since its a nontrivial homomorphism between Azumaya algebras
of the same degree). The following compatibility condition

P L ~
Lel/ © Sz = Ad, ov

holds, ensuring that v descends to an Ox-algebra isomorphism
v: Nz/x (o) — Endey (Lym(€r,m))

where me(‘%,ﬁ)) is the descent of the &z-submodule of %; of elements fixed by 71, see [68, V
Lemma 4.2.4] (and its preceding discussion) or (the Claim contained in the proof of) [69, II Thm.

9.12]. Thus, letting % = Sym (€1, 11), the tuple (Z/X, %6, 10, %1,v) is a Z/X-torsion datum of
degree n.

4.4. Clifford invariants and Clifford data. In this section, we provide some general interpreta-
tions of the similarity Clifford invariant in terms of Clifford data. Our main result of this section
shows that the similarity Clifford invariant naturally captures the “torsion data” part of the Clifford
data of a regular line bundle-valued quadratic form, while the results of §3.4 show that (the refinement
of) the Tits algebra naturally captures the “involution” part. Recall from §4.2 that a torsion datum
(o, 2, ) has an associated involutive class <7, 2, o).

Theorem 4.9. Let X be a scheme with 2 invertible and (&, q,%) a regular line bundle-valued qua-
dratic form of even rank n = 2m and with Arf cover f : Z — X. We have:

a) if m is odd then gc(&,q,.L) = [0, B, V] in HZ(X,KkZ) > HZ(Z, p2)

b) if m is even then i2gc(&,q, L) = 6o, B, V] in HZ (X, RIZ/XGm)
where i : n,ZL ~ Rlz/Xu4 — Rlz/XGm.
Proof. We have a graded isomorphism of (full) Clifford &'x-algebras

C(hy) =2 C(hn—2)@C (hy) = Mom-1(Ox)S End o (f.O7)
see [68, IV Prop. 2.11, V §2.3], in particular, we have an &z-algebra isomorphism %%(hf) > Mom—1(07z).
After pulling back to Z, a choice of half-spin representation
pt fITZ 2T — End ey, (£ %60(h7)) 2 GLym—s

induces, by the universal property of Weil restriction, a homomorphism p : T'Z — R, / xGLgm-1.

For m odd, p fits into a commutative diagram with exact rows (but not exact columns)

1 KZ rz GSO?Z 1

V i !

RZ/XGLmel/p,Q —1

H i i

1—— RZ/X/J,Q _ RZ/X02m71’27n71 _ RZ/XPO27”*1,ZW*1 —1

1 —_— RZ/XHQ —_— Rz/XGLQTIl.fl

on Xg;. The interpretation of the right vertical maps on cohomology
H}(X,GSO0Z) — H}.(Z,GLgym1 /) — HY(Z,POgm—1 gm-1)

is as follows: the class of a regular line bundle-valued quadratic form (&, q,.Z) of rank n and Arf
invariant [Z/X] maps to the 2-torsion datum (%y,%:,v) on Z; a 2-torsion datum (&, 2,¢) of
degree n on Z maps to the involutive Brauer class of (énd (o & &), 0,). Finally, chasing the class
of (£,q,%) around the diagram of coboundary maps yields the statement in a).

Similarly for m even, p fits into a commutative diagram with exact rows (but not exact columns)

1 KZ r? GS0O?Z

V i \

1—— Rz/XGm B —— RZ/XGLQM—l _— RZ/XGLmel/Rlz/XGm —1

H l l

1—— RZ/XGm e U27n71727n71 PUanfl,mel

1

1

on Xg;. The interpretation of the right vertical maps on cohomology

HY(X,GSO0Y) — Hi (X, Ry x GLon—1 /Ry x Grm) — H (X, PUgm-1 3m-1)
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is as follows: the class of a regular line bundle-valued quadratic form (&, q,.%) of rank n and Arf
invariant [Z/X] maps to the Z/X-torsion datum (o, B, v); a Z/X-torsion datum (&7, 2, ) of
degree n maps to the Z/X-unitary involutive Brauer class of (&nd (o & &), 0,). Finally, chasing
the class of (&£, ¢q,-%¢) around the diagram of coboundary maps yields the statement in b). O

In the case of where m is even, we can further describe the similarity Clifford invariant. We will
first need a presentation of the group HZ (X,R}, / M4) analogous to the involutive Brauer group(s).
For such a description when X is the spectrum of a field, see [69, VII Prop. 30.13] or Colliot-Thélene—
Gille-Parimala [28, Prop. 2.10]. Given an Azumaya Ox-algebra (£, c) with orthogonal involution,
the Azumaya 0z-algebra f*% = 07®;-1¢, [*4/ has anatural Z/X-unitary involution oz, x = oo
(see §3.2).

Proposition 4.10. Let X be a scheme with 2 invertible and f : Z — X étale quadratic. Denote
by Bri(Z/X) the abelian group of pairs ([« ,7],[B,0]) € Br*(Z/X) x Br*(X) such that [o/,7]%? =
[f*PB,07/x] Then there is a canonical homomorphism

Uy x4 Bri(Z/X) — HE (X, RlZ/X/"’4)
which fits into a commutative diagram with exact rows
H} (X, Ry xGm) ——=Brj(Z/X) ———= Br'(Z/X) ———> Br"(Z/X)
H j(\PZ/XA i/\lJZ/X \L‘I}Z/X

HL (X, Ry Gn) — HE (X, Ry pua) — HE (X, Ry y Gn) —— HE (X, R} Gin)

of abelian groups. Finally, V7, x 4 is surjective if and only if every 4-torsion element of ker(NZ/X :
Hézt(Z, Gn) — Hgt(X,Gm)) is represented by an Azumaya Oz-algebra and every 2-torsion element
of HZ.(X,Gy,) is represented by an Azumaya Ox -algebra.

Proof. Applying étale cohomology to the commutative diagram with exact rows

1—=RY yps —>RY G — >Ry (Gp ——1

| 2 H

1 Lo Rlz/XGm—z>R1Z/XGm4>1

yields a commutative a diagram of abelian groups with exact rows
HE (X, Ry )y Gan) —— HE (X, Ry pa) —— HE (X, Ry G) —> HE (X, Ry Gin)

i I I2 !

HY (X, Ry, xGm) HZ (X, p2) HE (X, Ry, xGm) —2 > HZ(X, Ry, xGm)

of which the central square is cartesian by a simple diagram chase. Composing the projections from
Bry(Z/X) with the maps ¥ and ¥z, x (from Theorem 3.9), the universal property of cartesian squares
provides the homomorphism ¥, x 4. Moreover, since Brj(Z/X) is defined as a fiber product, the
maps ¥, Uz, x, and ¥z, x 4 define a morphism of cartesian squares. In particular, this extends to the
sought after commutative diagram. The final statement of the Proposition follows from considerations
similar to Remark 3.10. (]

Remark 4.11. Similar to Remark 3.10, if we consider the fiber Br}(Z/X)™T of Brj(Z/X) over Brt(X)
via the projection, then the restriction \I!JZr /x4 is an isomorphism whenever the conditions stated at
the end of Proposition 4.10 hold.

By Theorem 3.9a), V[&nd(&), 0p) = ¢1(L, p2) € HZ (X, p2) for any regular .£-valued e-symmetric
bilinear form. By abuse of notation, we will write ¢1(.Z, p2) € Br*(X).

Theorem 4.12. Let X be a scheme with 2 invertible and (&,q, %) a regular line bundle-valued
quadratic form of rank n = 2m = 0 mod 4 and Arf cover f: Z — X. Then

ge(8,q,2) = ‘I’Z/X,4([%,9§17V]acl(g,ltz))
n Hé2t(Xa ’if) = Hé2t(Xa RlZ/X“4)~

Proof. This follows by a combination of Theorem 4.95), Theorem 2.10a), and the construction of
Brj(Z/X) as a cartesian square in Proposition 4.10. O
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5. LOW DIMENSIONAL EXCEPTIONAL ISOMORPHISMS

In the context of quadratic forms over schemes, low rank usually means of rank < 6. In this
interval, the isomorphisms of Dynkin diagrams A; = B; = C;, Dy = A2, By = Cy, and Az = Ds,
have beautiful reverberations in the theory of quadratic forms of rank 3, 4, 5, and 6, respectively.
Over rings, these isomorphisms were deeply investigated by Knus, Ojanguren, Parimala, Paques, and
Sridharan in the 1980s and 1990s. Now, a standard reference on this work is Knus [68, Ch. V]. Over
fields, a wonderful reference is [69, IV §15]. Over general schemes, much of the theory over rings can
be globalized, but a unified treatment did not yet exist in the literature until Auel [4].

As usual, let X be a noetherian separated scheme with 2 invertible and let . be a fixed invertible
O x-module.

5.1. Norm forms. A normed algebra or composition algebra (<7, n) on X is a locally free &x-algebra
o/ of finite rank together with a multiplicative quadratic form n : &/ — Ox. A globalization of
Hurwitz’s theorem (see Petersson [86, Prop. 1.7d]) states that if the norm n is regular (as a quadratic
form) then & is either O, an étale quadratic Ox-algebra, or an Azumaya quaternion Ox-algebra
(or a generalized octonion algebra if &7 is not assumed to be associative). An involution o of the first
kind on an Ox-algebra o7 is called a standard involution if the multiplicative map

N o x o L o x P o
has image in the identity subalgebra &x — /. In this case, (<7, n,) is a normed algebra. For results
about the existence and uniqueness of standard involutions in the affine setting, see Voight [95].
For a fixed normed algebra (27, n), a norm form of type (27, ny) is a tuple (2, q, #) consisting
of a right &/-module &, an Ox-module .#, and an .#-valued quadratic form ¢ : & — # that is
n-semilinear for the action of & on &2, i.e. there’s a commutative diagram of maps

Pod % neoy

Lo

& A

or equivalently, that g(za) = ¢(z)n(a) locally on sections. A morphism (¥, \) : (£,q, #) —
(2", ¢, M) between norm forms of type (&, o) consists of Ox-module morphisms ¢ : & — ' and
X: M — A such that ¢ op = Nogq.

Theorem 5.1. Let (<7, n) be a normed algebra. Then for any right of -module 2, there exists an
Ox-module N (Z) and a norm form (P,ngp, N (L)), universal for the property that given any
norm form (2, q, #) there exists an Ox-module morphism ¢ : N (P) — M such that ¢ =Y ong.
Furthermore:

a) if P = of with the standard right action, then then there’s a canonical isomorphism (£, ng, N (P)) =
(JZ{, n, ﬁx),

b) the construction of the triple (Z,ng, N (Z?)) commutes with arbitrary base change,

¢) if & is an invertible </ -module then A (2?) is an invertible Ox-module.

Proof. Bichsel [18, 3.1] and Knus [68, II1.7] give a tensorial construction in the affine setting, which
can be globalized. Knus-Ojanguren—Sridharan [62] give a construction by faithfully flat descent in
the affine setting, which can also be globalized. O

5.2. Forms of rank 2. In this section, we will review the classification of regular line bundle-valued
quadratic forms of rank 2 in terms of norm forms associated to quadratic normed algebras and relate
the Clifford invariant to this classification.

Any Clifford datum of rank 2 is isomorphic to (Z/X,0z,1% 2, < 1>), where f : Z — X is
étale quadratic, & is an invertible z-module, and where we consider <1>: 07 Qg, Oz — Oz =
éndeg, (). We will denote this Clifford datum simply by (Z/X, &).

Conversely, given (Z/X, ), the norm form construction produces a unique similarity class of
regular line bundle-valued quadratic form of rank 2. Indeed, the Ox-algebra f.0z has a unique
standard involution induced from ¢, with corresponding norm ny. The locally free O'x-module f..#
is an invertible f,0z-module, and so defines a universal norm form (f..Z,ns. 4z, N (f+.#)) of type

(f«Oz,nf).

Remark 5.2. This recaptures (in the case of locally free Ox-algebras of rank 2) a general “norm
functor” construction due to Ferrand [36, §5.3].
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Theorem 5.3 (Kneser [60, §6 Prop. 2|, Ferrand [37, §5.4], Bichsel-Knus [17, §4.2]). Let X be a
scheme with 2 invertible. The norm form and Clifford datum define inverse equivalence functors
between the following categories:
e objects are Clifford data (Z/X, P) of rank 2 and morphisms are isomorphisms of Clifford data
e objects are regular line bundle-valued quadratic forms (&,q,£) of rank 2 and morphisms are
similarity transformations,
Under this equivalence, [Z/X] maps to d+(&,q, L) under H} (X, Z/2Z) — H} (X, p2) from Propo-
sition 1.13.

Remark 5.4. The generalization of Theorem 5.3 to flat quadratic coverings and nondegenerate forms
is established by Ferrand [37] over an arbitrary scheme with 2 invertible.

The norm for associated to (Z/X, €) is our standard form hZ and there’s a canonical isomorphism
of short exact sequences

1 *)RIZ/XGTH HRZ/XGHI LGm —1

i i |

1 so? GSOZ —> Gy, 1

given by the right multiplication map p : RZ/X G — GSOZ. Then since h¥ is of type (f,Oz, ny),
we verify that ne, (p.(v)) = ne, (v-2) = ne, (v)ns(z), so that indeed p, is a similarity transformation
with multiplier ny(z), and the diagram commutes. The fact that p is an isomorphism may be checked
locally, the affine case being verified in [17, §6.1].

Also, there’s a canonical isomorphism of short exact sequences

1 —— Rz/x“Q —_— Rz/XGm $- Rz/XGm — 1]

2 L |

1 Kz ré GSO? ——1

which follows from the above, and from [68, V Lemma 2.5.2].

Proposition 5.5. Let X be a scheme with 2 invertible, f : Z — X étale quadratic, & and invertible
Oz-module, and (&,q,L) the corresponding norm form. Then we have

gc(éav q,f) = Cl(gzv u'Q)
in Hé2t(Xv "522) = HéQt(Zv H2).

Proof. This follows from Theorem 4.9, or directly by chasing a class associated to a regular line bundle-
valued quadratic form (&, ¢, %) around the commutative diagram of coboundary maps induced from
diagram 38. O

Note that Theorem 2.10b) is then a consequence of the isomorphism of exact sequences

14>H24>RZ/X“24>H24>1

i

1 M2 K3 M2 1

and Proposition 5.5. Using the classification of regular line bundle-valued forms of rank 2, we can
immediately give a generalization of [68, V Ex. 9.2.3].

Corollary 5.6. If a regqular quadratic form (&,q,.£) of rank 2 has trivial signed discriminant, then
it’s similar to an £-valued hyperbolic form Ho (V) for an invertible Ox-module ¥. Furthermore,
gc(q) is trivial if and only if & and ¥ are both squares in Pic(X).

Proof. If (£,q,%) has trivial discriminant, then by Theorem 5.3, it’s a norm form (Z/X, &) with
Z/X split and & = (P, P,) in Pic(Z) = Pic(X) x Pic(X). Then & = f.&2 = P & P, and
L =2 N (D) = det(f D) = P @ Po. It’s then easy to verify, using Remark 5.2, that (&,q,.2)
is similar to the form (£ & P2, ®, P @ P5), which in turn is similar to the hyperbolic form
Ha, 32,(21). This proves the first claim, which is a generalization of [68, 1V.9.2.3 Ex.].

By Proposition 5.5, gc(q) is trivial if and only £ is a square in Pic(Z) if and only if £2; and
Py are squares in Pic(X). But this is also equivalent to both ¥ = 42, and ¥ = £ ® P being
squares. O
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5.3. Forms of rank 4. In this section, we will review the classification of regular line bundle-valued
quadratic forms of rank 4 in terms of norm forms associated to Azumaya quaternion algebras and
relate the Clifford invariant to this classification.

Any symplectic involution on an Azumaya quaternion &'z-algebra 7 is isomorphic to the standard
involution o (this follows from Pumpliin [87, Theorem 2.6], for example), and thus any Clifford da-
tum of rank 4 is isomorphic to (Z/X, &, 0., P, ), which we will denote simply by (Z/X, o, 2, v).
Thus a Clifford datum of rank 4 is equivalent to a 2-torsion datum on Z.

Every regular line bundle-valued quadratic form gives rise to a Clifford datum of rank 4. Conversely,
a “twisted” version of the universal norm form functor can reconstruct the similarity class of a
quadratic form of rank 4 from its associated Clifford datum. This functor is essentially described in
[65, §10] or [68, V §4.2] and can be viewed as a refinement of [69, IV.15.B]. For a precise definition of
the twisted norm form, see Auel [4].

Theorem 5.7. Let X be a scheme with 2 invertible. The twisted norm form and Clifford datum
define inverse equivalence functors between the following categories:

e objects are Clifford data (Z/X, o, P, ) of rank 4 and morphisms are isomorphisms of Clifford
data

o objects are regular line bundle-valued quadratic forms (&,q,£) of rank 4 and morphisms are
similarity transformations.

Under this equivalence, [Z/X] is mapped to dy(&,q,. L) under H}(X,Z/2Z) = H} (X, p2) from
Proposition 1.13.

To compute the Clifford invariant in terms of the classification in Theorem 5.7, we use the following
torsorial reinterpretation. Recall the notation h¥ = Hg, (Ox) L (f.Oz,h%). There’s a canonical

isomorphism Sping RZ/XSLl((gO(hf)) by [68, V.4.4.1] (see also [69, IV Prop. 15.10]), which gen-
eralizes immediately from the affine case. In particular, we have an isomorphism Spinf =R, / +SLo

for any choice of @z-algebra isomorphism %, = Ms(0z) (a canonical choice is furnished from the
graded Ox-algebra isomorphism %'(h%) = %' (he)R% (h%) of (full) Clifford algebras).
The Weil restriction functor induces the following exact sequence of groups schemes

R, x det

1—>RZ/XSL2_>RZ/XGL2 RZ/XGInHl

on Xg. Set G =R,,,GLy/RL,, G,, (see §4.2) and denote by I the sheaf kernel of the composite
z/X Z/X

id
epimorphism RZ/X GL; — RZ/X G M Rlz/XGm. Hence we have exact sequences

1 - Ry xGm—RyxGL: =G —1 1—-T =R,y GL, %R} (G, —1

of sheaves of groups on Xg;.

Finally, restricting the quotient map R, / +GLy; — G to I' yields a homomorphism s : I' — G,
restricting RZ/X det to I' yields a homomorphism I' — Gy,, and restricting Nz, x o RZ/X det to G
yields a homomorphism G — G,.

Theorem 5.8. There are canonical isomorphisms
I ~Sr{, Ry ySL; = Spin]

and
G=GSO7,  (RyxSLy)/ps = SO(h2,y)

making the even fundamental diagram (15) associated to the form h% isomorphic to

1 1 1
1 175 RZ/XSLQHRZ/XSLQ/HQHI
1—= Ry r G 1
| VoL
1 1%} G,, 1
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Proof. See Auel [4]. We have the following commutative diagram

1 1

i !

1HR12/X‘U/4 HRlz/XGm HRlz/XGm — 1

i l |

(39) 1 r Ry xGL: —> R}/ Gn —>1

i i

F/Rlz/Xu4 - G
1 1

of sheaves of groups on Xg;. In particular, the morphism I' — G can be identified with the cokernel
of the inclusion R}, jxba—T. O

Proposition 5.9. Let X be a scheme with 2 invertible, f : Z — X étale quadratic, (Z/X, o, P, )
a Clifford datum of rank 4, and (&,q,%L) the associated twisted norm form. Then

gc(éa,q,f) = \IIZ/XA([&Q{a '@7 Lp]a C1 (ga I'I’Q))
in Hgt(Xa K’f) = Hé2t(Xa RlZ/X/‘4)-
Proof. This is a consequence of Theorem 4.12. O

To every locally free &'z-module ¥ of rank 2, we can associate the split Clifford datum (Z/X, &nd(¥), ¥ ®
LY,y ) of rank 4, where py is the composition of canonical €z-algebra isomorphisms

ENd(V) @6, 1 End(V) =5 End(V) R, End(1:Y) — End(V @ 1Y),

The map

H}(Z,GLg) = Hi (X, Ry x GL2) — Hi (X, G) = Hj (X, GSOY)
has the following interpretation: a locally free &'z-module of rank 2 is sent to the twisted norm form
of its split Clifford datum.

The twisted norm form of the split Clifford datum associated to ¥ is isometric to Nz, x (¥, A,det ) =
(Nzyx(7),Nz;x(N), Nz/x(det ¥)), which we can think of as the “bilinear form norm” applied the
canonical skew-symmetric form A : 7 ® ¥ — det? on Z. When f : Z — X is split, then a lo-
cally free 0z-module of rank 2 can be though of as a pair of locally free &x-modules (¥, %) of
rank 2, and the twisted norm for of the associated Clifford datum is similar to the tensor product
YV QW — det ¥ ® det # of the canonical skew-symmetric wedging forms.

Corollary 5.10. With the notations of Proposition 5.9, the class gc(&,q, %) vanishes if and only
if (€,q,2) is similar to Ny x(7,A,det?") for some locally free Oz-module of rank 2 such that
det? = 1. det¥.

Proof. This follows from the above description of twisted norm forms of split Clifford data of rank 4,
along with a diagram chase involving the cohomology of diagram (39). O

When f : Z — X is split, then RZ/XG'L2 = GLy;xGLy and T' = GL3 X, GL2 (pairs of invertible
transformations with equal determinant), making the even fundamental diagram is isomorphic to

1 1 1
1—— M2 ——— SL2 X SL2 80272 1

i i

1—=ps—>GLy xg, GLy —>GSOy5 —> 1

i !

1 12 G G, 1
J ! !
1 1 1

compare with Knus [68, V §4.5-4.6]. Furthermore, Clifford data of rank 4 (with Z/X split) can be
viewed as tuples (&7, B, P, ) of degree 2, where & and £ are Azumaya quaternion Ox-algebras,
& is a locally free Ox-module of rank 4, and ¢ : & @ B — End(P?) is an Ox-algebra isomorphism.



CLIFFORD INVARIANTS 45

The category of such tuples are (GLy X GL3)/Gy,-torsors on Xg;. In this case, the twisted norm
form is just the universal or reduced norm form, and is studied in [18], [65], [64], and [17].

5.4. Forms of rank 6. In this section, we will review the classification of regular line bundle-valued
quadratic forms of rank 6 in terms of the pfaffian forms (or discriminant algebras) associated to
Azumaya algebras of degree 4 relate the Clifford invariant to this classification.

Any regular line bundle-valued quadratic form of rank 6 determines a Clifford datum of rank 6.
Conversely, a “twisted” version of the reduced pfaffian form functor can reconstruct the quadratic
form from the associated Clifford datum. This functor is essentially described in [61], [65, §7], [66,
85], [68, V §5.5], and can be viewed as a refinement of [69, IV.15.D]. For a precise definition of the
twisted pfaffian form, see Auel [4].

Theorem 5.11. Let X be a scheme with 2 invertible. The twisted pfaffian form and Clifford datum
define inverse equivalence functors between the following categories:

e objects are Clifford data (Z/X, 9,0, P,¢) of rank 6 and morphisms are isomorphisms of
Clifford data
e objects are regular line bundle-valued quadratic forms (&,q,£) of rank 6 and morphisms are
similarity transformations.
Under this equivalence, [Z/X] maps to di(&,q, %) under H} (X, Z/27) = HL (X, ua) from Proposi-
tion 1.13.

To compute the Clifford invariant in terms of the classification in Theorem 5.11, we use the following
torsorial reinterpretation. Recall the notation hf = Hg, (0%) L (f.Oz,h?). There are canonical
isomorphisms Sping = SU, 5 and T¢ = SGU,,, by [68, V §5.6] (see also [69, IV Prop. 15.27]),
where GUg 5 is the general unitary group of the hyperbolic Z/X-hermitian form of rank 4.

Theorem 5.12. The above isomorphisms make the even fundamental diagram (15) associated to the
form h% isomorphic to

1 1 1
1 [1%) SU, SUz 2/t — 1

l | i

1—— RZ/XIJ’Q —_ SGU272 —_— SGU2,2/Rz/X/J'2 —1

| l |

1 M2 G,, G, 1
! ! J
1 1 1

Proposition 5.13. Let X be a scheme with 2 invertible, f : Z — X étale quadratic, (Z/X, o, 7, P, )
a Clifford datum of rank 6, and (&,q, L) the associated twisted pfaffian form. Then

96,4, 2) = [, 2, ¢
in HZ (X, k§) = HZ (X, Rz/xNZ) = HE (Z, p2).
Proof. This is a consequence of Theorem 4.9a). O

To every regular line bundle-valued Z/X-hermitian form (4, h, %) of rank 4, we can associate a
split Clifford datum (Z/X, End (), 11, H QI , 0 ) of rank 6, where (End(.5), 11,) is the associated
7/ X-unitary adjoint involution (see §3.2), and ¢ is the canonical &z-algebra isomorphism

End(H) @ End(H) — End(H @ H).
The map
H (X, GUsz) — Hg(X,SGUz22/Ry xp2) = Hiy (X, GSO(h{))

has the following interpretation: a regular line bundle-valued Z/X-hermitian form is sent to the
twisted pfaffian form of its split Clifford datum.

Corollary 5.14. With the notations of Proposition 5.13, the class ge(&,q, L) vanishes if and only
if there exists a regular line bundle-valued Z/X-hermitian form (€, h, #) of rank 4 with trivial
hermitian discriminant such that f*(&,q,. L) is similar (with the pullback Z/X -hermitian structure)
to the canonical quadratic form (/\2%”7 A, det F2).



46 ASHER AUEL

When f : Z — X is split, then GUy2 & Gy, X GLy4, SGUs 2 = Gy, X, GLa2 (pairs (a, A)
with det A = a?), and SUs 5 = SLy. We also have SGUaz 2/ (2 X p2) = GLys/p2. Hence the even
fundamental diagram is isomorphic to

1 1 1
! !
1 P2 SL, SLy/ps — 1

l L

1 — p2 X po —> Gy Xg,, GLy —> GL32/p2 —> 1

1 Ho G 2 G 1
1 1 1
and diagram (21), which defines the oriented invariants, is isomorphic to
1 1
1 M2 SL, SL4/N2 —1
1 M2 GL4 GL4/[J,2 —1
det\L \L#
G, ——=G,,
1 1

In particular the oriented invariants ge* are described as in Example 2.20. Furthermore, Clifford
data of rank 6 (with Z/X split) can be viewed simply as 2-torsion data (&7, 2, ¢) of degree 4 on X.
In this case, the twisted pfaffian form is just the reduced pfaffian form, which is studied in [61], [65],
and [17]. Actually, not only can the similarity class of a quadratic form be recovered from a Clifford
datum, but also a choice of orientation.
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APPENDIX

Lemma 5.15. Consider a commutative diagram with exact rows

1 K r+ Gt 1
|
1 K T G 1

of sheaves of groups on a site X. Suppose that k — TV is central and Gt — G is a normal
monomorphism. Then the coboundary map H*(X,G") — H?(X, k) is constant on the fibers of the
map H'(X,GT) - HY(X, G).

Proof. If ¢ : GT — G is a normal monomorphism, then so is T'™ — T and there’s a natural
homomorphism T'/T+T — G/G™ of sheaves of groups, which is an isomorphism by the Nine Lemma
5.16.

First we show that the coboundary map is constant on the kernel of g'. We have a commutative
diagram

HO(X,T/T+) "> HY(X,G/G™)

i e

HY(X,T+) HY(GY) H?(K)

i I |

H'(X,T) ——= HYG) —— H2(k)

[

of pointed sets. In particular, ker(g') equals the image of dg. By the commutativity of the top
square in the diagram, ker(g!) can be lifted to H'(X,T'"), i.e. the coboundary map ¢ is trivial (hence
constant) on ker(g!).

Now, for each fixed ¢ € H'(X,G) we can reduce to the previous case, where ¢ is the neutral
element. Indeed, if € is not in the image of ¢g' the statement of the lemma is vacuous, otherwise, let
¢t e HY(X,G*) map to & If 5;; € ZY(%,G7) is a Cech 1-cocycle representing &+ for a cover % of
X, then &;; € ZY(%,G), where &;; = g({jg), is a Cech 1-cocycle representing &. Finally, twisting the
exact sequences by f; and &;; accomplishes the reduction. (I

Lemma 5.16 (Nine Lemma). Consider a commutative diagram

1 1

1
i
C
i
1 Ay B, C, 1
i
Cs 1
i
1

of sheaves of groups on a site X. If all columns and the two bottom rows are exact then the top row
is exact; if all columns and the two top rows are exact then the bottom row is exact.

Lemma 5.17 (Roman IX Lemma). Consider a commutative diagram with ezact rows and diagonals

1 1

~, /
\C
D/

1 I 1

/B
\E
- ~

1 1

1 I 1
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of sheaves of groups on a site X. Assume that p — A and p — C are central. Then the induced
diagram on cohomology

HY(X,p) —= H'(X, A) HY(X,B) — H*(X, p)
\ /
HY(X,C)
/ \

Hl(X’/J/)*)Hl(XvD) Hl(X7E)*>H2(X’/J’)

is commutative, except for the right hand pentagon, which is anticommutative.

Remark 5.18 (Roman IX rearrangement). Given a commutative diagram

1 ;4 i“B’ 1
S Y S S
w/L,i
%

—<—

of sheaves of groups on a site X, whose top two rows and left two columns are exact, then by the
Nine Lemma 5.16, # and v are isomorphisms, and there’s a rearranged commutative diagram with
exact rows and diagonals

1 ;IL\A ! B/i
S~

1 p D/g\E 1

1/ \1

where f = fo« and g = v 0 d. Hence the Roman IX Lemma 5.17 applies.

Lemma 5.19. Let

1 k T G 1
1 k' T/ G’ 1
be a commutative diagram of sheaves of groups on a site X with central and exact rows and cen-

tral columns. Let § and &' be the second coboundary maps associated to the first and second rows,
respectively. Then for each ¢ € HY(X,G) and £’ € H*(X,G'), we have

(& &) =0(5) +0'(g)
where - and + represent the action of H'(X,G) on H'(X,G') and of H*>(X,k) on H?*(X,X), re-
spectively.
Proof. Let % = {U; — X}icr be a cover of X. Let &; € Z'(%,G) and &f; € Z'(%,G’') be 1-

/

cocycles, and 7;; € C'(%,T) and Yi; € CY(% ,T") be 1-cochains lifting &;; and &l respectively.
Then we have

(& - &65) = (vigie - Vi) (vige Vi) (Yagh - Vi) ™"

= YiskViik Vg + VigkVigk Vigh
= 0(&ij) +0'(&iy)
since T' — I is central. Also see Giraud [47, IV Cor. 3.3.4(ii)]. O
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